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"+ | Tools
= placemat or sheet of paper
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Connect English With Mathematics
and Graphing Lines

The key to solving many problems in

mathematics is the ability to read and
understand the words. Then, you can
translate the words into mathematics
so that you can use one of the methods
you know to solve the problem. In this
section, you will look at ways to help
you move from words to equations
using mathematical symbols in order

to find a solution to the problem.

Investigate

How do you translate between words and algebra?

Work in a group of four. Put your desks together so
that you have a placemat in front of you and each
of you has a section to write on.

1.

In the centre of the placemat, write the equation
4x + 6 = 22.

. On your section of the placemat, write as many word sentences to

describe the equation in the centre of the placemat as you can think
of in 5 min.

. At the end of 5 min, see how many different sentences you have

among the members of your group.

. Compare with the other groups. How many different ways did your

class find?

. . 1
. Turn the placemat over. In the centre, write the expression PR + 1.

. Take a few minutes to write phrases that can be represented by

this expression.

. Compare among the members of your group. Then, check with

other groups to see if they have any different phrases.

. Spend a few minutes talking about what words you used.

. Reflect Make a list of all the words you can use to represent each of

the four operations: addition, subtraction, multiplication, and division.



Example 1 Translate Words Into Algebra

n
a) Write the following phrase as a mathematical expression:
the value five increased by a number

b) Write the following sentence as a mathematical equation.
Half of a value, decreased by seven, is one.

¢) Translate the following sentence into an equation, using two
variables. Mario’s daily earnings are $80 plus 12% commission on
his sales.

Solution

a) Consider the parts of the phrase.
e “the value five” means the number 5
e “increased by” means add or the symbol +
e “a number” means an unknown number, so choose a variable
such as n to represent the number

The phrase can be represented by the mathematical
expression 5 + n.

1
b) “Half” means 5

“of” means multiply

e “avalue” means a variable such as x
e “decreased by” means subtract or —
e “seven” is 7

* “is” means equals or =

e “seven” is 1

1
The sentence can be represented by the equation X~ 7=1.

¢) Consider the parts of the sentence.
e “Mario’s daily earnings” is an unknown and can be represented
by E
e “are” means equals or =
e “$80” means 80
e “plus” means +
® “12% commission on his sales” can be represented by 0.12 X S

The sentence translates into the equation E = 80 + 0.12S.

Sometimes, several sentences need to be translated into algebra.
This often happens with word problems.

1.1 Connect English With Mathematics and Graphing Lines - MHR 9



[T] Did You Know? __

The airplane in Example 2
is a Diamond Katana DA40.
These planes are built at
the Diamond Aircraft plant
in London, Ontario.

Literaccy .
onnections;

Itis a good idea toread a
word problem three times.

Read it the first time to get
the general idea.

Read it a second time for
understanding. Express the
problem in your own words.

Read it a third time to plan
how to solve the problem.

Understand the Problem

| Choose a Strategy

Carry Out the Strategy

linear system

= two or more linear
equations that are
considered at the
same time

10 MHR - Chapter 1

Example 2 Translate Words Into Algebra to Solve a Problem

Ian owns a small airplane. He pays $50/h for flying time and
$300/month for hangar fees at the local airport. If Ian rented the same
type of airplane at the local flying club, it would cost him $100/h.
How many hours will Ian have to fly each month so that the cost

of renting will be the same as the cost of flying his own plane?

Solution

Read the paragraph carefully. What things are unknown?

¢ the number of flying hours
* the total cost

I'll choose variables for the two unknowns. | will translate
the given sentences into two equations. Then, | can
graph the two equations and find where they intersect.

Let C represent the total cost, in dollars.
Let t represent the time, in hours, flown.

The first sentence is information that is interesting, but cannot be
translated into an equation.

The second sentence can be translated into an equation. Ian pays $50/h
for flying time and $300/month for hangar fees at the local airport.
C = 50t + 300

The third sentence can also be translated into an equation. If Ian rented
the same type of airplane at the local flying club, it would cost him
$100/h.

C = 100t

The two equations form a linear system . This is a pair of linear
relations, or equations, considered at the same time. To solve the
linear system is to find the point of intersection of the two lines,
or the point that satisfies both equations.

Graph the two lines on the same grid.



Both equations are in the form CA
y = mx + b. Yo.u can use the y-intercept point of intersection
as a starting point .and then use the slope 6001 L cop+ 300 (6,600) a 2 point where two lines
to find another point on the graph.
5001 cross

The lines on the graph cross at one point, b0 C=100h = a point that is common to
(6, 600). The point of intersection is | both lines
(6, 600). 30082 Rise 50

Run 1 2 EEEEEEE E B
Check that the solution is correct. 200/ @EE:E%%#;::’E%
If Ian uses his own airplane, the
cost is 6 X $50 + $300. This is $600. 100, eloh
If he rents the airplane, the cost : "Se' Pl
is 6 X $100. This is $600. 0f1 2345678t

: Run|1

So, the solution ¢ = 6 and C = 600
checks.

Write a conclusion to answer the problem.

If Ian flies 6 h per month, the cost will be the same, $600,
for both airplanes.

Linear equations are not always set up in the form y = mx + b.
Sometimes it is easy to rearrange the equation. Other times, you
may wish to graph using intercepts.

Example 3 Find the Point of Intersection

The equations for two lines are x — y = —1 and 2x — y = 2.
What are the coordinates of the point of intersection?

Solution

Method 1: Graph Using Slope and y-Intercept
Step 1: Rearrange the equations in the form y = mx + b.

Equation ():

x—y=-1
x—y+ty+1l=-1+y+1

x+1=y

y=x+1

Equation () becomes y = x + 1. Its slope is 1 and its y-intercept is 1.
Equation 2:

2x —y =2
2x —y+ty—2=2+y—2

2x — 2=y

y=2x — 2
Equation (2 becomes y = 2x — 2. Its slope is 2 and its y-intercept is —2.

1.1 Connect English With Mathematics and Graphing Lines - MHR 11
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Step 2: Graph and label the two lines.

Step 3: To check that the point (3, 4) lies on both lines, substitute
x = 3 and y = 4 into both original equations.

Inx—-—y=-1:

LS.=x—y RS.=-1
=3—-4
= —1

L.S. =R.S.

So, (3, 4) is a point on the line x — y = —1.

In2x —y=2:

LS.=2x—-y RS. =2 If | don't get the same result
=2(3)— 4 when | substitute into both
=6—4 equations, I've made a
=9 mistake somewhere!

L.S. =R.S.

So, (3, 4) is a point on the line 2x — y = 2.

The solution checks in both equations. The point (3, 4) lies on
both lines.

Step 4: Write a conclusion.
The coordinates of the point of intersection are (3, 4).

Method 2: Graph Using Intercepts
Step 1: Find the intercepts for each line.

Equation : x —y = —1

At the x-intercept, y = 0. At the y-intercept, x = 0.
x—0=-1 0—-—y=-1

x=-1 -y=-1
Graph the point (-1, 0). y=1

Graph the point (0, 1).
Equation @: 2x — y = 2

At the x-intercept, y = 0. At the y-intercept, x = 0.
2x — 0 =2 2(0) —y =2

2x = 2 -y =2

x=1 y=-2

Graph the point (1, 0). Graph the point (0, —2).



Step 2: Draw and label the line for each equation.

Step 3: Check by substituting x = 3 and y = 4 into both original
equations.
See Method 1.

Step 4: Write a conclusion.
The coordinates of the point of intersection are (3, 4).

Example 4 Solve an Internet Problem

Brian and Catherine want to get Internet access for their home. There
are two companies in the area. IT Plus charges a flat rate of $25/month
for unlimited use. Techies Inc. charges $10/month plus $1/h for use.

If Brian and Catherine expect to use the Internet for approximately

18 h/month, which plan is the better option for them?

Solution

Represent each situation with an equation. Then, graph to see where
the two lines intersect to find when the cost is the same.

Let t represent the number of hours of Internet use.

Let C represent the total cost for the month.

IT Plus: This is a flat rate, which means it

C=25 costs $25 and no more.

Techies Inc.: CA [d=10+t

C=10 + 1t The cost is $10 plus $1 for every 30- /
hour of Internet use. | (=25

Z o (15, 25)

The two plans cost the same for 15 h of Internet use. The cost is $25. g 10_/

For more than 15 h, the cost for Techies Inc. Internet service is more

than $25. If Brian and Catherine expect to use the Internet for o T T T

18 h/month, they should choose IT Plus. Time ()

1.1 Connect English With Mathematics and Graphing Lines - MHR 13



14 MHR - Chapter 1

Example 5 Use Technology to Find the Point of Intersection

Find the point of intersection of the lines y = x — 12 and

y = —3x + 20 by graphing using technology.

Solution

Method 1: Use a Graphing Calculator

¢ First, make sure that all STAT PLOTS are turned off.
Press for [STAT PLOT]. Select 4:PlotsOff.

* Press (mo). Use window settings of —20 to 20
for both x and y.

e Enter the two equations as Y1 and Y2 using
the editor.
Note: use the (=) key when entering the first
equation, but the key at the beginning of
the second equation.

e Press (@),

e Find the point of intersection using
the Intersect function.

Press for the Calc menu.

Select 5:intersect.

Respond to the questions in the lower left corner.

e First curve? The cursor will be flashing and
positioned on one of the lines. The calculator
is asking you if this is the first of the lines
for which you want to find the point of
intersection. If this is the one you want, press

)

e Second curve? The cursor will be flashing and
positioned on the second line. The calculator
is checking to see if this is the second line in
the pair. If this is the line you want, press Eved).

W I MO0
wmin=-20
amax=26
necl=1
Ymin=-2@8
Ymax=20
Yecl=1
Ares=1

Flokl Flek2

Flotz

F!H{.I!i'll!
iualue

2izero
Siminimum
41 maximum

soasd

GRS

intersect

First curves]
e

Second CUrve
w=0 -

Y=




e Guess? Here, the calculator is giving you a
chance to name a point that you think is the
point of intersection. If you do not wish to try |wsssumumm
your own guess, then press and the
calculator will find the point for you. fugssr

s

Y=-2.97B7e:

Another way to see the point of intersection
is to view the table. Intersection’]
S R

The point of intersection is (8, —4). i
4

First, press for [TBLSET]. Check that
both Indpnt and Depend have Auto selected.

Press for [TABLE]. PR W
Cursor down to x = 8. £ Z 3
Observe that the values of Y1 and Y2 are both lg—l E ;
—4 at x = 8. At other values of x, Y1 and Y2 il = o
have different values. =)

Method 2: Use The Geometer’s Sketchpad®

Open The Geometer’s Sketchpad®. Choose Show Grid from the Graph
menu. Drag the unit point until the workspace shows a grid up to 10
in each direction.

Choose Plot New Function from the Graph menu. The expression
editor will appear. Enter the expression x — 12, and click OK. Repeat
to plot the second function.

Note the location of the point of intersection of the two lines. Draw
two points on each line, one on each side of the intersection point.
Construct line segments to join each pair of points. Select the line
segments. Choose Intersection from the Construct menu. Right-click
on the point of intersection and select Coordinates. The coordinates of
the point of intersection are displayed.

The point of intersection is (8, —4).

& The Geometer’s Sketchpad - [POM10 Ch 1-1 Example 5 GSP Solution.gsp] =3
File Edt Display Construct Transform Measure Graph  Window Help

|T fog =112 10:_
" amo=-30020 ]
.
B: (8.00,-4.00) ol
) 1
s T
A al
» N
L L A L A L A

Makincg .
onnections’

Refer to the Technology
Appendix for help with The
Geometer's Sketchpad®
basics.
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— Key Concepts

®= When changing from words into algebra, read each sentence carefully
and think about what the words mean. Translate into mathematical
expressions using letters and numbers and mathematical operations.

m There are many different word phrases that can represent the same
mathematical expression.

® To solve a system of two linear equations
means to find the point of intersection of the
two lines.

point of
intersection

m A system of linear equations can be solved by

graphing both lines and using the graph to find 0 \\i
the point where the two lines intersect.

m If the two lines do not cross at a grid mark, or if the equations
involve decimals, you can use technology to graph the lines and
then find the point of intersection.

m Check an answer by substituting it into the two original equations. If
both sides of each equation have equal values, the solution is correct.

Communicate Your Understanding

Work with a partner. Make up at least eight sentences to be
converted to mathematical equations. Exchange lists with another
pair and translate the sentences into equations. As a group of four,
discuss the answers and any difficulties.

@& In a group of three, use chart paper to list different phrases that can
be represented by the same mathematical symbol or expression.
Post the chart paper around the classroom as prompts.

@ Your friend missed today’s class. She calls to find out what you
learned. Explain, in your own words, what it means to solve a
system of equations.

@@ Will a linear system always have exactly Reasoning and Proving
. . . . Representing Selecting Tools
one point of intersection? Explain your
reasoning. ( Problem Solving

Connecting Reflecting

@@ Describe in words how you would solve
the linear system y = 3x + 1 and
y=—2x + 3.

Communicating



Practise

For help with questions 1 to 6, see Example 1. 6. Explain in your own words the difference
between an expression and an equation.
Explain how you can tell by reading
whether words can be represented by an
expression or by an equation. Provide your
b) four more than half a value own examples.

1. Translate each phrase into an algebraic
expression.

a) seven less than twice a number

¢) a number decreased by six, times

another number For help with question 7, see Example 2.

d) a value increased by the fraction 7. Which is the point of intersection of the
two thirds lines y = 3x + 1and y = —2x + 67
A (0, 1) B(1,1)
2. Translate each phrase into an algebraic
. c(1,4) D (2, 5)
expression.
a) twice a distance For help with questions 8 and 9, see Example 3.
b) twenty percent of a number 8. Find the point of intersection for each pair
¢) double a length of lines. Check your answers.
d) seven percent of a price a) y=2x +3 b) y=—x-7
y=4x—-1 y=3x+5
3. Translate each sentence into an 1
algebraic equation. Q v= X 2 d) y=4x-5
a) One fifth of a number, decreased by 17, 5 )
is 41. y=2x+3 y=§x+5
b) Twice a number, subtracted from five, is
three more than seven times the number. 9. Find the point of intersection for each pair
¢) When tickets to a play cost $5 each, of lines. Check your answers.
the revenue at the box office is $825. a) x+2y=4 b) y+2x=-5
d) The sum of the length and width of a 3x —2y=4 y—3x=5
backyard pool is 96 m. € 3x —2y=12 dx—y=1
. . 2y —x = —8 x+2y=4
4. For each of the following, write a word
or phrase that has the opposite meaning. For help with question 10, see Example 5.

a) increased b) added 10. Use Technology Use a graphing calculator
¢) plus d) more than or The Geometer’s Sketchpad® to find the
point of intersection for each pair of lines.
Where necessary, round answers to the
nearest hundredth.

5. a) All of the words and phrases in
question 4 are represented by the
same operation in mathematics.

What operation is it? a) y=7x—23 b) y=-3x—6
. . yv=—4x+ 10 y = —6x — 20
b) Work with a partner. Write four 3 3
mathematical words or phrases for Q9 vy - 6x — 4 d y B —3x t+ 4
which there is an opposite. Trade your y=—5x+12 y=4x+13
list with another pair in the class and e) y=53x+ 85 f) y=-02x—45
give the opposites of the items in each y=-27x—34 y=—48x+ 1.3

other’s list.

1.1 Connect English With Mathematics and Graphing Lines - MHR 17



Connect and Apply

11.

12.

13.

Fitness Club CanFit charges a $150 initial
fee to join the club and a $20 monthly fee.
Fitness 'R’ Us charges an initial fee of $100
and $30/month.

a) Write an equation to represent the cost
of membership at CanFit.

b) Write an equation to represent the cost
of membership at Fitness 'R’ Us.

¢) Graph the two equations.
d) Find the point of intersection.

e) What does the point of intersection
represent?

f) If you are planning to join for 1 year,
which club should you join? Explain
your answer.

LC Video rents a game machine for $10
and video games for $3 each. Big Vid rents
a game machine for $7 and video games
for $4 each.

a) Write a linear equation to represent the
total cost of renting a game machine
and some video games from LC Video.

b) Write a linear equation to represent the
total cost of renting a game machine
and some video games from Big Vid.

¢) Find the point of intersection of the
two lines from parts a) and b).

d) Explain what the point of intersection
represents in this context.

Jeff clears driveways in the winter to make
some extra money. He charges $15/h.
Hesketh’s Snow Removal charges $150

for the season.

a) Write an equation for the amount
Jeff charges to clear a driveway for
the season.

b) Write an equation for Hesketh’s Snow
Removal.

¢) What is the intersection point of the
two linear equations?

d) In the context of this question, what
does the point of intersection represent?

18 MHR - Chapter 1

14. Use Technology Brooke is planning her

15.

16.

wedding. She compares the cost of places
to hold the reception.

Limestone Hall: $5000 plus $75/guest
Frontenac Hall: $7500 plus $50/guest

a) Write an equation for the cost of
Limestone Hall.

b) Write an equation for the cost of
Frontenac Hall.

¢) Use a graphing calculator to find for
what number of guests the hall charges
are the same.

d) In what situation is Limestone Hall less
expensive than Frontenac Hall? Explain.

e) What others factors might Brooke need

to consider when choosing a banquet
hall?

Use Technology Gina works for a clothing
designer. She is paid $80/day plus $1.50
for each pair of jeans she makes. Dexter
also works for the designer, but he makes
$110/day and no extra money for finishing
jeans.

a) Write an equation to represent the
amount that Gina earns in 1 day. Graph
the equation.

b) Write an equation to represent the
amount that Dexter earns in 1 day.
Graph this equation on the same grid
as in part a).

¢) How many pairs of jeans must Gina

make in order to make as much in a
day as Dexter?

Ramona has a total of $5000 to invest. She
puts part of it in an account paying

5% /year interest and the rest in a GIC
paying 7.2% interest. If she has $349 in
simple interest at the end of the year, how
much was invested at each rate?



17. Chapter Problem The Clarke family called

two car rental agencies and were given the
following information.

Cool Car Company will rent them a luxury
car for $525 per week plus 20¢/km driven.

Classy Car Company will rent them the
same type of car for $500 per week plus
30¢/km driven.

a) Let Crepresent the total cost, in dollars,
and d represent the distance, in
kilometres, driven by the family. Write
an equation to represent the cost to rent
from Cool Car Company.

b) Write an equation to represent the cost
to rent from Classy Car Company.

¢) Draw a graph to find the distance for
which the cost is the same.

d) Explain what your answer to part c)
means in this context.

Extend
18. Alain has just obtained his flight

instructor’s rating. He is offered three
possible pay packages at a flight school.

i) a flat salary of $25 000 per year

ii) $40/h of instruction for a maximum
of 25 h/week for 50 weeks

iii) $300/week for 50 weeks, plus $25/h
of instruction for a maximum of
25 h/week

a) For each compensation package, write
an equation that models the earnings, E,
in terms of the number of hours of
instruction, n.

b) Graph each equation, keeping in mind
the restrictions on the flying hours.

¢) Use your graph to write a note of advice
to Alain about which package he should

take, based on how many hours of
instruction he can expect to give.

19.

20.

21.

22.

23.

24.

Graph the equations 3x —y + 1 =0, y = 4,
and 2x + y — 6 = 0 on the same grid.
Explain what you find.

a) Can you solve the linear system
y =2x — 3 and 4x — 2y = 67
Explain your reasoning.

b) Can you solve the linear system
y = 2x — 3 and 4x — 2y = 87
Explain your reasoning.

¢) Explain how you can tell, without
solving, how many solutions a
linear system has.

Solve the following system of equations
by graphing. How is this system different
from the ones you have worked with in
this section?

y=x—4

y=—-x*+x

Math Contest A group of 15 explorers and
two children come to a crocodile-infested
river. There is a small boat, which can
hold either one adult or two children.

a) How many trips must the boat make
across the river to get everyone to the
other side?

b) Write a formula for the number of trips
to get n explorers and two children
across the river.

Math Contest A number is called cute if it
has four different whole number factors.
What percent of the first twenty-five whole
numbers are cute?

Math Contest The average of 13
consecutive integers is 162. What is
the greatest of these integers?

A162 B165 (€168 D172 €175

1.1 Connect English With Mathematics and Graphing Lines - MHR 19



method of substitution

= solving a linear system by
substituting for one
variable from one equation
into the other equation

[1] Did You Know? —

“Canton” is a French

word meaning portion.
Switzerland is, like Canada,
a confederation. It is formed
of cantons, which are
similar to our provinces.
Switzerland has three levels
of government: federal,
canton, and local
authorities. The capital of
Switzerland, Berne, is in the
canton of Berne.

20 MHR - Chapter 1

The Method of Substitution

You know how to use a graph to find
the point of intersection of two linear
equations. However, graphing is not
always the most efficient or accurate
method.

If you are graphing by hand, the point
of intersection must be on the grid
lines to give an exact answer.

If you use a graphing calculator or
The Geometer’s Sketchpad®, you can
find the point of intersection to a
chosen number of decimal places.
However, the equations must be
expressed in the form y = mx + b first
to enter them into the calculator or
computer. Rearranging some
equations is not easy.

There are other ways to find the point of intersection of two linear
relations. One of these is an algebraic method called the
method of substitution.

» Investigate -

How can you use substitution to solve a linear system?

Sometimes, at the beginning of geography class, Mrs. Thomson gives
her students a puzzle to solve. One morning the puzzle is as follows.

The sum of the number of cantons in Switzerland and the states in
Austria is 35. One less than triple the number of Austrian states is the
same as the number of Swiss cantons. How many states are there in
Austria and how many cantons are there in Switzerland?

Wesam wrote two equations to represent the information:
S+A=32 QO \S+A) \ 32 ) 1\ 3A-4) \ S

3A-4=5 @ /A /A

1. a) What does the S represent in the first equation?

b) What does the S represent in the second equation?

¢) Do the S’s in both equations represent the same value
or different values?




2. a) What equation results /—}
if you substitute \SrAy) 32y \GA-d

3A — 4 from the a a

second equation into
the first equation in place of S?

b) Solve the resulting equation for A.

¢) What does this mean in the context of this question?
d) How can you find the value for S?

e) Find that value.

f) What did you do to find the values for A and S?

3. a) Solve the first equation for A.
b) Substitute that value for A into the second equation.
¢) Solve for S.

d) Did you get the same answer as you found in step 2 part e)?

4. Reflect

a) Do you think that you have found the point of intersection
of the linear system that Wesam wrote? Use a graph to check.

b) What is the answer to the geography puzzle?

Example 1 Solve Using the Method of Substitution

The lines y = —x + 8 and x — y = 4 intersect at right angles.
Find the coordinates of the point of intersection.

Solution

Label the equations of the lines (1) and 2. The phrase “intersect at

y=-x+38 @ right angles” is extraneous
X—y=4 @ information. | don't need
this fact to find the point
Step 1: Equation (D) is y = —x + 8, so you of intersection of the two
can substitute —x + 8 in equation (2) for y. lines.
x—y=4

x—(—x+8)=4

Now | have one equation in
X+x—8=4

one variable. | can solve for x.

2x —8 =4
2x=4+8
2x =12 | still need to find the y-coordinate.
X=06

Step 2: Substitute x = 6 in equation () to find the corresponding
value for y.

y=-x+38
y=—(6)+38
y=2

Makil? .
onnections-

If lines intersect at right
angles, they are
perpendicular. You can
check that these two lines
are perpendicular using
their slopes. In grade 9,
you learned that the
product of the slopes of
perpendicular lines is -1.
The line y=-x+ 8 has
slope -1. The line
X-Yy=4canbe
rearranged to give
y=x-4;itsslopeis 1.
The product of the two
slopes, (-1) x 1,is -1.
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Step 3: Check by substituting x = 6 and y = 2 into both original

equations.
Iny=-x+8: Inx—-—y=4:
LS. =y RS. = —x+38 LS.=x—-y RS. =4
=2 = —(6) + 8 =6 — 2
=2 =4
L.S. = R.S. L.S. = R.S.

The solution checks in both equations. This means that the
point (6, 2) lies on both lines.

Step 4: Write a conclusion.
The point of intersection is (6, 2).

Example 2 Solve Using the Method of Substitution

n
Find the solution to the linear system
X+y=25
3Xx—-—y=7
Solution
Label the equations of the lines (0) and 2.
x+y=5 Q@
3x—-y=7 @

Step 1: Rearrange equation (1) to obtain an expression for y.
Note: Here you could just as easily solve equation () for x or
equation (2) for y.
xX+y=25
y=5-—-x

Now substitute 5 — x into equation 2 in place of y.
3Ix—6—-—x)=7

3X—5+x=7

4x — 5 =7
4x =7 + 5
4x = 12
xX=3

Step 2: Substitute x = 3 into equation (D to find the corresponding

value for y.

xX+y=25

3+y=5
v=5—-3
v=2

22 MHR - Chapter 1



Step 3: Check by substituting x = 3 and y = 2 into both original equations.

Inx+y=5: In3x—-—y=7:
LS.=x+y RS.=5 LS.=3x—y RS.=7
=3+ 2 =3(3) — 2
=5 =9 -2
L.S. = R.S. =7
L.S. = R.S.

The solution checks in both equations.

Step 4: Write a conclusion.
The solution is x = 3, y = 2.

Example 3 Solve Using the Method of Substitution

n
Where do the lines 2x — y = 4 and 4x + y = 9 intersect?

Solution

Method 1: Solve Algebraically by Hand

Label the equations of the lines @ and @ | can choose to isolate either of the variables.

2x —y =4 @ I'll look to see which will be less work. In

4x +y=9 ® equation (@), the x is multiplied by 2 and the y
is negative. In equation (2), the x is multiplied

4x+y=9 @) by 4 and the y is positive. Isolating the y in

y =9 — 4x equation @ will take fewer steps.
Next, substitute 9 — 4x in place of y in
equation (.
2x —y=4
2x — (9 — 4x) = 4 | am substituting 9 - 4x for .

2x —9+4x =4

6x —9 =4
6x=4+9

6x = 13

13

6

Then, substitute back into equation (2) to find the value for y.
4x+y=9

() s
6 y

3 y

Now | have only one variable,
so | can solve for x.

X =

13 1
The lines intersect at (6’ ) .

3
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| Technology Tip
There are several ways to

- solve linear systems using
a CAS. The steps shown
here follow the steps used
by hand.

| Technology Tip

The () key means “such

- that" It is used to evaluate
an expression for a given
value.
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your work.

¢ Press [Ever),

Solve equation (2 for y:

e Type in the equation
4x +y=09.

e Press [Ever),

e Place brackets around the
equation.

e Type (=)4(x ). Press vrer).

Substitute 9 — 4x in place of y in
equation (). Press &=d. Copy the
simplified form, and Paste it into
the command line. Put brackets
around the equation, and add 9.
Press (Evrer),

Copy the new form of the
equation, and Paste it into the
command line. Put brackets
around the equation, and divide

by 6. Press Evrer),

To find the corresponding value

for y:

e Copy y = 9 — 4x and Paste it
into the command line (or
retype it).

e Type (' )(x)(=)13(+ 6.

e Press [Ever),

13 1
The lines intersect at (6’ 3> .

Method 2: Use a Computer Algebra System (CAS)
When a solution involves fractions, a CAS is helpful for checking

Turn on the TI-89 calculator. If the CAS does not start, press (Howve).

e Press to access the F6 menu.
e Select 2:NewProb to clear the CAS.

Fir Fegr |FZx| Fir | FE Fb+
Tools|A13¢brajCalc|ither PVEMIIITC'I-NI‘: Ug

B HewProb Done
B4-w+ty=9 4w +y=9
B4 x+y=9)-4 x

gy=9-4-x

Cdu+y=90—4x
MAIN RAD AOTO FUNC

Fir Fegr |FZx]| Fur FE Fb+
Tools|A13¢brajCalc|ither PVEMIII‘I.C'IHII" Ug
gd=4 ;A

m2.x=-(9-4:x)=4

B-x—=9=4
"(6-x-9=4)+9 6-%=13
.E-x6=13 =%
CEkxw=132-6
MAIN READ AUTO FUNC B/30

Fir Fegr |FZx| Fir | FE Fb+
Tools|A13¢brajCalc|ither PVEMIIITC'I-NI‘: Ug

"6 x-9=4]+9 6-x=13
.E'.}{f‘?l3 K:IS'_.-'EI
my=9-4-x|x=13-6

y=1-3
MAIN h RAD AUTO FUNC 7720

Note that the solution to Example 3 involves

fractions. This is an example that cannot be

solved accurately by graphing, unless a graphing

calculator is used.

Interseckion
W=Z.l6B6667 IV=.33333333




Example 4 A Fish Tale

Stephanie has five more fish in her aquarium than Brett has. The two
have a total of 31 fish. How many fish does Stephanie have? How
many fish does Brett have?

Solution

Model the information using equations.
Let S represent the number of fish that Stephanie has.
Let B represent the number of fish that Brett has.

From the first sentence,

S=5+5B @ | have two linear
From the second sentence, equations in two
S+B=31 @ unknowns, so this

is a linear system.
Substitute 5 + B for S in (2.

S+ B=31
5+ B+ B=31
5+ 2B =31
2B=31—-5
2B = 26
B =13
Substitute 13 for B in (D).
S=5+8B
S=5+13
S =18

Look back: Verify that this solution works in the original problem
statements. Stephanie has 5 more fish than Brett has. 18 is 5 more
than 13. The two have 31 fish altogether. 18 + 13 = 31.

Make a final statement: Stephanie has 18 fish and Brett has 13 fish.

— Key Concepts

m To solve a linear system by substitution, follow these steps:
Step 1: Solve one of the equations for one variable in terms
of the other variable.

Step 2: Substitute the expression from step 1 into the other
equation and solve for the remaining variable.

Step 3: Substitute back into one of the original equations to
find the value of the other variable.

Step 4: Check your solution by substituting into both original
equations, or into the statements of a word problem.

m When given a question in words, begin by defining how variables
are assigned. Remember to answer in words.
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Communicate Your Understanding

@@ Describe the steps you would take to solve this linear system
using the method of substitution.

y=3x+1
x+y=3

0]
@)

Your friend was absent today. He calls to find out what he missed.

Explain to him

the idea of solving by substitution.

Compare solving by graphing and solving by substitution.
How are the two methods similar? How are they different?

When is it an advantage to be able to solve by substitution?
Give an example.

Practise

You may wish to check your work using a CAS.

For help with question 1, see Example 1.

1. Solve each linear system using the method
of substitution. Check your answers.
a) y=3x — 4
x+y=28
b) x = -4y + 5
x+2y=7
) y=-2x+3
4x — 3y =1
d) 2x + 3y = —1
x=1-y

For help with questions 2 to 5, see Examples 2
and 3.

2. In each pair, decide which equation you
will use first to solve for one variable in
terms of the other variable. Do that step.
Do not solve the linear system.

a) x+2y=5
3x+2y=6
b) 2x +y=6
3x + 2y =10
¢ 2x +5y=7
x—3y= —2
d) 3x —y=5
7x +2y=9
e) 2x —y=2
4x + y =16
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3. Is (3, —5) the solution for the following
linear system? Explain how you can tell.
2x + 5y = —19
6y — 8x = 54

4. Solve by substitution. Check your solution.

a) x+2y=3
5x + 4y =8

b) 6x + 5y =7
x—y=3

€) 2m+n=2
3m — 2n =3

d) 3a+2b=4
2a+b=6

e) 2x+y=4
dx —y =2

5. Find the point of intersection of each
pair of lines.

a) 2x=y+5
3x+y=-9

b) 4x + 2y =7
—X—y=6

¢) pt4qg =3
5p = —2q + 3

da+b+6=0
2a—b—-3=0

e) x—2y—2=0
3x + 4y — 16 = 0



Connect and Apply
For help with questions 6 to 11, see Example 4.

6. Samantha works twice as many hours per

week as Adriana. Together they work a
total of 39 h one week.

a) State how you will assign variables.

b) Write an equation to represent the
information in the first sentence.

¢) Write an equation to represent the
information in the second sentence.

d) Use the method of substitution to find the
number of hours worked by each person.

. Jeff and Stephen go to the mall. The two
boys buy a total of 15 T-shirts. Stephen gets
three less than twice as many T-shirts as Jeff.

a) Write an equation to represent the
information in the second sentence.

b) Write an equation to represent the
information in the third sentence.

¢) Solve the linear system by substitution
to find the number of T-shirts each boy
bought.

d) If the T-shirts cost $8.99 each, how
much did each boy spend before taxes?

. Ugo plays hockey and is awarded 2 points
for each goal and 1 point for each assist.
Last season he had a total of 86 points.
He scored 17 fewer goals than assists.
a) Write a linear system to represent

the information.
b) Solve the system using the method

of substitution.

¢) What does the solution represent in
the context of this question?

. Joanne’s family decides to rent a hall for
her retirement party. Pin Hall charges $500
for the hall and $15 per meal. Bloom Place

charges $350 for the hall and $18 per meal.

a) Write two equations to represent the
information.

b) Solve the linear system to find the

number of guests for which the charges
are the same at both halls.

10.

11.

12.

13.

14.

15.

(1] Did You Know?

Charlene makes two types of quilts. For the
first type, she charges $25 for material and
$50/h for hand quilting. For the second
type, she charges $100 for material and
$20/h for machine quilting. For what
number of hours are the costs the same?

Pietro needs to rent a truck for 1 day. He
calls two rental companies to compare
costs. Joe’s Garage charges $80 for the day
plus $0.22/km. Ace Trucks charges
$100/day and $0.12/km. Under what
circumstances do the two companies
charge the same amount? When would it be
better for Pietro to rent from Joe’s Garage?

Explain why the following linear system
is not easy to solve by substitution.

3x + 4y =10
2x =5y =9

Explain why it would be appropriate to
solve the following linear system either
by substitution or by graphing.
xX+ty=4

y=2x+4

The following three lines intersect to form
a triangle.

y=x+1

2x +y=4

x+y=25

a) Find the coordinates of each vertex.

b) Is this a right triangle? Explain how
you know.

Sensei’s Judo Club has a competition for
the students. If you win a grappling match,
you are awarded 5 points. If you tie, you
are awarded 2 points. Jeremy grappled 15
times and his score was 48 points. How
many grapples did Jeremy win?

Grappling is the term used for wrestling in both judo and
jujitso. In judo you throw your opponent and grapple him
or her on the ground.
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16. Chapter Problem The Clarke family

considers the option of renting a car for

1 day, rather than the full week. One agent
recommends a full-size car for a flat fee of
$90/day with unlimited kilometres.
Another agent recommends a mid-size car
that costs $40/day plus 25¢/km driven.

a) Write an equation to represent the cost
for the full-size car.

b) Write an equation to represent the cost
for the mid-size car.

¢) Solve to find when the costs of the two
car are the same.

d) In what circumstances will the mid-size

car cost less?

e) If the Clarkes want to drive to visit
relatives in Parksville, about 120 km
away, which option will cost less?
Explain. Remember that they plan to
return the car the same day.

j Achievement Check

17. a) Solve this linear system using the

method of substitution.
2y —x = —10
y=- gx =1
2
b) Verify your solution graphically.

¢) A blue spruce tree grows an average of
15 cm per year. An eastern hemlock
grows an average of 10 cm per year.
When they were planted, a blue spruce

was 120 cm tall and an eastern hemlock

was 180 cm tall. How many years after
planting will the trees reach the same
height? How tall will they be?

Extend
18. The Tragically Hip held a concert to help

raise funds for local charities in their
hometown of Kingston. A total of 15 000
people attended. The tickets were $8.50
per student and $12.50 per adult. The
concert took in a total of $162 500. How
many adults came to the concert?
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19.

20.

21.

22.

23.

a) What happens when you try to solve
the following system by substitution?
4x — 2y =9
v=2x+1

b) Solve by graphing and explain how
this is related to the solution when
solving by substitution.

Simplify each equation, and then solve
the linear system by substitution.
a) 2(x—4)+y=6
3x — 2(y — 3) = 13
b) 2(x — 1) — 42y + 1) = —1
x+3By+2)—2=0

The following three lines all intersect at
one point. Find the coordinates of the
point of intersection and the value of k.

2x + 3y =7
x + 4y =16
4x —ky =9

Math Contest Toni and her friends are
building triangular pyramids with golf
balls. Write a formula for the number of
golf balls in a pyramid with n layers.

Math Contest In a magic square, the sum
of the numbers in any row, column, or
diagonal is the same. What is the sum

of any row of this magic square?

A-6 BO C10 D15 E18




The Method of Elimination

You have now seen how to solve a linear system by graphing or by
substitution. There is another algebraic method as well. With each new
method, you have more options for solving the linear system.

Investigate

How can you solve a linear system by elimination?

Parnika and her mother,
Mati, share a digital
camera. They use two
memory cards to store the
photos. While on
vacation, they took a total
of 117 photos. There are
41 more photos on
Parnika’s memory card
than on her mother’s.

1. Read the situation described above. Let p represent the number of
photos on Parnika’s memory card and m represent the number of
photos on Mati’s memory card.

a) Write an equation to represent the total number of photos on
the memory cards.

b) Write an equation to represent the difference in the number of
photos on the memory cards.

2. a) Write your two equations below one another, so like terms align
in columns. Add like terms on the left sides and add the right
sides of the equations.

b) Which variable has disappeared?

¢) Solve for the remaining variable.

d) Substitute your answer from part c) into the first equation.
Solve for the other variable.

e) How many photos are on Parnika’s memory card? on Mati’s
memory card?

3. a) Write the pair of equations from step 1 again. Put a line under
the two equations and subtract the bottom equation from the
top equation.

b) Which variable has disappeared?

¢) Solve for the remaining variable.
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d) Substitute your answer from part c) into the first equation.
Solve for the other variable.

e) How many photos are on each person’s memory card?

4. Reflect

a) Explain what you have done in order to find the number
of photos on the memory cards.

b) How can you verify that you have obtained the correct solution?

In the Investigate above you solved a linear system by the
method of elimination. This is another method for solving method of
a system of linear equations. elimination

= solving a linear system by
adding or subtracting to

Example 1 Solve a Linear System Using the Method of eliminate one of the
Elimination variables

Solve the system of linear equations.

3x+y=19

4x —y =2

Check your solution.

Solution | notice that | have +y in the first
equation and -y in the second
3x+y=19 O equation. If | add the two
dx —y =2 @ Add columns vertically. equations, y will be eliminated.
7X =21 O+Q®
x = 271 Now | have one equation in
7 one variable. | can solve for x.
x=3
Substitute x = 3 into equation () to find the corresponding y-value.
3x+y=19
3(3) + y=19 | can substitute back into
9+y=19 either original equation.
vy =10

Check by substituting x = 3 and y = 10 into both original equations.

In3x + y=19: In4x —y=2:
LS. =3x+y R.S. =19 LS. =4x—y R.S. =2
= 3(3) + 10 = 4(3) — 10
=19 =2
L.S. =R.S. L.S. = R.S.

The solution checks in both equations.

The solution to the linear system is x = 3 and y = 10.
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Example 2 Solve Using Elimination
B

Solve the linear system.
10x + 4y = —1

8x — 2y =7
Solution
10x + 4y = -1 @ | can't eliminate either variable by
8x —2y=7 ® adding or subtracting the
_ equations given. If | multiply
0] 10x + 4y = —1 equation @ by 2, then | will have
2 X @ 16x — 4y = 14 -4y in the second equation. Then,
D +2X@® 26x =13 | can add to eliminate the y-terms.
13
X =
26
1
X = —
2

1
Substitute x = 5 in @ to find the corresponding y-value.

8x — 2y =7
8<—> —-2y=7 | chose to substitute in (2) because
2 that equation looks simpler.
4 -2y =7
—2y=7—4
=2y =3
3
L
3
Y= 7

1 3
Check: Substitute x = 5 and y = — 5 into both original equations.

In 10x + 4y = —1: In8x — 2y =7:
L.S.=10x+4y  RS.=-1 L.S. = 8x — 2y R.S. =7
1 3
=10 <2) + 4(—2) _ 8<1> _ 2<_3)
2 2
B 5_1_ 6 =4+3
 LS.-RS -7
R LS. = R.S.
. . . 1 3
The solution to the linear system is x = V=5
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You can check your work using TR B IR T LT =
a Computer Algebra System Tools|a13cbralCate|otner Pr5m|nTc1-zar. u»ﬁ
(CAS). = HewProb Done
* Type in equation (1), in w10 -x+4-y=-11+2(8-x - p
brackets. 26-x=13
e Add equation (2, in brackets, T s
multiplied by 2. 26 s
e Press [Evrer), MAIN RAD ALTD FUNC
e Divide the resulting equation
by 26. Tools|idabraltaic|Othar PrgfrulﬂTC‘l-deEr:UI%ﬁ
1 -
oSubstitutex=Einequation@ "B -2 y=T|x=1s2
d solve f s T
and solve for y. n(4-2-y=7)-4 2.y=3
a—2W=3 y= -3/2
MAIN RAD ALTO FUNC (FED]

Example 3 Find a Point of Intersection Using Elimination

Find the point of intersection of the linear system.
4x + 3y = 13
5x — 4y = —7

Verify your answer.

Solution

_ I'll need to multiply each of the equations to get the
4x + 3y =13 @ same coefficient in front of one of the variables. If |
oX — 4y = —7 @ multiply equation (D by 5 and equation 2 by 4,

L. both equations will start with 20x.
Method 1: Eliminate x

5 X Q@ 20x + 15y = 65
4 X @ 20x — 16y = —28 Now if | subtract, x will be eliminated.
31y = 93 In the y-column, 15y - (-16y) = 15y + 16y.
93 On the right, 65 - (-28) = 65 + 28.
T
y=3
Substitute y = 3 into (D) to find the corresponding x-value.
4x + 3y = 13
4x + 3(3) = 13
4x + 9 =13
4x = 4
x=1
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Method 2: Eliminate y
4x + 3y =13 ©)

5x — 4y = —7 @ If | multiply @ by 4 and @ by 3,
one equation will have 12y and
4x® 16x + 12y = 52 the other will have —12y. Then, if
3X® 15x — 12y = —21 I add, y will be eliminated.
31x = 31
x=1

Substitute x = 1 into () to find the corresponding y-value.

4x + 3y = 13
4(1) + 3y = 13
4+ 3y =13
3y=9
v=3
Verify by substituting x = 1 and y = 3 into both original equations.
In 4x + 3y = 13: In5x — 4y = —7:
L.S. = 4x + 3y R.S. =13 L.S. =5x — 4y R.S. = -7
= 4(1) + 3(3) = 5(1) — 4(3)
=4+9 =5 —-12
=13 = -7
L.S. =R.S. L.S. =R.S.

The point of intersection of the lines is (1, 3).

Example 4 Solve a Problem Using the Method of Elimination

A small store sells used CDs and DVDs. The CDs sell for $9 each. The
DVDs sell for $11 each. Cody is working part time and sells a total of
$204 worth of CDs and DVDs during his shift. He knows that 20 items
were sold. He needs to tell the store owner how many of each type were
sold. How many CDs did Cody sell? How many DVDs did Cody sell?

Solution

Let ¢ represent the number of CDs sold.
Let d represent the number of DVDs sold.

c+d=20 ® The number of CDs plus the
9c + 11d = 204 @) number of DVDs is 20.
Multiply @ by 9.

9c + 9d = 180 $9 for each CD plus $11 for

9c + 11d = 204 each DVD totals $204.

—2d = —24
d=12 | can also solve this system
using substitution or graphing.

If | subtract, cis eliminated.
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Substitute d = 12 into one of the original equations to solve for c.

c+d=20
c+ 12 =20
c=28

Check in the original word problem:
Money: 8 CDs at $9 is $72, and 12 DVDs at $11 is $132. The total is $204.
Number of items: 8 CDs and 12 DVDs is 20 items sold.

Cody sold eight CDs and twelve DVDs during his shift.

— Key Concepts

m To solve a linear system by elimination, follow these steps:

— Arrange the two equations so that like terms are aligned.

— Choose the variable you wish to eliminate.

— If necessary, multiply one or both equations by a value so that
they have the same or opposite coefficient in front of the variable
you want to eliminate.

— Add or subtract (as needed) to eliminate one variable.

— Solve for the remaining variable.

— Substitute into one of the original equations to find the value of
the other variable.

— Check your solution by substituting into the original equations,
or into the word problem.

— If you are solving a word problem, write the answer in words.

Communicate Your Understanding
@D Consider solving the linear system x + y =5
xX—y=7
a) To eliminate x, do you add or subtract the two equations?
b) To eliminate y, do you add or subtract the two equations?

¢) Will you obtain the same solution if you add or subtract
the two equations? Explain.

@ Consider solving the linear system 4x + 3y =15 (@
8x —-9y=15 @
a) Describe the steps you would use to eliminate x.

b) The linear system can also be solved by first eliminating y.
Describe the steps you would use if you chose this method.

@ In what situations would you use the method of graphing? Reasoning and Proving
substitution? elimination? Consider the following linear systems. Represgiting }e‘““ﬁ’“'s
Which method would you use for each and why? ( \Pmmem Sonving \

/

2
a)yZX—Q b) 3X+2y:8 c)y:_§X+5 Connecting

Reflecting

Communicating

2x + 3y =1 2x — 2y =7 3x — 2y =6

1.4 The Method of Elimination - MHR 39



Practise
For help with questions 1 and 2, see Example 1.

1. Solve using the method of elimination.

a) x +ty=2 b) x —y=-1
X —y =2 x+y=-7
) x+3y=7 d) 5x + 2y = —11
x+y=3 3x + 2y = -9

2. Solve using the method of elimination.
Check each solution.

a) 2x + y= -5 b) 4x —y=—1
—2x +y=—1 —4x — 3y = —19

) 2x +y=28 d) 3x + 2y = —1
4dx —y =4 —3x +4y =7

For help with questions 3 and 4, see Example 2.

3. Find the point of intersection of each pair

of lines.

a) x + 2y =2 b) 3x + 5y = 12
3x + 5y =4 2x —y= —5

€ 3x+y=13 d) 6x + 5y = 12
2x + 3y = 18 3x — 4y = 6

4. Solve by elimination. Check each solution.
a) 4x + 3y =4 b) 5x — 3y = 25

8x —y=1 10x + 3y =5
€) 5x + 2y = 48 d) 2x + 3y =38
x+y=15 x—2y=—3

For help with questions 5 to 7, see Example 3.

5. Solve by elimination. Check each solution.

a) 3x — 2y =5 b) 5m +2n=>5

2x + 3y = 12 2m + 3n = 13
¢) 3a —4b=10 d) 3h — 4k =5
5a — 12b =6 5h + 3k = —-11

6. Find the point of intersection of each pair
of lines. Check each solution.

a) 3x+y=13 b) 2x + 3y = —18

2x + 3y = 18 3x — 5y = 11
( 3x—2y+2=0 d) 2a—3b=-10
7x — 6y + 11 = 0 4a+b=1
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7. Solve each system of linear equations by
elimination. Check your answers.

a) 4x — 9y = 4 b) 2x + 9y = —4

6x + 15y = —13 5x — 2y = 39
¢) 3a—2b+4=0 d) 2u + 5v = 46
2a—5b—1=0 3u — 2v =12

Connect and Apply
For help with questions 8 and 9, see Example 4.

8. Mehrab works in a department store selling
sports equipment. Baseball gloves cost $29
each and bats cost $14 each. One shift, he
sells 28 items. His receipts total $647.

a) How many bats did Mehrab sell?
b) How many gloves did he sell?

9. Liz works at the ballpark selling bottled
water. She sells 37 bottles in one shift. The
large bottles sell for $5 each and the small
bottles sell for $3 each. At the end of one
game, she has taken in $131.

a) How many large bottles did Liz sell?
b) How many small bottles did she sell?

10. Consider the linear system 2x — 3y = 5
and 4x + y = 8.

a) Solve by elimination.
b) Solve by substitution.
¢) Which method do you prefer? Why?

11. Explain how you would solve the system
3x + 2y = 5 and 4x + 5y = 11 using the
method of elimination. Do not actually
solve the system.

12. Expand and simplify each equation.

Then, solve the linear system.

a) 2B8x—1)—-(y+4)=-7
41 —2x) —3(3 —y) = —12

b) 3(a —1)—3(b—-3)=0
3a+2)—-(b—-7)=20

¢) 5(k+5)—2(n—3)=62
4k —-7)—(n+4)=-9



13.

14.

15.

16.

17.

18.

To solve the following linear system by
elimination, Brent first multiplied each
equation by 10. Explain why he did this
step. Complete the solution.

0.3x — 0.5y = 1.2
0.7x — 0.2y = —0.1

Solve each linear system.
a) 0.2x — 0.3y = 1.3
0.5x + 0.2y = 2.3

b) 0.1a — 0.4b = 1.9
0.4a + 0.5b = —0.8

Bhargav stops in at a deli to get lunch for
his crew. He buys five roast beef and three
vegetarian sandwiches and the order costs
$27.50. The next week, he pays $23.00

for two roast beef and six vegetarian
sandwiches. How much does one roast
beef sandwich cost?

Maria rented the same car twice in one
month. She paid $180 the first time for

3 days and she drove a total of 150 km.
The next time, she also paid $180 and had
the vehicle for only 2 days, but travelled
400 km.

a) What was the cost per day?
b) What was the cost per kilometre?

Chapter Problem The Clarke’s son suggests
that they rent a car that costs $250 for the
week plus 22¢/km. Their daughter does
not want to drive far, so she suggests a car
that is only $96 for the week but 50¢/km.

a) Write an equation to represent the cost
of the car suggested by the son.

b) Write an equation to represent the cost
of the car suggested by the daughter.

¢) When will the two cars cost the same?
Use the method of elimination to solve.

d) If the Clarkes plan to drive 500 km,
which option is less expensive?

What happens when you solve the system
2x + 3y = 6 and 6x + 9y = 0 by elimination?
Use a graph in your explanation.

ﬂ Achievement Check
- 19, a) Nita’s class

Reasoning and Proving
-
Representing

visited a
provincial site (
to view some
ancient rock
drawings. Two adults and five students
in one van paid $77 for the visit. Two
adults and seven students in a second
van paid $95. What were the entry
prices for a student and an adult? Verify
your solution.

.
Selecting Tools

Problem Solving

Connecting Reflecting

Communicating

b) Katie and Chris each solved a system of
two linear equations as shown. Whose
method is correct? Explain why:.

Katie Chris
Ix+y=5 Ix+y=5
+ x—X=I - x—z=l
3x=6 x =
x=2 4—y=,
2x+y=5 4>/=-3
22)+y-5 y-3
Hey=5 The solution is (4, 3).

vel
The solution is (2, 1).

Extend

20. Solve by elimination.

1 4
Q) —m+n=—4 b)i
2 3
m_3n _ 5a
2 2 6

. Consider the linear system ax + by = ¢

dx +ey=f
Find a general solution for x and y. State

any restrictions on the values of a, b, c, d,
e, and f.

. Solve the system of equations.

x+3y—z=—-14
7xteéy+z=1
4x — 2y — 5z =11
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Reasoning and Proving
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Representﬁ Selecting Tools
( Problem Solving
/
Connecting Reflecting
o " /
Communicating
r
.° | Tools
= grid paper
m ruler
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Solve Problems Using Linear
Systems

Now you know a number of different ways to solve a system of
linear equations. You can solve

e graphically by hand

e graphically with a graphing calculator or graphing software

e algebraically by substitution

e algebraically by elimination

In this section, you will look at how to choose among these methods.
You will also see how to apply the methods to some more
challenging problems.

m Investigate -

How do you choose a method for solving a linear system?

1. a) Graph the line y = 3x + 1.
b) On the same set of axes, graph the line y = 4x — 3.

¢) What is the point of intersection of these two lines?

2. a) Graph the line x + y = 101.
b) On the same set of axes, graph the line 300x — y = 200.

¢) What is the point of intersection of these two lines?

3. Why was it easier to find the point of intersection of the two
lines in step 1 than in step 27

4. a) Use the method of substitution to find the intersection
point of the lines y = 3x + 1 and y = 4x — 3.

b) Did you get the same result you found in step 1 part c)?

5. a) Use the method of elimination to find the intersection
point of the lines y = 3x + 1 and y = 4x — 3.

b) Did you get the same result you found in step 1 part c)?

6. a) Find the solution to the linear system x + y = 101 and
300x — y = 200 by substitution.

b) Did you get the same result you found in step 2 part c)?

7. a) Find the solution to the linear system x + y = 101 and
300x — y = 200 by elimination.

b) Did you get the same result you found in step 2 part c)?




8. You have learned three methods for solving a linear system:
graphing, substitution, and elimination.

a) Which method was easiest to use for the lines y = 3x + 1
and y = 4x — 37 Explain.

b) Which method was easiest to use for the lines x + y = 101
and 300x — y = 2007 Explain.

9. Reflect Consider pairs of equations that form a linear system.

a) Describe the equations in a linear system that you would
choose to solve by graphing.

b) Describe the equations in a linear system that you would
choose to solve by substitution.

¢) Describe the equations in a linear system that you would
choose to solve by elimination.

Example 1 Graphing, Substitution, or Elimination?

Christian has a total of eight cars and trucks to play with. His
birthday is soon. He hopes to double the number of cars he has
now. If he does, he will have a total of 11 cars and trucks. How
many cars does he have now? How many trucks?

Solution

Let ¢ represent the number of cars Christian has now.
Let t represent the number of trucks he has now.
c+t=38

2¢+t=11 It doesn’t make sense to have part

of a car, so | expect whole-number
For the line ¢ + t = 8, the intercepts are at (8, 0) and (0, 8). answers. | will graph both equations.

Rearrange the second equation as t = —2¢ + 11. Il put c on the horizontal axis and t
The t-intercept is 11 and the slope is —2. on the vertical axis.

The solution is ¢ = 3, t = 5. tA
Check in the problem:

Christian’s cars and trucks now:
3 cars + 5 trucks = 8 toys

Christian’s cars and trucks after his

birthday: 6 cars + 5 trucks = 11 toys

Also, 6 cars is double 3 cars.

This checks.

Christian has three cars and five HEEENENES

trucks now. 012345678
Number of Cars

Number of Trucks

The problem in Example 1 was solved by graphing, but it can be solved
by any of the three methods: graphing, substitution, or elimination.
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Example 2 Solve a Distance, Speed, Time Problem

A canoeist took 2 h to travel 12 km down
a river. The return trip, against the
current, took 3 h. What was the average
paddling rate of the canoeist? What was
the speed of the current?

Solution

Let p represent the canoeist’s average
paddling speed, in kilometres per hour.
Let c represent the speed of the current,
in kilometres per hour. Draw a diagram to
model the situation. Then, use a table to
organize the given facts.

——> downstream
Going downstream, the current helps
the canoeist. Going upstream, the
current slows the canoeist down.

~¢—— upstream

Direction | Distance (km) Speed (km/h) | Time (h)

Downstream 12 p+cC 2

Upstream 12 p-c¢C 3

To write the equations, use the fact that distance = speed X time.
12 = (p + ¢)2 ©)

| can simplify each equation by dividing

12 = (p — )3 @ both sides of the first equation by 2, and
6=p+c both sides of the second equation by 3.
4=p-—c

10 = 2p | c.an sollve. thi.s Iinear'system directly
p=5 using elimination. | will add.

Substitute p = 5 into equation () to find c.

12 = (5 + ¢)2

12 =10 + 2¢
2 =12c
c=1

Verify in the original problem:

Downstream: Speed is 5 + 1, or 6 km/h. So, in 2 h the distance is

12 km. This checks with the first sentence.

Upstream: Speed is 5 — 1, or 4 km/h. So, in 3 h the distance is 12 km.
This checks with the second sentence.

The canoeist’s average paddling rate was 5 km/h. The speed of the
current was 1 km/h.




Example 3 Solve a Mixture Problem

Marryam has a bottle of 5% acetic acid and a bottle of 10% acetic acid. ~ [I] Did You Know? __
How much of each should she use to make 250 ml. of 8% acetic acid? Household white vinegar is
5% acetic acid. A 5% acetic
Solution acid solution means that 5%
pure acid is mixed with 95%
Let frepresent the amount of 5% acid in the 8% mixture. water. For example, 1 L of
Let t represent the amount of 10% acid in the 8% mixture. white vinegar contains
50 mL of pure acetic acid
and 950 mL of water.

5% 10%
acetic acetic
acid acid

Use a table to organize the given information.

Volume (mLl) = 5% Acid 10% Acid = 8% Mixture

Solution f t 250
Pure Acid 0.05f 0.1t 0.08(250)
f+t=250 O) The sum of the two
0.05f+ 0.1t =20 (@ volumes is 250 mL.
These equations would not be easy Consider the volume of pure
to solve by graphing, unless | used a acid. In the 8% mixture,
graphing calculator or multiplied 0.08(250) = 20.

equation (2) by 20 first.

Rearrange equation (D: f = 250 — t I'l use the method of substitution
Substitute into equation (2). because it is easy to solve
0.05f + 0.1t = 20 equation (1) for one variable.

0.05(250 — t) + 0.1t = 20
12.5 — 0.05t + 0.1t = 20
12.5 + 0.05t = 20

0.05t=7.5
7.5
t= ——
0.05
t =150
Substitute t = 150 into equation (.
f+t=250
f+ 150 = 250
f=100

Marryam should mix 100 mL of the 5% acetic acid with 150 mL
of the 10% acetic acid to make 250 mL of 10% acetic acid.
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— Key Concepts

® You can solve linear systems using any of the three methods:
graphing, substitution, or elimination.

® Look at the equations carefully to see if there is an advantage
to solving using a particular method.

Communicate Your Understanding

In what situations would solving by graphing be your preferred
choice? Give an example.

@& In what situations would solving by substitution be your preferred
choice? Give an example.

@ In what situations would solving by elimination be your preferred
choice? Give an example.

Write a linear system that can be solved by any of the three methods.

Practise

For help with questions 1 to 6, see Example 1.

1.

46

Leanne works at a greenhouse. She needs
to plant a total of 32 bulbs. Two types of

bulbs are available. She is asked to plant

three times as many crocus bulbs as tulip
bulbs. How many of each should

she plant?

. James looks in his TV cabinet and finds

some old Beta and VHS tapes. He has

17 tapes in all. He finds that he has three
more Beta tapes than VHS tapes. How
many of each type does he have?

. The girls’ soccer team held a fundraising

car wash. They charged $5 for each car
and $8 for each van. They washed 44 cars
and vans and collected $262. How many
of each type of vehicle did they wash?

. Rehman invests his summer earnings of

$3050. He invests part of the money at
8%/year, and the rest at 7.5%/year. After
1 year, these investments earn $242 in
simple interest. How much did he invest
at each rate?

MHR - Chapter 1

5. Why might it be more appropriate to

solve questions 1 and 2 by graphing than
questions 3 and 47

. Consider the linear system

3x—y=28

4x — y = —15

a) Which method would you choose
to solve the linear system and why?
Solve using the method you chose.

b) Now solve using one of the other
methods available to you.

Connect and Apply
For help with questions 7 and 8, see Example 2.

7. Tyler rows 10 km downstream in 2 h. On

the return trip, it takes him 4 h to travel
8 km. Determine his average rowing speed
and the speed of the current.

. With a tailwind, a plane flew the 3000 km

from Calgary to Montréal in 5 h. The
return flight, against the wind, took 6 h.
Find the wind speed and the speed of
the plane.



For help with questions 9 and 10, see Example 3.
9.

10.

11.

12.

13.

14.

15.

Milk and cream contain different percents
of butterfat. How much 3% milk needs to
be mixed with how much 15% cream to
give 20 L of 6% cream?

Amy needs to make 10 L of 42% sulphuric
acid solution. In the supply room, she
finds bottles of 30% sulphuric acid
solution and 60% sulphuric acid solution.
What volume of each solution should she
mix in order to make the 42% solution?

To join Karate Klub, David must pay a
monthly fee of $25 and an initial fee of
$200. If he chooses Kool Karate, he must
pay an initial fee of only $100 but
$35/month.

a) After how many months is the cost the
same at either karate club?

b) If David plans to try karate for
6 months, which club should he join?

¢) If David decides to do karate for a year,
which club should he join?

For a school band trip, Marcia decides to
order T-shirts for all of the participants. It
will cost $4 per shirt for the medium size,
and $5 per shirt for the large size. Marcia
orders a total of 70 T-shirts and spends
$320. How many are medium shirts?

One type of granola has 30% nuts, by
mass. A second type of granola has 15%
nuts. What mass of each type needs to be
mixed to make 600 g of granola that will
have 21% nuts?

A metal alloy is 25% copper. Another
metal alloy is 50% copper. How much of
each should be used to make 500 g of an
alloy that is 45% copper?

Some students at L.C.V.I. held a bake sale
recently to raise money for a field trip.
They charged $7 for fruit pies and $10 for
meat pies. They sold a total of 52 pies and
earned $424. How many of each type of
pie did they sell?

16.

A class trip is being planned. For one
option, each student will pay $630.

This includes two meals a day and
accommodation for the 9-day trip. The
other option offers three meals a day and
accommodation for the 9 days. This
second option costs $720. What is the cost
per meal? What is the cost per day for
accommodation?

Extend

17. Ian flew his airplane at best cruise speed

18.

19.

20.

for 2 h, then at economy cruise speed for
3 h, covering a total of 850 km. On the
following day, he flew at best cruise speed
for 3 h and at economy cruise speed for

2 h, covering a total of 900 km. Find the
best cruise speed and the economy cruise
speed for Ian’s airplane.

A train leaves Toronto for Montréal at the
same time as another train leaves Montréal
for Toronto. The cities are 500 km apart.
The trains pass each other 2 h later. The
train from Montréal is travelling 50 km/h
faster than the one from Toronto. At what
distance away from Toronto do the trains
pass each other?

Sam is a jewellery artist. She needs to mix
metals to make her products. Pure gold is
24-karat and is very soft. It is usually
mixed with other metals such as silver to
make it harder. Sam has some 18-karat

1
gold (?ipure gold) and some 9-karat

gold (%pure gold). What mass of each

type of gold should she use to make 600 g
of 15-karat gold?

Math Contest A chemist has one 30-L bottle
of 15% hydrochloric acid and one 30-L
bottle of 90% hydrochloric acid. She mixes
20 L of 60% hydrochloric acid and then
pours 5 L of that solution back into the
bottle containing the 90% hydrochloric acid.
How strong is the acid in that bottle now?
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Chapter 1 Review

1.1 Connect English With Mathematics and 5. On Derwin farm there is a total of
Graphing Lines, pages 8-19 50 chickens and cows. If there are 118 legs,

. . how many chickens are there?
1. Translate each sentence into an equation. y

Tell how you are assigning the two variables
in each.

a) John has nickels and dimes that total
$2.50 in his pocket.

b) Maggie’s age increased by three is twice
Janice’s age, decreased by nine.

¢) Twice a number, decreased by nine, is
half the same number, increased by six.

. Use graphing to find the point of
intersection of the lines

1
y=-2x+5andy= EX_S'

. Use Technology Allison is planning her
parents’ 25th wedding anniversary dinner
party. La Casa charges a fixed cost of $1500
plus $25 per guest. Hastings Hall charges
$1000 plus $30 per guest.

a) Write an equation for the cost at La Casa.

b) Write an equation for the cost at Hastings
Hall.

¢) Use a graphing calculator to find the
number of guests for which the charge
is the same at both locations.

d) In what situation should Allison choose
La Casa? Explain.

e) In what situation should Allison choose
Hastings Hall? Explain.

1.2 The Method of Substitution, pages 20-28

4. Solve each linear system using the method

of substitution.

a) x +y=-2 b) x—y=9
y=x+6 y=—x+3

) y=-2x+2 d) 2x —3y=6
3x+2y=5 2x —y=7
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6. Josie wants to buy Internet access. One
service provider charges a flat rate of
$34.95/month. A second charges $25/month
plus 33¢/h. For what number of hours per
month should Josie choose the flat rate?

7. There are 35 people in a room. There are
seven more males than females in the room.
How many males are there? How many
females?

1.3 Investigate Equivalent Linear Relations
and Equivalent Linear Systems, pages 29-33

8. Which is not an equivalent equation for
9x — 3y = 187

1
Ay=3x—6 By=§x—2
C6x — 2y =12

1.4 The Method of Elimination, pages 34-41

9. Find the point of intersection of each pair of

lines.

a) x—y=3 b) 3x + 2y =5
2x +y=3 x—2y=—-1

¢ 2x + 5y =3 d) 2x +y=7
2x —y= -3 x—y=-1

10. Solve each linear system. Check each

solution.

a) 3x + 2y =12 b) 3x + 2y = 34
2x + 3y =13 5x — 3y = —13

¢) Sa+ 2b=5 d) 4k + 5h = —0.5
2a + 3b =13 3k +7h = 0.6

11. Make up your own problem to solve by
elimination. Trade your question with one
of your classmates and ask him or her to
solve it. Check each other’s work.



1.5 Solve Problems Using Linear Systems,
pages 42-47

12. Solve each linear system. Justify your choice
of method.

a) x+y=7
x=y+3

b) 4x + 3y = —1.9
2x — 7y =3.3

) 5x —4y+ 13 =0
7x—-y+9=0

d) 2(x—1)—-3(y—3)=0
3x+2)—(v—7)=20

13. In one city, taxi company A charges $5 plus
$0.35/km travelled. Taxi company B charges
$3.50 plus 50¢/km.

a) For what distance is the charge the same
using either taxi company?

b) In what situations would you choose
company A?

14.

15.

16.

17.

Mengxi has $10 000 to invest. She invests
part in a term deposit paying 5%/year, and
the remainder in Canada Savings Bonds
paying 3.5%/year. At the end of the year,
she has earned simple interest of $413. How
much did she invest at each rate?

A motor boat took 5 h to travel a distance of
60 km up a river, against the current. The
return trip took 3 h. Find the average speed
of the boat in still water and the speed of
the current.

One type of fertilizer has 30% nitrogen and
a second type has 15% nitrogen. If a farmer
needs 600 kg of fertilizer that is 20%
nitrogen, how much of each type should the
farmer mix together?

Fran and Winston have a combined income
of $80 000. One quarter of Winston’s income
is the same as one-sixth of Fran’s income.
How much does each person earn?

@ Chapter Problem Wrap-Up

a car for $275 for the week plus 21¢/km.

which is the cheapest?

o

The Clarke family will be leaving soon for Victoria. Mrs. Clarke suggests that
they rent a car that costs $180 for the week plus 41¢/km. Mr. Clarke has found

a) Use your skills with linear systems to find the number of kilometres
driven for which the cost will be the same for either of these cars.

b) The Clarkes want to go to Parksville and to visit an aunt who lives in
Crofton. They would also like to go to Tofino. These trips will be a total
of 628 km. Write a note to explain which of the two cars would cost less.

¢) Look back at question 17 in Section 1.2, question 16 in Section 1.3, and
question 17 in Section 1.4. Of the cars that the Clarkes have considered,

d) What other factors should they consider when choosing the car?

J
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1. Translate each sentence into an equation.

a) In a group of 20 people, there are seven
more men than women.

b) The total of seven and twice a number
gives the same result as three times that
number.

2. Write a system of equations that can be
solved by graphing and then show the
solution.

3. a) Use graphing to find the point of
intersection of the lines y = 3x — 22
and y = 4x — 29.
b) What is the solution to the following
linear system?
y = 3x — 22
v=4x— 29

4. Solve each linear system using the method
of substitution. Check each solution.

a) y=2x— 13

X+ 2y=—6
b)a+ b=5

3a + 4b =15
) x+3y=0

3x — 6y =5

d) 3m — 2n = —12
m—4n =28

5. A graph of a
linear system is
shown. Explain

why each of the
following is an
equivalent linear
system to the
system shown in
the graph.
a) y=2x +1
2x — 3y =9
b) x = -3
y=-5
€) 4x —2y+2=0
4x — 6y — 18 =0
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- Chapter 1 Practice Test

6. Use the method of elimination to solve
each linear system. Check each solution.

a) 3x + 2y = 19

5x —2y =5
b) 4x — 3y = 15
4x + 3y =5
¢) 6k + 5h =20
3k —4h =23
d) 4p —2g =6

10p — 3q = —1

7. Solve each linear system. Choose a method
and explain why you chose that method.
Check each solution.

a) y+3x =6
yv=2x+1
b) 2x —y=3
4x —y=—1
) 2x —y=—6
4x + y= —6
d) 6x — 5y = —1
ox —4y = —1

8. Which is your preferred method for
solving linear systems? Explain why. Give
two advantages and two disadvantages of
the method you prefer.

9. A triangle lies on a Cartesian plane. The
sides are formed by the intersection of the
linesy=3x —1,2x + y — 4 = 0, and
x — 2y = —7. Find the coordinates of each
vertex of the triangle.

10. Gregory works half as many hours per
week as Paul. Between the two, they work
a total of 48 h one week.

a) Write an equation to represent the
information in the first sentence.

b) Write an equation to represent the
information in the second sentence.

¢) Use the method of substitution to find
the number of hours worked by each of
them.



11. A physics contest has 30 multiple-choice
questions. A correct answer gains
4 points, while a wrong answer loses
1 point. Rolly answered every question
and scored 55 points. How many
questions did he answer correctly?

12. A swimming pool has a perimeter of 96 m.
The length is 3 m more than twice the
width. Find the length and width of the
pool.

13. A restaurant that serves a buffet lunch
has one price for adults and another price
for children under 12. The Jung group has
two adults and three children and their
bill is $48.95. The Harvey group has three
adults and two children. Their bill is
$52.05. What is the price of the buffet for
an adult? for a child?

14. A total of 27 coins, in nickels and dimes,
are in a wallet. If the coins total $2.15,
how many of each type of coin are there?

15. Candice and Dino operate computer
repair services. For a service call, Candice
charges $40 and Dino charges $50. In
addition, they each charge an hourly rate.
Candice charges $35/h, and Dino charges
$30/h. One day, their charges for two
service calls were the same. What did
they charge and how long did each
person work?

16. Simplify and then solve each linear

system.

a) 3(x+ 1) —4(y — 1) = 13
5(x+2)+2(y+3)=0

b) 3¢ + 0.8d = 1.4
0.5c — 0.4d = 1.4

) x+y=40
x
20

17. Maya inherited $50 000. She invested

18.

19.

part of it in a Guaranteed Investment
Certificate (GIC) that paid 5%/year and
the rest in a venture capital that returned
10%/year. The total simple interest after
1 year was $4000. How much did she
invest at each rate?

Chemex Lab needs to make 500 L of a
34% acid solution for a customer. The
lab has 25% and 50% acid solutions
available to make the order. How many
litres of each should be mixed to make
the 34% solution?

Carl travelled the 1900 km from his home
in Eastern Ontario to Winnipeg. He
travelled by bus to Toronto at an average
speed of 60 km/h and then flew to
Winnipeg at an average speed of

700 km/h. His total travelling time was

7 h. How many kilometres did he travel
by bus? How far did he travel by airplane?

B Achievement Check
. 20.

a) Choose an algebraic method to solve
the following linear system. Explain
why you chose this method.

x 2y _ 7
2 3 3
g-|—2y=5
2

b) Use the method you chose to solve the
system. Check your solution.

¢) A fishing boat took 3 h to travel 36 km
upstream, against the current, on the
St. Lawrence River. The same trip
downstream only took 2 h. What is
the average speed of the fishing boat
in still water? What was the speed of
the river current?
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Midpoint of a Line Segment

Cartesian grid Coordinates on a Cartesian grid
= grid with perpendicular are a simple and convenient
axes way to specify a location. Such

grids have many uses beyond
graphs and maps. Machinists
use coordinates to direct
computer numerical control
(CNC) machine tools that shape,
drill, and weld parts. Similarly,
coordinate systems are essential
for programming industrial robots
on automated assembly lines.

When you know the coordinates of a set of points, you can calculate
midpoint the coordinates of related points, such as the midpoint between a pair

= point that divides a line of points.
segment into two equal
line segments

Investigate

How can you determine the coordinates of a midpoint?

[o Tools Method 1: Use Pencil and Paper

= grid paper 1. Use a Cartesian grid to plot the line segment defined by each pair
of endpoints. Label the endpoints with their coordinates. What
property do the line segments have in common?
a) A(—4, 2) and B(6, 2) b) C(—3, 0) and D(2, 0)
¢) E(5, —2) and F(—4, —2)

2. Count squares or use a ruler to determine the coordinates of
the midpoint of each segment. Label each midpoint with its
coordinates. How are the coordinates of the midpoint of each
line segment related to the coordinates of its endpoints?

3. Plot and label the line segment defined by each pair of endpoints.
What property do the line segments have in common?

a) G(—4, 2) and H(—4, —6) b) J(—1, 7) and K(—1, —2)
¢) L(5, —4) and N(5, 7)

4. Determine the coordinates of the midpoint of each line segment
in step 3. Label each midpoint with its coordinates. How are the

coordinates of the midpoint of each segment related to the
coordinates of its endpoints?
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5. Plot and label the line segment defined by each pair of endpoints.
a) P(1, 1) and Q(7, 5) b) R(—5, —4) and S(—1, 0)
¢) T(—3, —4)and U(6,1) d) V(—4, 6) and W(3, 4)

6. Determine the coordinates of the midpoint of each line segment
in step 5. Describe how you calculated these coordinates.

7. Reflect How are the coordinates of the midpoint of a line segment
related to the coordinates of the endpoints? Write an expression
for the coordinates of the midpoint of a line segment that has
endpoints at (x,, y,) and (x,, y,).

Method 2: Use The Geometer’s Sketchpad® [" Tools
1. Turn on automatic labelling of points. From the Edit menu, choose = computer with The
Preferences. Click on the Text tab. Ensure that For All New Points Geometer’s Sketchpad®
is checked.
To display a Cartesian grid, open the Graph menu and choose
Show Grid.

From the Edit menu, choose Preferences; for distance, choose cm
units and hundredths precision.

Define Coordinate System
Units 1 Color  Text ] Urits ] Calor 1 Text ]
Grid Form 2
Show Labels Automatically: Units Precision
¥ For A1l New Paints Ang\e.ldeglees ﬂ ‘hundredths ﬂ
Flat Paints...
W &3 Dbjects Are Measured Distance: |Cm ﬂ ‘huﬂdﬂ?d[hi ﬂ
Mew Parameter... Shift+Ctri+-R it
Other [Slope, Fatio, ...)
Mew Function. .. CirlF hundredths
W Show Text Palette ‘when Editing Captions Flok Mew Function, .. Chrl+G thousandths
ten thousandths
hundred thausandths
Apply To: ¥ ThisSketch [ Mew Sketches Apply To: ¥ This Sketch ew Shefches
Help | Cancel ‘ ak. | Help | Cancel | 0K |

2. From the Graph menu, choose Plot Points. Enter the coordinates
for the point A(—4, 2). Use the tab key to move from the
x-coordinate to the y-coordinate. Then, plot the point B(6, 2).

To display the coordinates of points A and B, select the points
and choose Coordinates from the Measure menu.

3. Construct the line sogment AB by

Selecting points A and B and then File Edt Display Construck Transfarm Measure Graph  Window  Help
choosing Segment from the Construct B g.ﬁ:;ﬁ-;ﬁ;’
menu. Predict the coordinates of the @ .
midpoint of this line segment. 7

A

3 A B

: I ;
i
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,
.° | Tools

m TI-83 Plus or TI-84 Plus
graphing calculator

|_Technology Tip
The position where Cabrijr
- appears on the APPS
screen depends on what
other applications have
been installed.
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10.

1

. Select line segment AB and choose Midpoint from the Construct

menu. Then, select the midpoint and choose Coordinates from the
Measure menu. Check whether the coordinates of the midpoint
match your prediction.

. Construct a line segment with endpoints D(—3, 0) and E(2, 0).

Predict the coordinates of the midpoint of DE. Then, use The
Geometer’s Sketchpad® to determine these coordinates. Predict
and then determine the coordinates of the midpoint of a line
segment with endpoints G(5, —2) and H(—4, —2).

. Reflect What property do line segments AB, DE, and GH have

in common? How are the coordinates of their midpoints related
to the coordinates of their endpoints?

. Start a new sketch. Predict and then determine the coordinates

of the midpoint of the line segment defined by each pair of
endpoints.

a) A(—4, 2) and B(—4, —6) b) D(—1, 7) and E(—1, —2)
¢) G(5, —4) and H(5, 7)

. Reflect What property do line segments AB, DE, and GH have

in common? How are the coordinates of their midpoints related
to the coordinates of their endpoints?

. Start a new sketch. Predict and then determine the coordinates

of the midpoint of the line segment defined by each pair of
endpoints.

a) A(1, 1) and B(7, 5)
¢) G(—3,—4) and H(e, 1)

b) D(—5, —4) and E(—1, 0)
d) J(—4, 6) and K(3, 4)

Reflect How are the coordinates of the midpoint of a line segment
related to the coordinates of the endpoints? Write an expression
for the coordinates of the midpoint of a line segment that has
endpoints at (x,, y,) and (x,, y,).

Method 3: Use a Graphing Calculator
. Press (»rs), and choose CabriJr. Press when the title screen

appears. If you need to clear the screen, press to display
the F1 menu, and choose New.

Animaks

-

4 : AreaForm
=
=
T
=

hEEtFF

EMlCabri1.J

H

=

B
CShesetEs
ES




2. If the axes do not appear on the screen, press to display the Goto

F5 menu. Highlight Hide/Show, press (*» ), and choose Axes. A wwwmcgrawhill ca/
" links/principles10 and follow
Press and then (a9, Position the axes so that you can graph

the links to install or upgrade

the points (—2, 2) and (6, 2). Move the cursor close to the axes. Cabri® |

When the axes start flashing, press (-»#). Then, use the cursor keys
to move the axes to the desired position and press again.

3. Press to display the F2
menu. Move the cursor up to
Point if it is not already
highlighted and press ). Press
to display the F5 menu, Triandle
choose Coord.&Eq., and press Quad.
twice to show the coordinates of
the plotted point. You can use
the cursor keys to move the
coordinates label. Press and then @29, If the coordinates are
not exactly (—2, 2), move the cursor to the point. When the point
flashes, press (»#). Then, use the cursor keys to reposition the
point and press again.

4. Plot and label a point at (6, 2). ==
Press to display the F2 |

menu. Choose Segment, move fr
the cursor to one of the points,
and press =), Move the cursor o
to the other point, press (=242
again, and press (9. Predict the r
coordinates of the midpoint of | Technology Tip

the line segment joining the two Small gaps mark units
points. i along the axes.

5. Press to display the F3
menu. Choose Midpoint and
press @), Move the cursor to
the line segment. When the line
segment starts flashing, press
again. Now, move the cursor |g{-z,23 ng'ups'“: (G20
to the midpoint of the segment.
Press to display the F5 menu. T i
Choose Coord.&Eq., press
twice, and press €£49. Check whether the coordinates of the
midpoint match your prediction.

FeFE.
Farallzl
FeFp. E:i.s.

|
ﬁ

6. Construct a line segment with endpoints (-3, 0) and (2, 0). Predict
the coordinates of the midpoint of this line segment. Then, use
Cabri® Jr. to determine these coordinates. Predict and then
determine the coordinates of the midpoint of a line segment with
endpoints (5, —2) and (-2, —2).
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| Technology Tip

You can also use the cursor
- keys to switch between
| options in a dialogue box.
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7. Reflect What property do the three line segments on the screen
have in common? How are the coordinates of their midpoints
related to the coordinates of their endpoints?

8. To clear the screen, press and choose New. Press to

highlight NO, and then press Ever).

9. Predict and then determine the coordinates of the midpoint
of the line segment defined by each pair of endpoints.

a) (—4, 4) and (—4, —2)
c) (5, —2) and (5, 3)

b) (—1, 3) and (—1, —1)

10. Reflect What property do the three line segments in step 9 have
in common? How are the coordinates of their midpoints related to

the coordinates of their endpoints?

11. Start a new graph. Predict and then determine the coordinates
of the midpoint of the line segment defined by each pair of

endpoints.
a) (—2, 2) and (4, 4)
¢) (=2, —1) and (4, —2)

b) (1, 0) and (5, 3)

12. Reflect How are the coordinates of the midpoint of a line segment
related to the coordinates of the endpoints? Write an expression
for the coordinates of the midpoint of a line segment that has

endpoints at (x,, y,) and (x,, y,).

Example 1 Find a Midpoint

A city has two hospitals, vA
shown on the city map at
coordinates A(3, 5) and 14

B(11, 14). The city wants

to build a new ambulance
station halfway between 104
the two hospitals.

12+

B(11, 14)

AG3, 5)

Determine the coordinates 81
of this location. 6
4
2 .

o

416 8101214

<Y



Solution
Method 1: Calculate the Rise and Run

The location of the new YA
ambulance station is the WA
midpoint of the line 14 )'}ru' '
segment AB. The run 1 /|
between point A and the yamii
midpoint is half the run of 10 M7, 9.5)/(_/_ i likesg
AB. Similarly, the rise o /
between point A and the N )4
midpoint is half the rise 6 /
f AB e %
o * 4 i\ Duu\ run =8
4 RA(2, D)
run = x, — X, N
=11 — 3 c
=8 = >
0 214 6 | 8 101214 X
rise =y, =y, Y
=14 -5
) | could use a similar
method to divide a line
Therefore, the coordinates of the midpoint are segment into three or
run rise more equal parts.
X, )= (x,+ — y + —
o) = (o T+ 120)
_ 8 9 | can also subtract half the
=\3F 92’ 5+ 9 run and half the rise from
the coordinates of the
= (3 +4,5+4.5) second point.
= (7, 9.5)
Method 2: Use a Formula
The x-coordinate of the midpoint is equal to the x-coordinate of point A i A PIOE
epresenting Selecting Tools
plus half the difference between the x-coordinate of point B and the ;
x-coordinate of point A. So, the x-coordinate of the midpoint is the Problem Solving
mean of the x-coordinates of the endpoints of AB. Similarly, the Connecting Reflecting
y-coordinate of the midpoint is the mean of the y-coordinates of the ~ Communicating —

endpoints.

Therefore, the coordinates of the midpoint are

x; +x, Vit YA
(x, y) = ,
2 2 ¥
_(34+115+ 14
S\ 2 2 e M (x.¥)
_ (14 19) i
272 ,
Yi
= (7, 9.5)
The coordinates of the new ambulance | 0" X, | X X | X, (X
2

station are (7, 9.5).
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median

= line segment joining a
vertex of a triangle to the
midpoint of the opposite
side
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Example 2 Median of a Triangle

Determine an equation for the VA
median from vertex C for the 44
triangle with vertices C(5, 2), A(—3, 3),

and B(2, —5). ?7(’5,2

Solution

The median from C goes to the midpoint, M, of the opposite side, AB.

Use the formula from Example 1 to determine the coordinates of this

midpoint.

(x,y) = <

X1+X2 yl+y2)
2 2

Il Il
7 N N
| |
N | = N
| ol
[ )
N—

Now, find the slope of CM.

rise
Slope, m = ——
run
_ Y2
Xy 7T Xq
2—-(-1)
5 J— — —
2
_ 3
11
2 .
5 If | extend the median on the graph,
= 3% — ify that s 6
11 | can verify that its slope is 17 by
checking that the rise is 6 over a
= H run of 11.




Since the point C(5, 2) is on the median, y = 2 when x = 5. Use these
coordinates and the slope to solve for the y-intercept, b.

y=mx+b
6
2= 5(5) +b | could use the coordinates of
the midpoint, M, but the
30 . . . . .
2="+p calculation with point A is easier
11 since it has integer coordinates.
22 30 4 b | could use the coordinates of M
11 11 to verify my answer.
22 30
= _ = —-p
11 11
-8 The median intersects the
11 =b y-axis at y = —%.

8
The y-intercept of the median is — TR

6 8
Therefore, an equation for the median from vertex C is y = ITRETE

Example 3 Equation of a Right Bisector

Two schools are located at the points P(—1, 4) and Q(7, —2) on a town

map. The school board is planning a new sports complex to be used

by both schools. The board wants to find a location equidistant from equidistant
the two schools. Use an equation to represent the possible locations = equally distant
for the sports complex.

Solution

From the diagram, you can see that a point can be the same distance
from both schools without being directly between them. In fact, any

point on the right bisector of a line segment is equidistant from the right bisector
endpoints of the segment. The possible locations for the athletic = the line that passes
complex lie on the right bisector of PQ. through the midpoint
of a line segment and
YA intersects it at a 90° angle
6
P(_1 14 4)
2
P - C‘cl)nnection
.0 4“ 82X A right bisector is sometimes
=2 (7, 42) called a perpendicular

W4 ’ bisector.
Y
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To determine an equation for the right bisector, find the slope of the
bisector and the coordinates of the midpoint of PQ. First, determine
the slope of PQ.

_ Yo 0

Perpendicular lines have slopes that are the negative reciprocals
of each other. So, the slope of any line perpendicular to PQ is

To find the negative reciprocal of
m, = a fraction, invert the fraction
and use the opposite sign.

The right bisector passes through the midpoint of PQ. Use the
midpoint formula to find the coordinates of the midpoint.

(x )=<X1+x2 YIJFYZ)
V. 2 2

B (—1+7 4+(—2)>
- 2 2

-(33)

=(3,1)

Now, use the coordinates of the midpoint with the slope to solve for
the y-intercept of the right bisector.

y=mx+b
4
1=—3)+b
1= Z + b | can use the graph to check
that this value for the
1-4= Z y-intercept is reasonable.
_3 —

4
An equation for the right bisector of PQ is y = 37X 3. This equation

represents the possible locations for the sports complex.
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— Key Concepts

® The midpoint of a line segment can B (X2 ¥5)
be found by add.lng half of the run XXy Vit rise
and half of the rise to the coordinates M|\—5— —5— >
of the first endpoint. rise

m Fach coordinate of the midpoint of A (X, V) g
a line segment is the mean of the % %

corresponding coordinates of the
endpoints.

® The midpoint of a line segment with endpoints (x,, y,) and (x,, y,)

x, +x +
has coordinates < ! 5 2 4 5 yz).

® To find an equation for the median of a triangle, first find the
coordinates of the midpoint of the side opposite the vertex. Use the
coordinates of the midpoint and the vertex to calculate the slope of
the median. Then, substitute the slope and the coordinates of either
point into y = mx + b to solve for the median’s y-intercept.

® To find an equation for the right bisector of a line segment, first find
the slope and midpoint of the segment. Use the line segment’s slope
to calculate the slope of a perpendicular line. Then, substitute this
slope and the coordinates of the midpoint into y = mx + b to solve
for the right bisector’s y-intercept.

Communicate Your Understanding

@@ Describe two methods for finding the
midpoint of this line segment.

@& Describe how to determine an equation
for the median from vertex A of AABC.

@ Describe how to determine an equation
for the right bisector of line segment PQ.
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M Practise

For help with questions 1 to 3, see Example 1. 2. Determine the coordinates of the midpoint
of the line segment defined by each pair
of endpoints.

a) J(5, 7) and K(3, 9)

1. Determine the coordinates of the midpoint
of each line segment.

a)

YA
1n B(7.10) b) L(—1, 0) and M(1, —6)
g9 4 ¢) N(—2, —4) and P(—2, 8)
Q
; / d) Q(—3, —3) and R(—1, —7)
6
5 y 3. Determine the coordinates of the midpoint
4 / of the line segment defined by each pair
3 A of endpoints.
2
11 AC.2) a) J(0.2, 1.5) and K(3.6, 0.2)
:0 12345678910 X b) N(—1.4, —3.2) and P(0.6, —5.3)
Y
15 3 5
b) o L (, > and M (, —)
YA 2 2 2 2
6 5 3 1 7
D(#.2) d) Q<—, > and R(Z, —>
4 Z 8 8 8
2/
C(=2,1) For help with question 4, see Example 2.
RENEAD 3 4 6 % 4. Find the slope of each median shown.
Y
a) [Ty
0 vA 0
a F(2, 8) 9 A(6.9)
D
-
g i <\
c \
EEEEEHEEEEEEEE 2B (2.5) AN
> 3 AN
2 : N\
B = 1 (8.2
420 ? 4 6 x < >
0 234567 89101112 X
2 Y
Y e e b) YA
=y
d) G(15,14
YA 5 //7
G(+3.2 /

( ) 2 8 /// f
N R )
LAl -A\o| [2 4] [x S R4 ///’

\2\ < AV du >
8| -4 0 8 [12 16 X
4
- \\ K — /
' |__——F9,-4)
c i _ —
6 R €(-5,-7 -
Y Y
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Connect and Apply

5. A charity is organizing a fundraising run
along a straight section of highway. On
the grid of a roadmap, the starting point
is at (23.6, 38.0) and the finish line is at
(79.4, 43.8). The charity wants to set up
a checkpoint table with water for the
runners at the halfway point. Find the
coordinates of this checkpoint.

6. The endpoints of the diameter of a circle
are P(—7, —4) and Q(—1, 10). Find the
coordinates of the centre of this circle.

7. Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to verify your
answer to question 6. Describe the method
you used.

8. The vertices of AABC are A(4, 4), B(—6, 2),
and C(2, 0). Find an equation in slope
y-intercept form for the median from
vertex A.

9. Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to verify your
answer to question 8. Describe the method
you used.

| Technology Tip
| You can use geometry software to display an equation
- foraline:

e With The Geometer’s Sketchpad®, choose Equation
from the Measure menu.

¢ With Cabri® Jr., choose Coord.&Eq. from the F5 menu.

10. For the triangle with vertices P(—2, 0),
Q(4, 6), and R(5, —3), find an equation
for the median from

a) vertex P b) vertex Q

11. Use Technology Use geometry software to
check your answer to question 10. Describe
your method.

12. Write an expression for the coordinates
of the midpoint of the line segment with
endpoints P(a, b) and Q(3a, 2b). Explain
your reasoning.

13.

14.

15.

16.

17.

18.

19.

A line segment with one end at C(6, 5) has

midpoint M(4, 2).

a) Determine the coordinates of the other
endpoint, D.

b) Explain your solution.

¢) Describe a method you could use to
check your answer to part a).

One endpoint of a diameter of a circle
centred on the origin is (—3, 4). Find the
coordinates of the other endpoint of this
diameter.

One radius of a circle has endpoints

D(2, 4) and E(—1, 2).

a) Find a possible endpoint for the
diameter that contains this radius.

b) Explain why there are two possible
answers in part a).

Determine an equation for the right
bisector of the line segment with endpoints
P(—5, —2) and Q(3, 6).

A telecommunications company wants

to build a relay tower that is the same

distance from two adjacent towns. On a

local map, the towns have coordinates

(2, 6) and (10, 0).

a) Explain how you could use a right
bisector to find possible locations for
the tower.

b) Find an equation for this bisector.

Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to verify your
answer to question 17. Describe the
method you used.

a) Draw AABC with vertices A(—2, 0),
B(8, 8), and C(4, —2).

b) Draw the median from vertex A. Then,
find an equation in slope y-intercept
form for this median.

¢) Draw the right bisector of BC. Then,
find an equation for this right bisector.

d) Use your drawing to check your
answers for parts b) and c).
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20. a) Draw APQR with vertices P(0, 0),

21.

Q(16, 0), and R(0, 16).

b) Construct the midpoints of PQ, QR,
and PR, and label them S, T, and U,
respectively.

¢) Join the midpoints to form ASTU. The
length of a line segment joining the
midpoints of two sides of a triangle is
half the length of the third side. Use
this property to show that ASTU is
congruent to all three of the other
triangles inside APQR.

d) Compare the area of ASTU to the area
of APQR.

e) Shade ASTU. Construct and label the
midpoint of each side of the three
other triangles inside APQR. Join the
midpoints to create a set of even
smaller triangles.

f) Compare the area of one of these
triangles to the area of ASTU and
to the area of APQR.

Chapter Problem Question 20 uses a
procedure developed by the Polish

mathematician Waclaw Sierpinski in 1915.

This procedure produces a fractal known

as Sierpinski’s triangle or Sierpinski’s

gasket.

a) Use a library or the Internet to learn
more about Sierpinski’s triangle.

b) Describe the procedure for producing
this fractal. Does the procedure work
with any shape of triangle? Explain.

¢) Sketch the first four stages in shading a
triangle using Sierpinski’s method.

d) Explain why Sierpinski’s triangle is a
fractal.

Go to www.mcgrawhill.ca/links/principles10 and follow
Kk the links to learn more about Sierpinski's triangle.
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Extend

22.

23.

24.

25.

26.

Reasoning and Proving
—
Representing

A is the midpoint
of BC, D is the
midpoint of AC, (
and E is the
midpoint of AD.
ED is 2 units in length.
What is the length of BC?

Selecting Tools

/
>roblem Solving \

Connecting

Reflecting

Communicating

A line segment has endpoints A(2, 1) and

B(11, 19).

a) Find the coordinates of the two points
that divide the segment into three equal
parts.

b) Describe the method that you used in
part a).

In AABCG, P(0, 2) is the midpoint of side
AB, Q(2, 4) is the midpoint of BC, and
R(1, 0) is the midpoint of AC.

a) Find the coordinates of A, B, and C.
(Hint: Use the properties of a line
segment joining the midpoints of two
sides of a triangle.)

b) Use the midpoint formula to check the
coordinates you calculated in part a).

In three dimensions, the location of a point
can be represented by the ordered triple
(x, y, z).
a) Find the coordinates of the midpoint
of the line segment with endpoints
A(2, 3, 1) and B(6, 7, 5).

b) Write an expression for the coordinates
of the midpoint of the line segment
with endpoints (x,, y,, z,) and
(Xy0 ¥5» 2,).

Suppose that the relay tower in question 17
is to serve three towns instead of two.
Describe how you could find a location
that is equidistant from all three towns.
Can there be more than one such location?
Explain, using a diagram to support your
answer.



27. Geographers and navigators use a spherical 28. Decide whether each statement is always

coordinate system with lines of latitude true, sometimes true, or never true. Justify
that are parallel to the equator and lines of your answers.
longitude that are perpendicular to the a) Two line segments with the same
lines of latitude and meet at Earth’s poles. midpoint have the same length.
N _-Prime Meridian b) Two parallel line segments have the
(zero longitude) idvoi
4 §%§_§\ same midpoint.
/M’Ai\\\ ¢) The midpoint of a line segment is the
Equator only point that divides it into two equal

,"ll'.‘\\\s\ (zero latitude)

parts.

d) A point equidistant from the endpoints
of a line segment is the midpoint of the
line segment.

29. The endpoints of line segment PQ are
P(3, —4) and Q(11, ¢). The midpoint of PQ
is M(d, 3). Find the values of ¢ and d.

S
a) Explain why the formula for the

midpoint of a line segment will not 30. Math Contest The number of arrangements
always give accurate results with the of five letters from the word magnetic that
longitude-latitude coordinate system. end with a vowel is

b) Search the Internet to find a Web site that A 360 B 420 C 840 D 2520 € 7560
calculates the distance between two
points from their latitudes and longitudes. 31. Math Contest If 2° + 2° = 2%, the value of
Use the site’s calculator to show that the X is
point at the mean of the latitudes and A3 B5 C6 D8 E 10

longitudes of two points is not actually
equidistant from the two points.

tuw Go to www.mcgrawhill.ca/links/principles10 and follow
Kk the links to experiment with distance calculators.

_Makillg )
onnections

The branch of mathematics known as analytic geometry started when French
mathematician René Descartes (1596-1650) invented a system of numerical
coordinates for describing locations on a rectangular grid. The Cartesian grid let
mathematicians use algebra to analyse geometric shapes. Before Descartes, all
geometric properties were proved using logical reasoning based on the work of
the Greek mathematician Euclid (around 300 B.C.€.) and his followers. Analytic
geometry is the basis of applications such as computer-aided design (CAD) and
computer-generated imaging (CGl). These applications are widely used for
engineering, architecture, medical tests, cartoon animation, and special effects
in movies.
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Length of a Line Segment

Most maps have a grid for locating
, places on the map. Maps that show a
~« .~ lot of detail usually have Cartesian
¢ grids with a scale that make it easy
©  to estimate distances. For example,
s topographic maps commonly have
. grids where each side of a square
represents 1 km. If you are
- planning a hiking or canoe trip,
you can easily count squares to
get a rough estimate of the
length of possible routes. You
can also use coordinates to
calculate the exact distance
between two points.

.'

5

» Investigate -

How can you use coordinates to calculate distances?

Jan and Tara are planning a canoe trip in
Georgian Bay. The dock where they will
launch the canoe is at point A(2, 2) on
their map. The campsite where they will
stay the first night is at B(6, 5), and the
campsite for the second night is at C(7, 1).

['4 Tools Method 1: Use Pencil and Paper

= grid paper 1. Plot points A and B on grid paper. Draw a line segment joining
points A and B. What does this line segment represent?

2. Draw a right triangle below line segment

AB to show its run and rise. How are :A B(6, 5)
the run and rise of AB related to the 4 At
coordinates of its endpoints? _3) AR 27" 1
‘11' run| D
:0 234567 §
Y
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3. Find the coordinates of the vertex of the right angle in the run-rise
triangle. Label this vertex D. How are the coordinates of D related
to the coordinates of points A and B?

4. Find the lengths of sides AD and BD. Then, use the Pythagorean
theorem to determine the length of AB.

5. Each side of a grid square represents an actual distance of 4.0 km.
How far will Jan and Tara have to paddle on the first day of
their trip?

6. Reflect How is the length of line segment AB related to its run and
rise? How is this length related to the coordinates of points A and B?

7. Calculate the distance from the campsite at B to the campsite at C.
Do you have to change your method for calculating the length if
the run or rise is negative? Explain.

8. Calculate the distance from the campsite at C back to the dock at A.

9. Reflect How is the length, d, of the line segment with endpoints
(x,, ¥;) and (x,, y,) related to the run and rise of the segment? Write
an equation showing how d is related to the coordinates of the

endpoints.
Method 2: Use The Geometer’s Sketchpad® [a Tools
1. From the Graph menu, choose Show Grid. From the Edit menu, = computer with The
choose Preferences; for distance, choose cm units and hundredths Geometer's Sketchpad®

precision. Check that automatic labelling of points is turned on.

2. From the Graph menu, choose Plot Points. Then, enter the
coordinates for A(2, 2), B(6, 5), and C(7, 1). Display the coordinates
by opening the Measure menu and choosing Coordinates.
Construct line segment AB.

3. Construct a right triangle below line segment AB to show its run
and rise. How are the run and rise of AB related to the coordinates
of its endpoints?

€Y The Geometer's Sketchpad r—_”EWXI
Fi\e Edit Display Construct Tramsform Measure Graph  ‘Window Help =S

A (2.00, 2.00) E]
B: (6.00, 5.00) B
C:(7.00,1.00)

=N e ]
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.° | Tools

m T|-83 Plus or TI-84 Plus

graphing calculator
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10.

. Display the coordinates of the vertex, D, of the right angle in the

run-rise triangle. How are they related to the coordinates of points
A and B?

. Calculate the lengths of sides AD and BD. Then, use the

Pythagorean theorem to determine the length of AB. Check your
calculations by selecting the segments and choosing Length from
the Measure menu.

. Each side of a grid square represents an actual distance of 4.0 km.

How far will Jan and Tara have to paddle on the first day of
their trip?

. Reflect How is the length of line segment AB related to its run and

rise? How is this length related to the coordinates of points A and B?

. Use the Pythagorean theorem to calculate the distance from the

campsite at B to the campsite at C. Use the Measure menu to
check your answer. Do you have to change your method for
calculating the length if the run or rise is negative? Explain.

. Calculate the distance from the campsite at C back to the dock

at A. Use the Measure menu to check your answer.

Reflect How is the length, d, of the line segment with endpoints
(x,, ¥,) and (x,, y,) related to the run and rise of the segment? Write
an equation showing how d is related to the coordinates

of the endpoints.

Method 3: Use a Graphing Calculator
1.

Press and choose CabriJr. Press when the title screen
appears. If you need to clear the screen, press to display the
F1 menu and choose New.

. Press to display the F5 menu. Choose Hide/Show, press (» ),

and choose Axes. Press and then Ce=+?). Move the cursor close
to the axes. When the axes start flashing, press (). Then, use the
cursor keys to move the axes to the lower left corner of the screen.

Press again.

. Press to display the F2 menu. Choose Point. Use the cursor

keys to move the pen cursor to (2, 2) and press E=d. Press to
display the F5 menu, choose Coord.&Eq., and press twice to
show the coordinates of the plotted point. You can use the cursor
keys to move the coordinates label. Press and then (e, If the
coordinates are not exactly (2, 2), move the cursor to the point A.
When the point flashes, press (#9). Then, use the cursor keys to
reposition the point and press again.



4. To add a letter label to a point, choose Alph-Num from the F5
menu. Move the cursor near the point. Press and then
followed by the key for the letter. Then, press to lock the label
in place. To move the label, press and move the cursor toward
the letter until it starts flashing. Then, press (-*#), use the cursor
keys to move the label to the desired location, and press Ever).

5. Plot and label points B(6, 5) and C(7,1). Press to display the
F2 menu. Choose Segment, move the cursor to A(2, 2), and press
Ev=R). Move the cursor to B(6, 5), press again, and then press
eaR).,

6. Use the F2 menu to construct a
point D and two line segments
forming a right triangle that
shows the run and rise of line
segment AB. How are the run o
and rise of segment AB related to AEZa2) o L3
the coordinates of its endpoints? ' b
How are the coordinates of =

ElhaEd

—_———— e

point D, the vertex of the right
angle, related to the coordinates of points A and B?

7. Find the lengths of sides AD and BD. Then, use the Pythagorean
theorem to calculate the length of AB. To check this calculation,
choose Measure from the F5 menu and then choose D.&Length.
Move the cursor toward segment AB until it flashes, and press
Eved). Use the cursor keys to position the measurement, if
necessary; then, press again.

8. Each side of a grid square represents an actual distance of 4.0 km.
How far will Jan and Tara have to paddle on the first day of
their trip?

9. Reflect How is the length of line segment AB related to its run and
rise? How is this length related to the coordinates of points A and B?

10. Use the Pythagorean theorem to calculate the distance from the
campsite at B to the campsite at C. Measure the length as
described above to check your answer. Do you have to change
your method for calculating the length if the run or rise is
negative? Explain.

11. Calculate the distance from the campsite at C back to the dock
at A. Measure the length to check your answer.

12. Reflect How is the length, d, of the line segment with endpoints
(x,, y;) and (x,, y,) related to the run and rise of the segment? Write
an equation showing how d is related to the coordinates
of the endpoints.

| Technology Tip

When moving a label or

- geometric shape, you can

_ press either EvTER) or

to set the position.
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Example 1 Calculate a Length

[
To make round parts, YA
programmable machine tools
C‘(’)nnections often use a coordinate

system with the origin at the

A cam is a rotating centre of the part. How far

mechanical part shaped to apart are the centres of the

guide the motion of another mounting holes A and B in

A

part of a machine. Usually,
the controlled part connects
to the side of the cam or
runs against its edge.

this cam? The coordinates
are in centimetres. Round
your answer to the nearest
tenth.

Solution

Applying the Pythagorean theorem gives AB? = run? + rise?. The run
of AB is equal to the difference between the x-coordinate of B and the
x-coordinate of A. Similarly, the rise of AB is equal to the difference
between the corresponding y-coordinates. Therefore,

AB = Vi = x)" + (v, = y0)’
= V(-3 - 2?2+ [5— (—4)]
V(-5) + 9
V25 + 81
= V106

10.3

The centres of the mounting holes are about 10.3 cm apart.

VA
B-3,5) | °]
N+
1
A\
rise
|
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Example 2 Compare Distances

An air ambulance service uses a grid system to help estimate flying
times and fuel requirements. Coordinates on this grid are distances in
kilometres east and north of a reference point on the lower left corner
of a map of northern Ontario. A helicopter ambulance picks up a
patient at point P(96, 197). The nearest hospitals that can provide

the treatment the patient needs are in Timmins at T(200, 296) and
Sudbury at S(232, 80).

a) To which hospital should the helicopter take the patient?

b) List any assumptions you made for your answer.

Solution

a) First, find the distance to each hospital.

For the Timmins hospital: For the Sudbury hospital:
PT = Vix, — x))% + (v, — y1)? PS = V(x, — x)2 + (v, — 1)
= V(200 — 96)% + (296 — 197)> = V(232 — 96)® + (80 — 197)?

= V104 + 992 = V136% + (—117)
= V20617 = V32185

= 144 =179
The helicopter should go to the vA
Timmins hospital because it is 3004 1(200, 296)
closer to the pick-up point.
250+
2004 P(96, 197.)
150+
100
1o S(232, 80)

A

0 50 | 100|150/ 200 | 250 /X
7

b) The decision to go to the closer hospital assumes that the
helicopter can travel in a straight line to either hospital. The
decision also assumes that weather will not affect the flying
times or prevent a landing at the closer hospital.
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Example 3 Find the Length of a Median

Find the length of the median from P for a triangle with vertices
P(_z, _2)9 Q(7v _1), and R(19 5]

Solution

The median is the line segment that joins P to the midpoint, M, of QR.
To find the coordinates of M, substitute the coordinates of Q and R
into the midpoint formula.

(x ):(X1+Xz Y1+YZ)
oV /)

<7+1 1+5>
2 2

-4

(4, 2)

<Y

|
—_
—

Now, substitute the coordinates of P(—2, —2) and M(4, 2) into
the length formula.

PQ = V(x, — x)? + (v, — y)?
= V4 - (2P +[2 - (-2)P
= Ve6? + 42
- V36 + 16
= V52

The length of the median from vertex P is V' 52.

— Key Concepts

® You can calculate the length, d, of a line segment using
its run and rise:

d = \V/(run)? + (rise)?

® You can also determine the length of
a line segment directly from the
coordinates of its endpoints, (xl, yl)
and (x,, y,):

d=V(x, - x)*+ (7, — )




Communicate Your Understanding

@D Describe how you can find the length of the line segment joining

the points A(0, 1) and B(4, 3).

@ When you use the formula for the length of a line segment, does it
matter which point is represented by (x,, y,) and which point is
represented by (x,, y,)? Use an example to explain your reasoning.

@ Explain why the expression (x, — x,)* + (v, — y,)* never has a

negative value.

Practise

For help with questions 1 to 3, see Examples 1
to 3.

1. Estimate the length of each line segment from
its graph. Then, calculate the exact length.

a) [TyA
N B(, 5)
4.
3.
2.
T e
—— :
ol 12345 x
7
b) [TyA
2.
- £(4,0) -
0 2 | 4 10 [x
L] F(8,-1)
7
) VA

I\ 4

"2 -3)

2. Calculate the length of the line segment
defined by each pair of endpoints.

a) A(—6, —2) and B(4, 3)

b) C(—2, 0) and D(7, —3)

¢) E(—5, —6) and F(—1, —2)
d) G(0, 5) and H(8,—1)

3. Calculate the length of the line segment

defined by each pair of endpoints.
a) J(2.1, 8.3) and K(—4.5, —4.7)
b) L(—4.2, —5.1) and M(11.6, 9.2)

) N(l, 5> andP(S, —5>
2 2 2 2

Connect and Apply

4. On a city map, the coordinates of two

department stores are (4, 3) and (1, 7).
How far apart are the stores if each unit
on the map represents 1 km?

. On a street map of his town, Jordan’s

house has coordinates (8, 1). The town’s
two high schools are at (0, 5) and (6, 11).

a) Which school is closer to Jordan’s
house?

b) Describe a method you could use to
check your answer to part a).

. The vertices of AABC are A(2, 5),

B(—6, —1), and C(10, —1).

a) Determine the length of each side of
this triangle.

b) Determine the perimeter of the triangle.

¢) Classify the triangle.

. a) Show that the triangle with vertices

D(-1, 0), E(1, 0), and F(0, V/3) is
equilateral.

b) List the coordinates of the vertices of
another equilateral triangle.
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10.

11.

12.

13.

14.

15.

. Determine the length of the median from

vertex ] in the triangle with vertices
](_2, _2), K(_S, 2), and L[]-’ 3)

. Use Technology Use The Geometer’s

Sketchpad® or Cabri® Jr. to verify your
answer to question 8.

Determine the area of the right triangle
with vertices R(4, 4), S(—2, —2), and
T(10, —2).

Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to verify your
answer to question 10.

Use the length formula to verify that
C(—5, —1) is the midpoint of the line
segment joining A(—2, 5) and B(—8, —7).

A line segment has endpoints K(—2, 7) and

L(4, —2).

a) Find the coordinates of the midpoint of
this line segment.

b) Use the length formula to verify your
answer to part a).

An architect’s drawing shows a pipe
running diagonally under a basement floor
from a floor drain to a sewer connection.
The floor drain is at a point 2 m east and

2 m north of the southwest corner of the
basement. The sewer connection is 10 m
east and 17 m north of the corner. The pipe
costs $3.15 per metre, including taxes.
How much should the builder budget for
pipe for the floor drain?

a) Draw a triangle with vertices P(—3, —4),
Q(5, 1), and R(2, 7).

b) Determine the coordinates of the
midpoints of PQ and PR. Label these
midpoints S and T.

¢) Show that ST is half the length of QR.
d) Show that ST is parallel to QR.

e) Show that the triangle formed by
joining the midpoints of the sides of
APQR is similar to APQR.

78 MHR - Chapter 2

16.

17.

Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to verify your
answer to question 15.

The charges for most long-distance
telephone calls used to be based on the
distance between the two stations and the
duration of the call. To determine the
distance, telephone companies used a
rectangular coordinate grid with its origin
located off the northeast coast of Canada.
The coordinates in this system indicate
the horizontal and vertical distance from
the grid’s origin. This table lists the
telephone coordinates, converted to
kilometres, for four cities.

City Coordinates

Edmonton (3978, 2520)
Montréal (1015, 2104)
Ottawa (1142, 2232)
Toronto (1268, 2540)

Horizontal Coordinates

10000 9000 8000 7000 6000 5000 4000 3000 2000 1000 O
0

1000

2000

3000

4000

5000

6000

7000

Vertical Coordinates

8000
9000

10000

a) Calculate the distance, to the nearest
kilometre, between Edmonton and
Ottawa, between Montréal and Toronto,
and between Edmonton and Toronto.

b) Research the flying distances between
these cities. How accurate is the
telephone coordinate system?



19. Lightning starts

18. Chapter Problem Here are the first three

stages of a Koch snowflake, named after the
Swedish mathematician Niels Fabian Helge
von Koch (1870—1924). This snowflake
starts with an equilateral triangle. At each
stage, the middle third of each side is
replaced by two segments, each equal in
length to the segment they replace.

a) Find the coordinates of the three new
vertices on the bottom of the snowflake
in the second stage.

b) Are Koch snowflakes fractals? Explain.

(0.0 (3.0 : : Z Z

Go to www.mcgrawhill.ca/links/principles10 and follow
Kk the links to learn more about Koch snowflakes.

j Achievement Check

Reasoning and Proving

e
. Representing Selecting Tool
a forest fire at a NG
point with map ( Problem Solving
Coordinates Connecting Reflecting

F(23, 25). The
nearest towns have
coordinates A(15, 19) and B(23, 17).

a) Which town is at greater risk from
the fire?

Communicating

b) Describe any assumptions you made
for your answer to part a).

¢) At a campground midway between the
two towns, a camper learns about the fire
from a newscast. The camper estimates
that he is about 9 km from the fire. Is the
camper correct? Justify your response.

Extend

20.

21.

22.

23.

24.

25.

The point A(x, 1) is 5 units from the
point (2, 6).

a) Find a possible value for x.

b) Is this value the only solution? Explain.

a) On a grid, draw line segments with the
lengths listed below. Describe your
method. How do you know that each
line segment is the correct length?

) V2 i) V5 i) V13 iv) Va1
b) Compare the line segments you drew to
those drawn by a classmate. Verify that

both sets of line segments have the
correct lengths.

List four points that satisfy each condition
and have integer coordinates.

a) 5 units from the origin
b) 5 units from the point (2, 1)
¢) 10 units from the point (-5, —2)

Sally has hidden her brother’s birthday
present somewhere in the backyard. When
writing instructions for finding the present,
she used a coordinate system with each
unit on the grid representing 1 m. The
positive y-axis of this grid points north.
The instructions read “Start at the origin,
walk halfway to (8, 6), turn 90° left, and
then walk twice as far.” Where is the
present? How far is it from the origin?

Math Contest The number of arrangements
of five letters from the word magnetic that
contain the word net is

A 60 B 100 C 360 D 630 € 720

Math Contest Show that the area of the
larger semicircle is equal to the sum of the
areas of the two smaller semicircles.
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.* | Tools

= grid paper

= protractor or compasses
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Apply Slope, Midpoint, and
Length Formulas

Ideally, the route of a power line should be as short as possible. A shorter
route reduces the construction cost as well as the energy losses due to the
resistance of the wire. Engineers use analytic geometry to find the best
route for the transmission lines that deliver electricity throughout the
province. Analytic geometry is also a powerful tool for designing roads,
buildings, pipelines, industrial machinery, and consumer products.

This section shows how to apply geometry and algebra to a variety of
problems. Many of these problems involve several steps that require
different skills. Developing a problem solving process is particularly
important for dealing with such problems. These four steps can

help you:

1. Understand the problem.
2. Choose a strategy.

3. Carry out the strategy.

4, Reflect.

Investigate

How can you construct the shortest line segment from a point
to a line?

Method 1: Use Pencil and Paper

1. Draw a line and any point P not on the line.

2. Describe how you could draw a line segment from the point
to the line so that the line segment is as short as possible.



3. Draw a line segment from P to meet the line P
at a right angle. Label the vertex of the right
angle Q. Choose any other point on the line
and label it R.

4. How are the lengths of PQ, QR, and PR related? Explain why the
line segment PQ must be shorter than a line segment joining P to
any other point on the line.

5. Reflect What property does the shortest line segment from a point
to a line have?

Method 2: Use The Geometer’s Sketchpad® [o Tools
1. Plot two points, A and B, and construct the line through them. = computer with The
Plot a point C that is not on the line. Geometer's Sketchpad®

2. Describe how you could draw a line segment from point C to the
line so that the segment is as short as possible.

3. Construct a point D anywhere on the line through points A and B.
Then, construct the line segment CD.

4. With segment CD selected, choose Length from the Measure menu.

€3 The Geometer's Sketchpad \;llgl@
Fi\e Edit Display Construct Transform Measure Graph Window Help - & x

FleN G-~

5. Slide the point D along the line until the distance is as small as
possible. Estimate the measure of ZADC.

6. Measure 2~ ADC. Was your estimate accurate?”

7. Reflect What property does the shortest line segment from a point
to a line have?
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< | Tools
m T|-83 Plus or TI-84 Plus
graphing calculator
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. Highlight Measure on the F5

Method 3: Use a Graphing Calculator

1. Start the Cabri® Jr. application. Clear the screen, if necessary.

2. To construct a line, choose Line from the F2 menu. Move the cursor

to any convenient point A and press &=J. Move the cursor to a

second point, B. Press and then ().

. From the F2 menu, choose Segment. Move the cursor to a point C

well away from the line, and press @m. Move the cursor to any
point D on the line. Press and then (s,

menu, press (*» ), and choose
D.&Length from the sub-menu.
Move the cursor until segment
CD flashes, and press and
then (a8, Press (Pia), move the
measurement to a corner of the
screen, and press again.

. Move the cursor back to point D. Press and use the cursor

keys to slide point D along AB. Find the location that gives the
shortest length for CD. To increase the precision displayed, move
the cursor to the measurement and press (+ ).

. Estimate the measure of ZADC. To check your estimate, highlight

Measure on the F5 menu, press (» ), and choose Angle. Move the
cursor toward point A until it flashes; then, press &), Select point
D and point C in the same way. Move the angle measurement to a
convenient position and press &=, Was your estimate accurate?

. Reflect What property does the shortest line segment from a point

to a line have?

Example 1 Find the Shortest Route

A ranger cabin is to be built in a

<
>

\
flat wooded area near the straight 10] campground fake
road that connects the two g| A(2.0.85)
campgrounds in a park. A new 8]
side road will connect the cabin (73 9 Cafgagéozfgc;
to the campground road. On the 5] pond 1
park map, the campgrounds have 4 gate
coordinates A(2.0, 8.5) and g 1 _
B(10.0, 4.5), while the site for the 1. Ff(asbbn ?'tse)' highway
cabin is at R(G..O, 1.5). Each unit << EEEREREEY (SIS >
on the map grid represents 500 m. Y 7/



a) Find the route that minimizes the cost and the number of trees
that have to be cut down for the side road. Draw a diagram of this
route.

b) Find the length of the side road, to the nearest tenth of a kilometre.

Solution

Since the area is level, the shortest route for the side road is the
cheapest and easiest to build. The shortest route from the ranger cabin
to the campground road is perpendicular to that road. To describe the
route of the side road and to calculate its length, find the point where
a perpendicular from R meets the line segment AB.

Use the coordinates of points A and B to calculate the slope of AB and
find an equation for the line through A and B.

The slope of the side road is the negative reciprocal of the slope of AB.

Use this slope to determine an equation for the perpendicular line that
passes through point R.

Use the equations for the two lines to find the point of intersection, D.
Calculate the length of line segment RD from the coordinates of its
endpoints. Then, use the map scale to find the length of the side road.

a) Calculate the slope of AB using the coordinates of the
campgrounds, A(2.0, 8.5) and B(10.0, 4.5).

Yo ™ 0

Xy = Xy

4.5 — 8.5

10.0 — 2.0
—4.0

8.0
= —0.5

m =

Since the slope of AB is —0.5, the slope of any line perpendicular
to AB is —

1
, Or 2.
5

Now, find equations for AB and RD by substituting the slope and
the coordinates of a point into y = mx + b.

For AB, use A(2.0, 8.5): For RD, use R(6.0, 1.5):
y=mx+b y=mx+ b

8.5 = —0.5(2.0) + b 1.5 = 2(6.0) + b

85=-10+5b 1.5 =120+ b

95=5b -105=b

An equation for AB is y = —0.5x + 9.5 and an equation for RD
is y = 2x — 10.5.

Understand the Proh_lem

Choose a Strategy |

Carry Out the Strategy |

Perpendicular lines have
slopes that are negative
reciprocals of each other.

| can use the coordinates
of point B to check the
equation for AB.
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Use the substitution method to find the point of intersection of AB
and RD. At the point of intersection, the y-coordinates of the two
lines are equal, so
—0.5x + 9.5 = 2x — 10.5
9.5 + 10.5 = 2x + 0.5x

20.0 = 2.5x
20.0
22—
2.5

8.0 =x

Substitute x = 8.0 into the equation for either line
to find the y-coordinate of the point of intersection.

y=-05x+95 y=2x-105 The second equation
= —0.5(8.0) + 9.5 =2(8.0) =105 gows that my
= —4.0 + 9.5 =16.0 — 10.5 calculation for the
= 5.5 = 5.5 y-coordinate is correct.
The point of intersection of vA lake
the two roads is D(8.0, 5.5). 104 campground

The best route for the side A(2.0,8.5)

road to the ranger cabin is
represented by the line
segment joining (6.0, 1.5)
to (8.0, 5.5).

SRR N IGORDI®

A

o
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b) To calculate the length of line segment RD, substitute the
coordinates of its endpoints into the length formula.

RD = \/(Xz —x)* + (2 — Y1)2
V(8.0 — 6.0 + (5.5 — 1.5)?
m
2.07+ 4.0 | can use the graph to check
V4.0 + 16 that my answers are reasonable.

B \ﬁ It is hard to determine the exact
B 20 coordinates or length from the
= 4.5 graph.

Each unit on the map represents 500 m, so 4.5 units represents
4.5 X 500 m, or 2250 m.

The side road is 2.3 km long.

Algebraic methods are particularly useful for situations that involve
non-integer coordinates or lengths.




Example 2 Determine a Geometric Property Algebraically

The vertices of AABC are A(5, 5), B(—3, —1), and C(1, —3). Determine
whether AABC is a right triangle.

Solution
Draw a diagram to help visualize the problem. Understand the Problem
YA
6
A(5, 5)
4 S
//
7
2
< v >
-4 A2 |0 g 4 | 6 X
B(=3,-1) ™o
4 C(1,-3
Y

If AABC is a right triangle, two of its sides are perpendicular
to each other. Also, the Pythagorean theorem applies.

Choose a Strategy . | .
Determine the slopes of the three sides of the triangle. Then,

check if the product of any two of these slopes is —1.

Alternatively, calculate the lengths of all three sides, and
check if the lengths satisfy the Pythagorean relation.

Method 1: Use Slopes Carry Out the Strategy |

Calculate the slope of each side of AABC.

m :YZ_Y1 m :Yz_Y1 m :Yz_}’1
AB X, — X BC X, — X, AC X, — X,
_-1-5 3= (=1) _ —-3-5
- —3-5 01— (-3) - 1-5
-6 -3+1 -8
- -8 143 "
3 -2
T4 T4 -2
__1
T2

Since m,; X my, = —1, ZACB is a right angle. Therefore, AABC is a
right triangle.
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Method 2: Use the Pythagorean Theorem

Find the length of each side of AABC by substituting the coordinates
of the vertices into the length formula.

AB = \/(Xz —x)* + (2 — Y1)2 BC = \/(Xz - x)* + (72 — Y1]Z

= V(-3 -5+ (-1 — 5)2 =V[1 - (3P +[-3- (-]
= V(-8 + (-6)* = V(@)? + (-2)

= V64 + 36 =V16 + 4

~ /100 =V20

=10

AC = Vix, = x)* + (v, — y)?
= V(1 -5+ (-3 — 502
= V(-4)* + (—-8)°
= V16 + 64
= V80

Check whether the square of the longest side equals the sum of
the squares of the two shorter sides:

Squaring and

AB? = 102 AC? = (\/%)2 BC2? = (\/%)2 taking the square

root are opposite

=100 =80 =20 operations, so
(Vx)? = x.
AC?2 + BC? = 80 + 20
= 100
= AB?

Since the Pythagorean relationship applies, AABC is a right triangle.

There is often more than one way to solve a problem using analytic
geometry.

Example 3 Median to a Hypotenuse

n
Show that the median from the right angle of the triangle in
Example 2 is half as long as the hypotenuse.
Solution
You need to know the length of the hypotenuse and the length
of the median from the right angle to the hypotenuse.
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e A median joins a vertex of a VA
triangle to the midpoint of the
opposite side.

e From Example 2, you know that C
is the vertex of the right angle and
AB is the hypotenuse.

e Determine the coordinates of the
midpoint of AB. B(-3,-1)

e Use these coordinates with the
coordinates of vertex C to find the
length of the median. Y

e Compare this length to the length
of AB calculated in Example 2.

an

S
\

N 4

A
N
v o\ v

S

Let point D be the midpoint of AB. Use the coordinates of vertices A Carry Out the Strategy |
and B to find the coordinates of D.

X tx, ity
(x,y) = ,

2 2
5+ (—3) 5+ (—1)
:( 2 2 )
2 4
)
= (1, 2)

The endpoints of the median from vertex C are C(1, —3) and D(1, 2).
Substitute these coordinates into the length formula.

CD = \/(xz - X1]2 + (Yz - Y1)Z

=V -1?2+ [2 — (—3)]2 Since CD is vertical, | can
also find its length from

= V0 + 5° the difference of the

_ \/E y-coordinates of points
CandD.

=95

As shown in Example 2, substituting the coordinates A(5, 5) and

AB
B(—3, —1) into the length formula gives AB = 10. Since CD = -

the median from the right angle is half as long as the hypotenuse.
HEE B H

1 53 0
IEEREEEE B

You could also use congruent triangles or geometry software to show
the relationship between the length of the median and the length of
the hypotenuse.
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altitude

= height of a geometric
shape
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Key Concepts

You can use analytic geometry to determine properties of
geometric shapes.

These steps are helpful for solving multi-step problems:
— Understand the Problem

— Choose a Strategy

— Carry Out the Strategy

— Reflect

A graph can be helpful for understanding a problem and for
checking whether answers are reasonable.

You can often use different methods to solve the same
problem. Solving a problem in two different ways lets you
check your calculations.

Communicate Your Understanding

Describe how you would find an equation vA

for the right bisector of line segment AB. A(2.8)

B(5,3)

<Y

0] 123456
Y

& Outline an algebraic method for showing vA
that ACDE is an isosceles right triangle. 6l L(1.6)
5.
2 E(3.4)
3.
f: D(1.2)

Outline an algebraic method for finding

Describe how you would find the

<Y

0] 123456
Y

the length of the altitude from vertex F
of AFGH.

coordinates of the point where the medians
of AFGH intersect.




Practise
For help with question 1, see Example 1.
1. Find an equation for

the line containing
line segment AB.

For help with questions 2 and 3, see Example 2.

2. List two properties you could use to show
that a triangle contains a right angle.

3. A triangle has vertices C(1, 4), D(—2, 2),
and E(3, 1).

a) Draw ACDE.

b) Use analytic geometry to verify
that ~C is a right angle.

For help with question 4, see Example 3.

4. Find the length of the
median from vertex K.

Connect and Apply

5. In APQR, M is the midpoint of PQ and N
is the midpoint of PR.

a) Show that MN is parallel to QR.
b) Show that MN is half the length of QR.

VA
R3.6) ]

10.

11.

12.

13.

14.

. Determine whether the point T(2, —1) lies

on the right bisector of the line segment
with endpoints U(3, 5) and V(-3, —1).
Explain your reasoning.

. A quadrilateral has vertices O(0, 0),

P(3, 5), Q(8, 6), and R(5, 1).

a) Determine whether OPQR is a
parallelogram.

b) Describe how you could use geometry
software to verify your answer to part a).

. The endpoints of the diameter of a circle

are M(—3, 5) and N(9, 7). Determine

a) the coordinates of the centre of the
circle

b) the radius of the circle

. Determine whether the triangle with

vertices A(—3, 4), B(—1, —2), and
C(3, 2) is isosceles.

Determine the shortest distance from
the point (5, 2) to the line represented
by y = 2x + 1. Use a diagram to check
your answer.

Determine the shortest distance from the

origin to the line represented by
P

y 9 .

Determine the shortest distance from the

point D(5, 4) to the line represented by
3x + 5y —4=0.

Determine the shortest distance from the
point E(1, —4) to the line through points
F(—5, 2) and G(3, 4). Use a diagram to
check your answer.

Determine the shortest distance from the
point H(5, 2) to the line through points
J(—6, 4) and K(—2, —4).
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15.

16.

17.

18.

19.

20.

21.

Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to verify the
solution to

a) Example 1

b) Example 2

¢) Example 3

The points A(5, —3), B(—2, 4), and

C(—1, 7) are three vertices of a
parallelogram ABCD. Find the coordinates
of vertex D. Check your answer by using a
different method.

A triangle has vertices E(2, —2), F(—4, —4),
and G(0, 4).
a) Determine an equation for the

median from vertex E.

b) Determine the length of the
median from vertex E.

a) Draw ADEF with vertices D(—1, 6),
E(4, 3), and F(0, —4). Then, draw the
altitude from vertex D.

b) Find an equation for the altitude from
vertex D.

Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to verify your
answer to question 18. Describe the
method you used.

A quadrilateral has vertices P(—5, 4),
Q(-2, 8), R(6, 2), and S(3, —2).

a) Show that the quadrilateral is a
rectangle.

b) Determine the length of each diagonal.

¢) Determine the midpoint of each
diagonal.

d) What can you conclude about the
diagonals of PQRS?

A triangle has vertices J(—2, 0), K(4, —3),
and L(8, 8).

a) Find an equation for the altitude
from vertex L to side JK.

b) Find the length of the altitude.
¢) Find the area of AJKL.

90 MHR - Chapter 2

22.

23.

24.

25.

26.

Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to verify your
answer to question 20. Describe the
method you used.

A cable company is connecting a new
customer to its cable network. On a site
plan, the customer’s house has coordinates

1
H(7, 17). The equation y = PY + 4

represents the existing trunk cable. The
cable company wants to keep the branch to
the customer’s house as short as possible.

a) Where should the cable company make
the connection to the trunk cable?

b) How long will the branch connection
be if each unit on the grid of the site
plan represents 10 m?

Dylan and Indira are hiking on the Caledon
Hills section of the Bruce Trail. They have
reached the point that has coordinates

(6, 8) on their map of the trail. They want
to hike out to the straight section of
Hockley Road that joins points (4, 7)

and (6, 5).

a) At what point will they reach Hockley

Road if they take the shortest possible
route?

b) Explain why the shortest route might
not be the best route.

A utility company is running new power
lines to two cottages. On a site plan, the
cottages have coordinates A(6, 7) and

B(13, 6) and the closest transformer is at
T(13, 14). The utility will run a line straight
from the transformer to one of the cottages
and then connect the other cottage to that
line using the shortest possible route.

a) Draw a diagram on a grid to show the
two possible ways to run the power lines.

b) Determine which route will require the
least cable.

Use Technology Use geometry software to
verify your answer to question 25. Describe
the method you used.



B Achievement Check

27. a) Determine an equation for the median

from vertex A of AABC.

YA

A7.3) 4]
(42)

A

B 5 % 2072 4

I

<

/

b) Determine an equation for the right
bisector of BC.

¢) Are the equations in parts a) and b)
the same?

d) What property must a triangle have if
the median to one of its sides coincides
with the right bisector of that side?

Extend

28.

29.

30.

a) Draw the triangle with vertices A(2, 1),
B(4, —1), and C(—2, —5). Then,
construct the median from each vertex.

b) Verify algebraically that the three

medians intersect at a single point, the
centroid of AABC.

Use Technology Use The Geometer’s
Sketchpad® or Cabri® Jr. to determine
whether the median to the hypotenuse of a
right triangle is always half as long as the
hypotenuse. Describe your method and
your findings.

In three dimensions, the location of a point

can be represented by the ordered triple

(x, v, 2).

a) Find the length of the line segment with
endpoints P(2, 3, 1) and Q(6, 6, 5).

b) Write a formula for the distance
between the points (x,, y,, z,) and
(Xy0 V55 2,)-

31.

32.

33.

The municipal sewer line runs straight
through a new subdivision from point
A(20, 20) to point B(80, 60) on a survey
map. Houses at C(30, 70) and D(85, 20)
need connections to this sewer line. The
developer calculates that connecting to the
sewer line at points E(50, 40) and F(65, 50)
will minimize digging and the length of
pipe required.
a) Verify that the developer has found the
shortest route from each house to the
sewer line.

b) To the nearest metre, what length of
pipe is needed for the two connections
if the intervals between grid lines on
the survey each represent 2 m?

¢) The excavation contractor suggests
digging a straight trench between the
two houses and connecting to the sewer
line at the point where the trench meets
it. Find the coordinates of this point.

d) Should the developer use the
contractor’s suggestion? Justify your
answer.

Math Contest In factorial notation, n!
represents the product

n(n — 1)(n — 2)...(3)(2)(1).

If x! = 3!5!7!, the value of x is

A 10 B8 C11 D9 E 12

Math Contest The perimeter of the smaller
square is 96 cm and the shaded area is

100 cm?. The perimeter of the larger
square is

A 40 cm
D 144 cm

B 72 cm
€ 400 cm

C 104 cm
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.* | Tools
= grid paper

B compasses
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A licence is not required for portable
two-way radios with a power of up to 2 W
operating on the General Mobile Radio
Service (GMRS) frequencies in Canada.
GMRS radios are similar to Family Radio
Service (FRS) radios, which are limited to
0.5 W and use different frequencies. Some
radios are hybrids that can operate on both
the GMRS and the FRS frequencies.

Investigate

How can you find an equation for a circle?

Near his home, Trevor’s GMRS radios have a range of about 5 km.

Method 1: Use Pencil and Paper

1

. Mark a point P(x, y) anywhere on the circle.

. Write an equation relating the length of OP

. Draw a circle to represent the range of Trevor’s radios. Let the

origin represent Trevor’s position.

. Label the x- and y-intercepts of your circle. What do these

intercepts have in common?

. Find four other points on the circle that have integer coordinates.

Label these points A, B, C, and D, and mark their coordinates on
your drawing. Use the distance formula to verify that each of these
points is exactly 5 units from the origin.

Construct a right triangle with OP as the
hypotenuse and the rise and the run of OP
as the other two sides.

to the length of the other two sides of the
right triangle. Substitute OP = 5 into the
equation.




6. Verify that the coordinates of points A, B, C, and D satisfy the
equation in step 5.

7. Reflect Will the coordinates of every other point on the circle also
satisfy the equation? Explain your reasoning.

8. Away from built-up areas, Trevor finds that his GMRS radios have
a range of about 7 km. Add a circle to your drawing to represent
this larger range.

9. Write an equation for the larger circle.

10. Reflect Write an equation for the circle with centre (0, 0) and radius r.
Then, use this equation to write an expression for the radius.

Method 2: Use The Geometer’s Sketchpad® [,, Tools
1. Choose Show Grid from the Graph menu. = computer with The
Geometer's Sketchpad®

2. Construct a circle to represent the range of Trevor’s radios. Let the
origin represent Trevor’s position. Use the Compass Tool to
construct a circle with its centre at the origin and a radius of 5 units.

3. Label the x- and y-intercepts of the circle. What do these points
have in common?

4. Use the Point Tool to construct a point on the circle. Select the
point and choose Coordinates from the Measure menu. Then, drag
the point around the circumference of the circle to find four other
points that have integer coordinates. Construct these points and
label them with their coordinates.

@ The Geometer’s Sketchpad L_”Elg‘
File Edit Display Construct Transform Measure Graph Window Help - 8 %
-

/ _\-\\
atl
// \ B (4.45,2.28)

4 2l

Drag or Select Point B

5. Verify that each of the points is 5 units from the origin. Select a
point and the origin, and choose Distance from the Measure menu.
Use the same method to measure the distance from the origin to
each of the other points.
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10.

11.

12.

. Construct a point anywhere on the circle. Label the point P.

Construct a right triangle with OP as the hypotenuse and the rise
and the run of OP as the other two sides.

. Write an equation relating the length of OP to the length of the

other two sides of the right triangle. Substitute OP = 5 into the
equation.

. Verify that the coordinates of the points in step 4 satisfy the

equation in step 7.

. Reflect Will the coordinates of every other point on the circle also

satisfy the equation? Explain your reasoning.

Away from built-up areas, Trevor finds that his GMRS radios have
a range of about 7 km. Add a circle to your drawing to represent
this larger range.

Write an equation for the larger circle.

Reflect Write an equation for the circle with centre (0, 0) and
radius r. Then, use this equation to write an expression for the
radius.

Example 1 Equation for a Circle

Find an equation for the circle with centre (0, 0) and radius 4.

Solution

The distance from the origin to any VA
point P(x, y) on the circle is the length
of the radius. So,

OP =4 2

The distance formula also gives an
expression for the length of OP:

OP = V(x, — x,)? + (v, — w)?

P(x. y)

A
xyY

=V(x - 02+ (y — 0)2

:\/Xz_i_yz Y

Therefore,

Vx*+y? =4

x2 + y? =16

An equation for the circle is x* + y? = 16.



Example 2 Determine Whether a Point Lies Within a Circle
e

a) Determine an equation and the radius for the circle that has
its centre at the origin and passes through the point A(6, —8).

b) Is the point B(—5, 9) inside this circle?

Solution

a) An equation for a circle centred at the

origin has the form x? + y? = r2 The point (6, -8) lies

on this circle, so the
Substitute the coordinates of the point coordinates of the

(6, —8) into the equation for the circle. point must satisfy the
equation of the circle.

xX2+yt=r
62 + (—8)2 = r?
36 + 64 = r2
100 = r?

V100 = Vr?
10=r

An equation for the circle is x2 + y? = 100, and the radius of the
circle is 10.

b) Consider a circle with its VA
centre at the origin and
with point B(—5, 9) on the
circumference. Let r, be the \
radius of this circle. To find \
the length of the radius,
substitute the coordinates of

nJ

_T!
i

A

N 4

point B into the formula for ARNEP
the radius of a circle centred INCE
. o
at the origin. 8 (6, 18)

nJ

L= VT
- Vot e Y
Va5 + 81

~ Vios

= 10.3

Since r, > 10, point B lies outside the circle defined by x* + y? = 100.

If r, > r, then r;* > r? So, the inequality x* + y* > r? defines the
region outside the circle with centre (0, 0) and radius r.
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— Key Concepts

® An equation for the circle with centre at the YA
origin and radius ris x% + y2 = r2.
& Y yd WP Y)
. ) / r/T\
m The radius of a circle centred at the P _
e - 0 X
origin is r = Vx* + y*. \ V. X
\\ //
Y

Communicate Your Understanding

@D Outline how you would find an equation for the circle centred at
the origin with a radius of 12.

@ Describe how you would determine whether the point (3, 5) lies on
the circle defined by x* + y? = 35.

@& Explain how you would determine whether the point (8, 8) lies
inside the circle defined by x* + y? = 100.

I Practise

For help with question 1, see Example 1. ) vA
1. Determine an equation for each circle. 2
a) vA 8
4
4
B
‘13 < =
/ \ -12\-8 | -4 1|0 4 | 8 |12 X
L a\-=2]0 2] 4 x 4
N A
N | S 8
4
2
Y Y
b) vA
d) YA
/ N 4
/ 4 \
- \ T
Bl 40 4 X < [ \ >
4 / -6 | -4 | X2 J a6 x
N T / NS PZ
N /
A
Y
Y
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Connect and Apply

5. A satellite orbits Earth on a circular path
with equation x? + y? = 1.44 X 108, with
distances measured in kilometres. Another
satellite orbiting in the same plane passes
through the point (8000, 9800). Is this
satellite inside the orbit of the first one?

6. Determine an equation for the circle that
has a diameter with endpoints A(—4, 3)

f) and B(4, —3).

7. The point (a, 8) lies on the circle defined
by x? + y* = 100.
a) Explain why there are two possible
values for a. Find these values.

b) Use a graph to check that the points
corresponding to both values for a are
on the circle.

8. A farmer is building a circular corral to
hold livestock. With distances measured
in metres, the shape of the corral is
modelled by the equation x? + y? = 64.

For help with questions 2 to 4, see Example 2. a) Find the length of fencing required for

2. For each equation, state the radius of the this corral.
corresponding circle and give the b) Find the area of the corral.
coordinates of one point on the circle.
a) x2 + y? = 36 b) x + y? = 144 9. a) Graph the circle defined by
2 L 2 L x* + y2 = 100.
) x*+y*=20 d) x* + y* =50

b) Verify algebraically that the points

2 2 _
e) x* + y” = 1.69 P(—8, 6) and Q(6, 8) are both on the

3. For each point, find an equation for the circle.

circle that is centred at the origin and ¢) Find an equation for the right bisector
passes through the point. Then, check your of the chord PQ.

answer by graphing the circle and plotting d) Verify that the right bisector in part c)
the point. passes through the centre of the circle.
a) (4, 3) b) (5, 2) e) Do you think that the right bisector of
c¢) (—3, —6) d) (—7,12) any chord of the circle passes through

the centre of the circle? Explain your

4. Determine whether each point is on,

e i ) ) reasoning.
inside, or outside the circle defined by

x? + y? = 34.

a) (5, —3) b) (4, 4)

¢ (—6,0) d) (-3, —5)
e) (2, —6) f) (V34,0
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10.

11.

12.

13.

14.

a) Graph the circle defined by x* + y* = 40.

b) Verify algebraically that the line
segment joining R(—6, 2) and S(2, —6)
is a chord of this circle.

¢) Determine an equation for the line

joining the centre O to the midpoint
of this chord.

d) Verify that this line is perpendicular
to the chord.

a) Graph the circle defined by x? + y? = 41.

b) Verify algebraically that the line
segment joining U(—4, 5) and V(—5, —4)
is a chord of this circle.

¢) Determine an equation for the line that
passes through the origin and is
perpendicular to the chord UV.

d) Verify that this line passes through the
midpoint of the chord.

Use Technology Use geometry software to
determine whether the right bisector of any
chord of a circle passes through the centre
of the circle. Describe the method you used
and your findings.

a) Graph the circle defined by
x? + y? = 25.

b) Verify algebraically that the point
A(—3, —4) lies on the circle.

¢) Construct the line segment AO.

d) Draw the line through A that is
perpendicular to AO. This perpendicular
line is a tangent of a circle.

e) Determine an equation for the tangent
in part d).

f) Explain why A is the only point that is
on both the circle and the tangent.

Brandon has three close friends who live
in different parts of the city. Brandon
wants to meet them for lunch at a
restaurant that is roughly equidistant from
their homes. How could Brandon use his
knowledge of circles to help find a suitable
restaurant? Explain your reasoning.
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15.

16.

17.

As part of the North American Free Trade
Agreement (NAFTA), Canada, the United
States, and Mexico are developing joint
standards for highway trucks. One
standard specifies a maximum width of
2.60 m and a maximum height of 4.15 m.
Will a truck of this size fit through a
semicircular tunnel with a maximum
height of 4.50 m?

|
1450 m
|

Lei is designing a construction set for
small children. The set includes
cylindrical cups with radii of 5 cm, 6 cm,
and 7 cm as well as rectangular blocks that
measure 7 cm by 8 cm by 9 cm. Will the
blocks fit inside all of the cups?

A ship drops its anchor into the water and
creates a circular ripple. The radius of this
ripple increases at a rate of 50 cm/s.

a) Find an equation for the circle 10 s
after the anchor is dropped.

b) A small rowboat is 50 m east and 75 m
north of the point where the anchor was
dropped. How long does the ripple take
to reach the rowboat?

¢) Describe any assumptions you made
for your answers to parts a) and b).

Extend

18.

19.

Describe the region defined by each
inequality. Then, draw and label a
diagram of the three regions.

a) x2 +y?<25 b) x? + y? > 49
€) 25 <x%+ y%2<49

An equation for the
small circle in this
design is x* + y? = 4.
Determine an equation
for the larger circle.

A
N




20. a) Write an equation for the circle in the 22. Find an equation for the circle centred at
diagram below. (4, 3) with a radius of 5.

b) Write the coordinates of points B and D. 23. Use a counterexample to show that this

) Determine equations for the lines statement is false: “Every circle with a
containing line segments AB and CD. radius greater than 1 has at least one
d) Determine the coordinates of point E. point with integer coordinates.”

e) Determine the area of the shaded

" f the circl 24. a) Draw the triangle with vertices
portion of the circle.

Q(—2, 0), R(2, 8), and S(7, 3). Then,
construct the right bisector of each side.
b) Verify algebraically that the three right
bisectors intersect at a single point, the
circumcentre of AQRS.
¢) Find the distance from each vertex of
AQRS to the circumcentre.

d) Describe the circle that passes through
the vertices of AQRS.

e) Describe how you would use geometry
software to answer parts a) to d).

21. A boat moving east at 2 m/s creates
circular waves that travel outward from 25. Math Contest Find the radius of

the boat at a speed of 1 m/s. the circle represented by the equation

a) How far does the wave produced by kx? + ky? = r?, where k > 0.
the boat travel in the time it takes the
boat to move 10 m? 26. Math Contest Given that a > 0 and b > 0,

describe the graph of the equation

b) Plot the waves when the boat has o + by? = 12 if

moved 10 m. Draw circles at 1-m
intervals from the origin to (8, 0). a) a<b

¢) Describe the pattern formed by the b) a>b
points of intersection of the waves.
What does this pattern represent?

_Makirag .
onnections

You can use The Geometer’s Sketchpad® to generate a variety of fractals. One of the

) . . File Edt Display Construct Transform Measure  Graph
easiest is a nest of circles.

¢ From the Edit menu, choose Preferences. Click on the Text tab. Ensure that For All
New Points is checked.

¢ Construct a horizontal line segment AB. Select AB and choose Midpoint from the
Construct menu. Construct a circle with centre C and radius CB. Hide line segment AB.

N

¢ Select points A and B, in that order. Choose Iterate from the Transform menu.
Map A onto A and B onto C. Choose Add New Map from the Structure menu. Map A
onto C and B onto B.

* Press the key to add iterations and the (=) key to remove iterations. When
you are satisfied with the image, click on Iterate.

¢ (Clean up the sketch by hiding all visible points.
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Chapter 2 Review

2.1 Midpoint of a Line 2. a) Determine the midpoint of the line
Segment, pages 56-69 segment with endpoints J(3, —5)
and K(—5, —6).
a) b) Determine the midpoint of the line
YA A6 segment with endpoints L(4, 8) and
6 ' N(4, —2).

1. Find the midpoint of each line segment.

4 3. a) Draw the triangle with vertices

2 P(-2, 5), Q(6, 5), and R(2, —7).

b) Determine the midpoint of each side
of the triangle algebraically.

A
N

nN O

¢) Join the midpoints to form a smaller
Y triangle. Compare this triangle to the

b) vA original triangle.

4. a) Draw the triangle with vertices

N T(-8, 6), U(2, 10), and V(4, —4).

2 \\ b) Draw the median from vertex U.
\ Then, find an equation for this

z median.

A
<Y

6
D(4,-1)

N O

¢) Draw the altitude from vertex T.
Y Then, find an equation for this
altitude.

d) Draw the right bisector of TU. Then,
find an equation for this right
F7,4 bisector.

0 VA

N

(-2, 4

IS

5. The midpoints of the sides of AABC are
D(4, 1), E(—2, 3), and F(1, —4).
a) Plot the midpoints. Use this plot to

Y estimate the coordinates of the
vertices of AABC.

b) Use analytic geometry to calculate
(20,357 the coordinates of the vertices of
N AABC.

¢) Describe how to use geometry
N software to find the coordinates of
H(276, 105) the vertices.

n

A
<Y

d) [TyA

N
O

w

o

o
/

nJ

O

[en]
/

-

o

o
v

A
=

o
—_
o

D0 | 200 | 300 | 400 | 500
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2.2 Length of a Line Segment, pages 70-79 7. Determine the length of the line segment
defined by each pair of points.

a) J(4, 8) and K(4, —2)

6. Find the length of each line segment.

Rt

il A(3,17) b) M(—3, —12) and N(—15, —7)

14 ¢) P(—3, —2) and Q(5, 6)

5 d) R(~1, 5) and S(4, —1)

2 e) T(—2, 4) and U(7, 4)

4 B(8.5) f) V(3, —5) and W(—5, —6)

= (2) Tt s o hE % e 8. a) Determine the length of the median
17 from vertex A of AABC.
b) 7k b) Determine the perimeter of the triangle.
1 0@3) i

> / 81ca,7)

[
~
|}
nJ
L o
\N
N
{cp}
N

xY

(257 ¢ 2 6
B(4, -1
v (4.-1)
/
<) YA
H £(5,3) 9. a) Draw the triangle with vertices D(5, 25),
N E(-10, 1), and F(3, —10).

b) Use analytic geometry to classify ADEF.

™

6 ¢) Determine the area of ADEF.
d) Describe how to use geometry software to
answer part c).
d)
3 X
H@, 110)
Y
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2.3 Apply Slope, Midpoint, and Length 2.4 Equation for a Circle, pages 92-99
Formulas, pages 80-91 14. Determine an equation for each circle.
10. Show that this triangle is isosceles. a) vA
y 6-
o ¢, s)
4
2.
A(=2,1) B(5,2) < —>
< o -6 2 6 X
-4 -2 o¢ 2 416 %

11. A triangle has vertices D(—2, 7), E(—4, 2),
and F(6, —2).
a) Show algebraically that this triangle is
a right triangle. b)

<
<

b) Find the midpoint of the hypotenuse.

¢) Show that this midpoint is
equidistant from each of the vertices.

12. A map shows a main gas pipeline
running straight from A(45, 60) to
B(65, 40).

a) How long is the section of pipeline
from A to B if each unit on the map
grid represents 1 km?

<Y

b) A branch pipeline runs perpendicular Y
to the main pipeline and meets it at a 0
point halfway between A and B. Find
the coordinates of this point.

¢) Is the point C(63, 54) on the branch
pipeline? Explain your reasoning.

d) What is the shortest route for

connecting point C to the main
pipeline? Explain.

13. Find the shortest distance from the
origin to the line defined by y = 3x — 10.
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15. Find an equation for the circle that 17. a) Show that the line segment joining
is centred on the origin and A(—3, 1) and B(1, 3) is a chord of

. . ) ) _
a) has a radius of 4% the circle defined by x* + y 10.

b) Determine an equation for the right

b) has a diameter of 14 bisector of the chord AB.

¢) has aradius of V12 ¢) Show that the line in part b) passes

d) passes through the point (4, 7) through the centre of the circle.

16. a) Determine whether the point 18. A communication tower can send and

A(—2, —6) lies on the circle defined receive signals from cell phones up to
by x? + y?% = 40. 20 km away. A cell phone user is 15 km

b) Find an equation for the radius from east and 13 km south of the tower. Is this
the origin O to point A. user able to receive a signal from the tower?

¢) Find an equation for the line that passes
through A and is perpendicular to OA.

d) Use a graph to check your answers to
parts a), b), and c).

e) Explain why A is the only point on the
line that also lies on the circle.

@ Chapter Problem Wrap-Up D

Many natural systems, such as river deltas and tree branches, have patterns that look like
fractals. Parts within a natural pattern usually vary somewhat, so they are not exactly similar.
Nonetheless, fractals often provided the first reasonably accurate mathematical model for such
complex systems.

Beginning with a discovery by the meteorologist Edward Lorentz in 1961, scientists and
mathematicians found that fractal models revealed surprising patterns in data that had appeared
to be completely random. The mathematics that describes this hidden order in complex systems
is called chaos theory. Applications of chaos theory include models of ocean currents, population
growth, commodity prices, and blood flow in veins and arteries.

a) Research fractals at a library or on the Internet. Describe how to create a fractal different
from the ones mentioned in this chapter. Choose a fractal you learned about during your
research or create one of your own. Explain how midpoints, lengths, or equations for
circles are used to generate the fractal.

b) Make a poster of the fractal you described in part a). Draw the fractal by hand or by using
technology. Describe any special features of the fractal.

€) Describe a specific application of fractals, such as a scientific model or computer-
generated imaging (CGI).

- /
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- Chapter 2 Practice Test

For questions 1 to 3, choose the correct answer. 6. Rachel makes the following statement:
“Since point A is the same distance from
both B and C, A is the midpoint of BC.”
Is Rachel correct? Explain your reasoning.

1. The midpoint of the line segment with
endpoints A(—3, —3) and B(1, 5) is at

A (-2,2) B (—4, —8)
c (-1,1) D (1, -1) 7. Jason lives exactly halfway between the
primary and secondary schools in his
2. The length of the line segment with neighbourhood. The intervals between
endpoints C(—5, 2) and D(1, —4) is the grid lines represent 1 km.

A V20 B V24 vA
cC V72 D V80 101

3. An equation for the circle with centre 81 (148
(0, 0) and radius 4 is o J
A x2+y>=2 B x*+y?2=4
C x2+y’=38 D x2+y?=16 M

P(4,3)
4. Determine the midpoint coordinates and the
length of each line segment.

A
<Y

ol 214 /6|8 10 12|14
Y

YA
?
6-1,4), HE. 4) a) How far apart are the schools?
F(-3,3) b) Determine the coordinates of Jason’s home.
21 16,7 ¢) What other locations are equidistant from
P _ the two schools? Explain your reasoning.
5 A1-2 0 4L( 7] _62) X d) Determine an equation that represents all
& ' locations that are equidistant from the
two schools.
E(-3,-4)
L6 K(6.-5) 8. a) Plot the triangle with vertices A(—2, 1),
I(-2.-6)" Y
: B(2, —1), and C(0, 5).
5. Write an equation for each circle. b) Determine the lengths of the sides of
7\ the triangle.

¢) Classify AABC. Explain your reasoning.
d) Find the area of AABC.

e) Describe how you could use geometry
software to verify your answers to parts

b), c), and d).

xyY

9. a) Plot the triangle with vertices P(3, 4),
Q(—5, 2), and R(1, —4). Then, draw
the median from vertex R.

b) Determine an equation for this median.

Y ¢) Is this median also an altitude for this
triangle? Justify your answer.
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10. a) Determine the coordinates of the other 12. a) Show that the triangle with vertices
endpoint of the diameter shown. u(4, 3), V(0, —5), and W(—4, —3) is a
right triangle.

YA
b) Verify that the median from the right
angle to the hypotenuse is half as long as
4 the hypotenuse.
21 ¢) Find an equation for the circle that

passes through the vertices of AUVW.

<Y

2 | 4 d) Describe how you could use geometry
software to verify your answers to parts
a), b), and c).
(3,-5) 13. Scott, Arif, and Diane run a small delivery
v company. For their business, they use
licensed two-way radios with a 20-km
b) Does any other point on the circle have range. Scott is at their office, which they
an x-coordinate of 37 Justify your answer. have marked as the origin on their map of

the town. The grid lines on the map are
spaced 1 km apart. Arif is dropping off a
package at (—8, 16) while Diane is making
a pick-up at (4, 20).

¢) Determine an equation for the circle.

d) Explain how you can use the equation of
the circle to verify your answer to part b).

e) Determine the coordinates of four more

points on the circle a) Draw a diagram to represent the

reception range for the radio at the office.

11. a) Determine the coordinates of the b) Find an equation that describes the
midpoints G and H. boundary of this area.
VA ¢) Are Arif and Diane both within
10 F(4.10) range of the radio at the office? Justify
c your answer.
& d) Are Arif and Diane within radio range of
61 each other? Justify your answer.
4 iy .
N l Achievement Check
- 14, A(9, 5) and B(5, —9) are two points on a
<5 T 4 6N\8 10 X : circle centred at the origin.
21 &_2) a) Determine an equation for the circle.
Y : b) Determine the midpoint, C, of chord AB.

¢) Show that the right bisector of chord AB

b) Verify that GH is parallel to DE. )
passes through the centre of the circle.

¢) Show that GH is exactly half the . ] ] )
length of DE. n d) Give a different solution for part c).
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.° | Tools
m ruler

= cardboard
m SCissors

B compasses
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Investigate Properties of Triangles

The distribution of an object’s mass
around its balance point is such
that no net force acts to tilt the
object. In fact, the object acts like
its entire mass is concentrated at a
point directly above the balance
point. Calculating a balance point
accurately can be crucial in the
design of aircraft, ships, lift
bridges, cranes, and other
machinery. Analytic geometry

can help find balance points

and other properties of

geometric shapes.

m Investigate -

How can you find the balance point of a flat triangular object?
Method 1: Use Pencil and Paper

1. Draw a large triangle on a sheet of paper. Then, draw an identical
triangle on cardboard and cut out this triangle.

2. Move the cardboard triangle around on the tip of a pencil until
you find the point where the triangle balances on the pencil. Mark
this balance point. Then, mark the corresponding point on the
triangle on the sheet of paper.

3. Fold the paper triangle along one of its medians. Where is the
balance point relative to this fold?

4. Explain how you know that the median bisects the area of the
triangle. Will the cardboard triangle balance on the edge of a ruler
if the median is aligned with the edge? Explain your reasoning.
Try balancing the cardboard triangle on the edge of a ruler.

5. Fold the paper triangle in half along a different median. What
do you notice about the balance point?

6. Fold the paper triangle along the third median. What do you
notice about the creases from the three folds? Check whether
your classmates get the same result.




7. Reflect

concurrent
a) Are the medians of your triangle concurrent ? Do you think
that all triangles have this property? Explain your reasoning.

= meeting at a single point

b) How is the balance point of your triangle related to the centroid
centroid of the triangle? Do you think that this relationship = the point where the three
applies for all triangles? Explain. medians of a triangle

intersect
Method 2: Use The Geometer’s Sketchpad®
1. Construct any & The Geometer's Skeichpad r

triangle. Then, File Edit Display Comstruct Tramsform Measure Graph  Window  Help \& Tools

construct the |T T m computer with The

three medians . ' oL Geometer’s Sketchpad®

of the triangle. ® i

Are the medians e

concurrent ? All T

». I
2. Observe the

intersection of the 7

medians while L

you drag each of . LA L DI ] ; .

the vertices of the ! i T T s

triangle to change

the shape of the triangle.

3. Reflect Does every triangle have a centroid , a single point where
all three medians intersect? Explain your reasoning.
4. Construct and measure the areas of the two triangles that have

median AE as their base. Compare these areas. Then, construct

the altitude to AE for both triangles. Compare the lengths of

these altitudes.

5. Compare the areas and altitudes of the two triangles that have T '
Technology Tip

median BF as their base. Then, compare the areas and altitudes

of the two triangles that have median CD as their base. When there are
- overlapping triangles, you

6. Drag the vertices of the original triangle around the screen. Do ' can change Whifh interior
the relationships among the areas and altitudes of the smaller 1> 59'?“9‘1 by clicking on
triangles change? it again.

7. Reflect

a) What property does the median of a triangle have? Explain
how you know that all medians have this property.

b) Will a flat triangular object balance if it is placed with one
of its medians along the edge of a ruler?” Explain.

¢) Where is the balance point of a flat triangular object?
Explain your reasoning.
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< | Tools
m T|-83 Plus or TI-84 Plus
graphing calculator

|_Technology Tip
Measure the area of

- each triangle before

| constructing the next
triangle on top of it. Once
a triangle is covered, you
cannot select it for
measurement.
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Method 3: Use a Graphing Calculator

1.

Start the Cabri® Jr. application. Choose Triangle from the F2
menu, and draw a large triangle. Choose Midpoint from the F3
menu, and construct the midpoint of each side of the triangle.
Choose Segment from the F2 menu, and draw the medians of the
triangle by joining each vertex to the midpoint of the opposite
side. Are the medians concurrent ?

. Move the cursor to one of the vertices of the triangle. Press (o).

Observe the intersection of the medians while you drag the vertex
of the triangle to change the shape of the triangle. Try dragging the
other vertices as well.

. Reflect Does every triangle have a centroid, a single point where

all three medians intersect? Explain your reasoning.

. Construct a new triangle on top of the original triangle by selecting

the endpoints of a median and one of the other vertices of the
original triangle. Measure the area of the new triangle. Then,
construct the other triangle that has the median as its base, and
measure the area of this triangle. Compare the areas of the two
smaller triangles. How are the altitudes to the common base of the
two triangles related?

. Compare the areas and altitudes of the two triangles that have the

second median as their base. Then, compare the areas and altitudes
of the two triangles that have the third median as their base.

. Drag the vertices of the original triangle around the screen. Do

the relationships among the areas and altitudes of the smaller
triangles change?

. Reflect

a) What property does the median of a triangle have? Explain
how you know that all medians have this property.

b) Will a flat triangular object balance if it is placed with
one of its medians along the edge of a ruler? Explain.

¢) Where is the balance point of a flat triangular object? Explain
your reasoning.



Example Median of an Isosceles Triangle

What are the properties of the median from the vertex between
the equal sides of an isosceles triangle?
Solution

Draw any isosceles triangle. Label the equal sides
AB and AC. Let D be the midpoint of BC.

The right bisector of a line segment includes all
points that are equidistant from the endpoints of
the line segment. Since AB = AC, vertex A lies on
the right bisector of BC. The midpoint, D, also lies
on the right bisector of BC. So, AD is perpendicular to BC.

B H D H C

Since the median from vertex A is perpendicular to BC,
this median is also the altitude from vertex A.

AABC and AACD have side AD in common. The other corresponding
sides of these two triangles are equal since AB = AC and D is the
midpoint of BC. Therefore, AABD and AACD are congruent, and
£BAD = £CAD. So, AD bisects 2BAC.

Therefore, the median from the vertex between the equal sides of an
isosceles triangle coincides with the altitude to the vertex and bisects
the angle at the vertex.

— Key Concepts

® The medians of a triangle meet at a single point, the centroid.

m Each median bisects the area of the triangle.

® The median from the vertex between the equal sides of an isosceles
triangle coincides with the altitude to the vertex and bisects the
angle at the vertex.

® You can use both pencil-and-paper techniques and geometry
software to investigate the properties of geometric shapes.

Communicate Your Understanding

@D Describe two methods for @® Explain how you know that
drawing a median of this this diagram has three pairs
triangle. D of equal angles.

P
R
S
€ F Q
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Practise

1. The area of AABC is 12 square units.
the area of AABD.

A
C
D
B

2. The area of AEFH is 30 square units. Find

the area of AEFG.

€
pH\
F G
For help with questions 3 and 4, see the
Example.

Find

3. a) Which line segments are perpendicular

in AJKL?
b) Which angles are equal?

L
/M@
J * K

4. Which of the following coincide in APQR?

¢ the bisector of ZP

the bisector of ZR

the altitude from vertex Q
the altitude from vertex R
the right bisector of side PQ
the median from vertex P

R
| :
Q
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10.

Connect and Apply
5.

a) Draw any isosceles triangle. Then,
construct the altitude from the vertex
between the equal sides.

b) List three properties of this altitude
that an altitude of a scalene triangle
does not have.

¢) Verify these properties by measuring
your drawing.

. Steve says, “If a median of a triangle is

also an angle bisector, the triangle must
be equilateral.” Is he correct? Justify
your answer.

. @) Draw any right triangle. Find and label

the midpoint of the hypotenuse.

b) Measure the distance from this midpoint
to each of the vertices of the triangle.

How are these distances related?
¢) Investigate whether the same relationship
applies for all right triangles. Describe

your method and your findings.

. List at least six properties of equilateral

triangles. Explain how you know that
every equilateral triangle has each of these
properties.

. Alana claims, “In an equilateral triangle,

the angle bisectors and the right bisectors
of the sides all meet at the same point.”
Do you agree with Alana’s claim? Explain,
using a diagram.

a) Draw any triangle and all three of its
medians. The centroid divides each
median into two sections. Compare the
lengths of the sections of each median.

b) Investigate whether the centroid in

every triangle divides each median in

the same ratio. Outline your method

and describe your findings.
¢) Explain how you can use your findings
in part b) to find the balance point of a

flat triangular object.



11.

12.

13.

14.

Use Technology

a) Construct any AABC. Then, construct
the midpoint D of side AB and the
midpoint E of side AC.

b) Compare the slope and the length of
line segment DE to those of side BC.

¢) Investigate whether the relationships
between DE and BC depend on the
shape of the triangle. Describe your
findings.

a) Draw a large triangle on a sheet of
paper. Then, draw the angle bisector at
each vertex. Are the three angle
bisectors of your triangle concurrent?

b) Repeat part a) with different types of
triangles. Does every triangle have an
incentre, a point where all three angle

bisectors meet? Explain your reasoning.

¢) Put the point of a set of compasses at
the incentre of a triangle, and adjust
the compasses so that the pencil just
touches one side of the triangle. Draw

a circle with this radius. What property

does the incentre of this triangle have?

d) What property does the incentre of

every triangle have? Justify your answer.

Use Technology Use geometry software
to investigate the properties of the angle
bisectors of a triangle. Outline your
method and describe your findings.

a) Investigate whether every triangle has
a circumcentre, a point where all the
right bisectors of the sides meet.

Describe your method and your results.

b) How are the distances from the
circumcentre to the vertices related?
Do all triangles have this property?
Justify your answer.

¢) A company with plants in Hamilton,
Oshawa, and Barrie wants to set up a
distribution centre that is roughly
equidistant from the three plants. How
can the company use the properties of
triangles to find a suitable location?

15.

16.

In this triangle, the altitudes from the three
vertices meet at a single point, called the
orthocentre. Investigate whether the
altitudes intersect at a single point in all
triangles. Outline your method and
describe your findings.

=

Use a triangle to estimate the geographical
centre of Canada.

a) Trace the outline of Canada from a map
onto a sheet of paper. Draw a triangle
on your outline to approximate the
shape of Canada as closely as you can.

b) Find the centroid of the triangle. Then,
draw the angle bisectors of the triangle
and find their point of intersection.
Also find the point of intersection of the
right bisectors of the sides and the point
of intersection of the altitudes of the
triangle. Which of these four points
gives the best approximation for the
geographic centre of Canada? Justify
your choice.

¢) Find the town or city closest to the
centre you chose in part b). Compare
your estimate with those made by your
classmates.
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17. a)

b)

Investigate how the areas of equilateral
triangles constructed on the sides of a
right triangle are related. Outline your
method and describe your findings.
Describe another method that you could
use to compare the areas of the triangles.

F

€

18. Chapter Problem

a)

b)

0

d)

e)

Let x represent the measure of the base
angles of an isosceles triangle and let
y represent the angle at the vertex
between the two equal sides. Find the
values of x and y when x = 2y.

Draw a large triangle that has the angle
measures that you calculated in part a).
Measure the lengths of the sides of
your triangle.

a
Calculate the ratio b where a is the

length of one of the equal sides and b
is the length of the base of the isosceles
triangle.

The golden ratio, denoted by the Greek
1+ 5
letter ¢ (phi), is equal to 2\/

Compare the decimal value for ¢ to the
ratio you calculated in part c).

A golden triangle is an isosceles triangle
with side lengths that correspond to the
golden ratio. Is the triangle you drew in
part b) a golden triangle?

116 MHR - Chapter 3

f) Draw an isosceles triangle with the
angle at the vertex between the two
equal sides three times as large as the
base angles. Is this triangle a golden
triangle? Explain.

g) Draw an isosceles triangle with the
angle at the vertex between the two
equal sides four times as large as the
base angles. Is this triangle a golden
triangle?

Extend

19.

20.

21.

22.

23.

Does the point of intersection of the
angle bisectors of a triangle (the incentre)
always lie inside the triangle? Justify
your answer.

When will the point of intersection of the
right bisectors of the sides of a triangle
(the circumecentre) lie

a) outside the triangle?
b) on a side of the triangle?

Justify your answers using diagrams.

Investigate how the locations of the
centroid, the orthocentre, and the
circumcentre of a triangle are related.
Describe your method and your findings.

Investigate whether the point of
intersection of the altitudes of a
triangle (the orthocentre) can lie

a) outside the triangle
b) on the triangle

Outline your method and describe
your findings.

Math Contest Show that the medians of
AABC and the medians of ADEF all meet
at a single point.




Since triangular frames are strong and
simple to make, they are widely used to
strengthen buildings and other structures.
This section applies analytic geometry to
verify the properties of specific triangles.

Investigate

How can you verify the properties of an isosceles triangle?

[a Tools Method 1: Use Pencil and Paper

= grid paper 1. Draw the triangle with vertices A(2, 5), B(1, 2), and C(6, 2). Use the
coordinates of the vertices to verify that AABC is isosceles. Which
angles of AABC are equal?

2. Describe how you could fold your drawing of AABC to confirm
that it is isosceles.

3. Find the coordinates of the midpoint, D,
of side AB. Draw the median from vertex
C. Use slopes to verify that this median is |
perpendicular to AB.

NS

T~
/D

nJ

4. Explain how you can use congruent B(1,2) (6.2)
triangles to verify that CD is
perpendicular to AB. Describe two
different ways to show that AADC and
ABDC are congruent.

A
<Y

5. Use angle sums to verify that CD bisects £~ ACB.
6. Describe another way to show that CD bisects 2~ ACB.

7. Reflect How are the median, the altitude, and the angle bisector at
vertex C related? How are these line segments related to the right
bisector of AB? Do you think all isosceles triangles have these
properties? Explain your reasoning.
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Method 2: Use The Geometer's Sketchpad®

-
L Tofls T 1. Choose Show Grid from the Graph menu. Then, choose Snap
| |
computer wi € Points. Move the origin so that most of the work area is in the
Geometer’s Sketchpad® . . . .
first quadrant. Construct the triangle with vertices A(2, 5), B(1, 2),
and C(6, 2).
" Technology Tip 2. Measure the length of each side to verify that AABC is isosceles.
Yo can also place the Which angles of AABC are equal?

- vertices by choosing Plot . . . .
" Points from the Graph 3. Construct the midpoint, D, of side AB. Then, construct the median

menu and typing the from vertex C. Measure 2~ ADC. What can you conclude about the
coordinates. median CD?

€ The Geometer's Sketchpad =] E|
File Edit Display Conskruct Transform Measure Graph  Wiindow Help -0 x

o o

4. Measure and compare 2 ACD and 2BCD.

5. Turn off Snap Points. Drag a vertex of AABC to a new location.
Move one of the other vertices until AC = BC. Observe the
measures of ZADC, 2ACD, and ZBCD as you repeat this process
for various locations of the vertices.

6. Reflect How are the median, the altitude, and the angle bisector
at vertex C related? How are these line segments related to the
right bisector of AB? Do you think all isosceles triangles have
these properties? Explain your reasoning.

[,, Tools Method 3: Use a Graphing Calculator
= TI-83 Plus or TI-84 Plus 1. Start the Cabri® Jr. application. If the axes are not displayed,
graphing calculator choose Hide/Show from the F5 menu; then, choose Axes from

the submenu. Move the origin so that most of the work area is
in the first quadrant.

118 MHR - Chapter 3



2. Draw the triangle with vertices A(2, 5), B(1, 2), and C(6, 2). Choose
Coord. & Eq. from the F5 menu. Then, select the vertices to
display their coordinates. To adjust a vertex, move the cursor to
it, press (w9, and use the arrow keys to reposition the vertex.

3. Choose Measure from the F5 menu, and then choose D. & Length.
Measure the length of each side to verify that the triangle is
isosceles. Which angles of AABC are equal?

4. Choose Midpoint from the F3

menu and construct the T A (2.5
midpoint, D, of side AB. Then, |
choose Segment from the F2 |
menu and construct the median | (BZ)
from vertex C. Measure 2 ADC. |
What can you conclude about .l_

the median DC?

5. Measure and compare £~ ACD and ZBCD.

6. Drag a vertex of AABC to a new location. Move one of the other
vertices until AC = BC. Observe the measures of ~ADC, ZACD,
and £BCD as you repeat this process for various locations of the
vertices.

7. Reflect How are the median, the altitude, and the angle bisector at
vertex C related? How are these line segments related to the right
bisector of AB? Do you think all isosceles triangles have these
properties? Explain your reasoning.

Example 1 Centroid of a Triangle

a) Verify that C(4, 0) is the centroid

YA
of AOPQ. 4l Q(4, 4)
b) Verify that the centroid divides
each median in a 2:1 ratio. 21
0(0,0) (4,0 -
RN SRR NEEE
L2
T P(8,-4)
Y
Solution

a) The centroid of a triangle is the point of intersection of the three
medians. Verify that C(4, 0) is the centroid by showing that the
coordinates of this point satisfy the equations for the lines that
include the three medians.
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Start by using the midpoint formula vA
to find the coordinates of the
midpoint, R, of side OQ.

+ +
R(x, y) = (Xl 5 Xz, n 5 yz>
3 (0 +4 0+ 4>
2 2
- (2, 2) T P(B,-4)

Y

Use these coordinates to find the slope of the median from vertex
P(8, —4).

YT
Mpgp = X, — X | could also substitute the coordinates of points
22_ (_14) P and R into y = mx + b to get two equations
— with m and b as the unknowns. Solving this
2—-8 system of equations gives values for m and b.
6
—6
= -1

Use this slope and the coordinates of point R to find the y-intercept.

y=mx + b
2=-12)+b
2=-2+5b
4=5h

An equation for the line that includes the median PRis y = —x + 4.

Now, substitute the coordinates of point C(4, 0) into each side of
the equation.
LS. =y RS.=—x+4
=0 = —4+4
=0

Since the coordinates of point C satisfy the equation and the
point lies within the triangle, C(4, 0) lies on the median PR.

Next, find the midpoints, S and T, of sides OP and PQ.

+ + + +
S(X, y) _ <X1 , Xz’Y1 ; .VZ> T(X, _V) _ (X1 , Xz’.V1 , YZ>
_<0+8 0+(4)> _<8+44+4>

2’ 2 2 2

= (4, —2) = (6, 0)

The method used for the median PR will also show that point C lies
on the medians OT and QS. However, examining the coordinates of
the points and the diagram of AOPQ reveals a shortcut for the
medians OT and QS.



Since S(4, —2), C(4, 0), and Q(4, 4) all have the same x-coordinate,

these three points lie on the vertical line with equation x = 4.

Therefore, point C lies on the median QS. Similarly, O(0, 0), C(4, 0),

and T(6, 0) are collinear since these points all lie on the x-axis. collinear

So, point C also lies on the median OT. = lying on the same line

Since the point C(4, 0) lies on all three medians, it is the centroid
of AOPQ.

b) To find the ratio of the parts of a median on either side of the
centroid, use the length formula to find the length of each part.
For the median PR, compare the lengths of PC and RC.
PC = \/(Xz - xl)z + (Yz - _V1)2 RC = \/(Xz - X1)2 + (Yz - Y1)2
V(8 — 4)? + (—4 — 0)? V(2 = 4)? + (2 — 0)?
= V4 + (—4)° = V22 +2°
B \/m B \/m To move a factor out from

under a square root sign, |

— \/E X \/5 — \@ X \fz take the square root of

the factor:
- 4\V2 - 2V2
Vnx = W X \/)?

PC is twice the length of RC.

Since the median OT is a horizontal line segment, find the lengths
of OC and TC by simply comparing the x-coordinates of the
endpoints. Subtract the lesser x-coordinate from the greater one.
OC =x, — x; TC =x;, — x,

=4-0 =6—4

=4 =2
Since QS is a vertical line segment, compare y-coordinates to find
the lengths of QC and SC.
QC=y, —y, SC=y, =y

=4-0 =0 - (-2)

=4 =2
The centroid C(4, 0) divides each of the medians of AOPQ into a
2:1 ratio.
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Example 2 Midpoints of the Sides of a Triangle

In AABC, D is the midpoint of side AC
and E is the midpoint of side BC.

a) Verify that line segment DE is parallel
to side AB.

b) Verify that line segment DE is half
the length of side AB.

¢) Use geometry software to check
your calculations in parts a) and b).

Solution

VA
& (7.5)
N D
24801, 3)

B BG. )

o 2 46| 8
7

a) First, use the coordinates of the vertices to find the coordinates

of the midpoints D and E.

+ +
D(x, y) = <Xl 5 xz, n 5 yz) E(x, y)
B (1 +7 3+ 5)
a 2 2

= (4, 4)

Now, use the coordinates of points A, B,

the slope of AB to the slope of DE.

m :Yz_Y1 m :Yz_Y1
AB Xy = Xy DE Xy — Xy
1-3 _3-4
5-1 -4
-2 1
T4 T2
1
T2

il

2 2

_<5+7 1+5>
2 72

= (6, 3)

_ (Xl T X, W1 +_V2>

D, and E to compare

Since the slopes are the same, AB is parallel to DE.

b) Use the distance formula to compare the length of DE to the

length of AB.

DE = Vi(x, —x)2+ (v, — y))>  AB
= V(6 — 4)? + (3 — 4)?
= V2 + (1)

-5

Therefore, DE is half the length of AB.

Vi, — %) + (7, — y0)?

V(- 172+ (1 - 37
4% + (—2)?

V16 + 4

V20

Vaxs

Va x5

2V/5




¢) Use either The Geometer’s Sketchpad® or Cabri® Jr. to construct
the triangle with vertices A(1, 3), B(5, 1) and C(7, 5). Construct the
midpoint of AC and the midpoint of BC. Label these midpoints D
and E, respectively. Then, construct the line segment DE. Use the
software’s measurement tools to find the slope and length of DE
and of AB.

Comparing these measurements shows that the slopes are equal and
AB = 2DE. Therefore, DE is parallel to AB and half the length of AB.

=T
Slope DE = -0.500 c c
T v DE = 2236 cm
al
O
1 & Slope AB =-0.500
i E
mAB=4472cm
-l
————————
B
& }
5

— Key Concepts

® You can use the midpoint, length, and slope formulas to verify Reasoning and Proving

— ~
Representing Selecting Tools

properties of specific triangles.
® Sometimes, there are several different ways to verify a property ( _Aroblem Solve
of a given triangle. connm{ /Reﬂmmg

Communicating

m Often, you can use a shortcut for calculations involving horizontal
or vertical line segments.

m The centroid of a triangle divides each median into two parts,
with one part twice the length of the other.

® The line segment joining the midpoints of two sides of a triangle
is parallel to the third side and half its length.

Communicate Your Understanding

@@ Describe two different ways M\
to verify that APQR is isosceles. | 14

P(3,9)

R(12,6)

2 Q6.3)

A

i

ol 24 6 810 12
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€& Outline how to use analytic YA ok
geometry to verify that the part SEa 1) 21—t )
of the median on one side of the B _
centroid of ASTU is twice the length 42 2/ 4 [x
of the part on the other side. 74T
Y
@& Describe how to use geometry YA
software to verify that each line 6 X(#.6)
segment w1t.h1n AVWX is parallel to Jd N
one of the sides of the triangle. yagy
L/ 7
')t( T (6.3)
=
_\V(+2,1) .
2.0 2 | 416 [x
Y
I Practise
For help with question 1, see Example 1. For help with questions 2 and 3, see Example 2.
1. Determine an equation for the line shown 2. a) Verify that DE and BC are parallel.
with each triangle. vk
a
) [ vk 6 A, 15
6
° ((6,5) 4
- ] = /\
i X 2 ABA
= [ X
2 ; \
—AR.2) B(7.2) o D
< > N
of T27276 8 x 8 / €
Y ) F\
6 / / 1\
b) 7\ \

h G(3, 4) o 1BE ST~ [\ / X
€(-4, 3) 4 — ™~ \
G~ et

~—_| 5 Ao~ |\

Z ~— ~\C(13,1)
 F(-1,0 N < >
<~ ol 2 4 % of 21468 [10[12]14x

Y Y
0) VA 1] b) List the other line segments that
B are parallel.
=43 | M, LE3) ¢) Verify that DE = BF.

2

N d) List the other line segments that
< - > have equal lengths.

4 | -2 4 6 | 8 X

2

4 K(2, -3

Y |
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3. Verify that PQ is twice the length of ST.

YA

P2, 4)

Connect and Apply
4. a) Verify that AABC is isosceles.

YA
A4.2)

C(2,-8)

Y

b) Verify that the median from vertex B
is also an altitude of the triangle.

5. Use Technology Use geometry software
to verify your answers to question 4.

6. a) Find the lengths of the sides of ADEF.

vA
| | D@6
44
2
F4,0)
4 X
E(-2, —2‘)2'
Y

b) Find the slopes of the sides of the
triangle.

¢) Classify ADEF. Explain your reasoning.

7. a) Draw the triangle with vertices J(8, 8),

10.

11.

12.

K(—5, —5), and L(5, —7). What type of
triangle does AJKL appear to be?

b) Use analytic geometry to verify your
classification of AJKL.

¢) Determine the perimeter of the
triangle.

d) Determine the area of the triangle.

. Use Technology Use geometry software

to verify your answers to question 7.

. @) Draw the triangle with vertices

P(—12, 6), Q(4, 0), and R(—8, —6).

b) Determine the coordinates of S, the
midpoint of PR, and T, the midpoint
of PQ.

¢) Verify that ST is parallel to QR.

d) Verify that ST is half the length of QR.

a) Draw the triangle with vertices A(3, 4),
B(—2, 0), and C(5, 0). Find the
midpoint of each side, and label these
midpoints D, E, and F.

b) Verify that ADEF is similar to AABC.
Find the ratio of the lengths of
corresponding sides of these triangles.

¢) Verify that the area of AABC is four
times the area of ADEF.

d) How is the ratio of the lengths of
corresponding sides related to the ratio
of the areas of AABC and ADEF?

Use Technology Use geometry software
to verify your answers to question 10.

A landscape architect is drawing plans
for a rigid triangular canopy to provide
shade in a courtyard. On the drawing, the
vertices of the canopy are O(0, 0), P(10,
0), and Q(2, 12). A single pole will
support the canopy.
a) Verify that the triangular canopy has

a centroid.

b) Explain why the centroid is a good
location for attaching the canopy to
the support pole.
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13. a)

b)

14. a)

b)

0

d)

15. a)

b)

Verify that the triangle with vertices
J(1, 2), K(—3, —1), and L(0, —5) is an
isosceles right triangle.

Describe another method that you
could use to answer part a).

Determine the equations of the right
bisectors of the sides of AOAB.

y
4 A4, 4)
2
0(0,0) B(8,0)

SERREE NE REE

Determine the coordinates of the
circumcentre, the point of intersection
of the right bisectors of the sides.

What kind of triangle is AOAB? Justify
your answer.

Describe the location of the
circumcentre of this triangle.

Show that the right bisectors of the sides
of ADEF all intersect at point C(—4, 4),
the circumcentre of the triangle.

Verify that point C is equidistant from
the three vertices of ADEF.

YA

F(12,6)

<Y
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16. Chapter Problem

a) Draw a large AABC with £ A = 36°
and £B = 2C = 72°. Bisect ZB. Label
the intersection of the angle bisector
with side AC as point D.

A

36°
B C

b) Verify that both AABC and ABCD are
golden triangles. Explain how you know
that these two triangles are similar.

¢) Construct the bisector of ~C, and label
the intersection with BD as point E.
Then, bisect ZCDE. Continue this
process to produce a series of smaller
and smaller golden triangles.

d) Draw a smooth curve through points A,
B, C, D, E, and so on. This curve is a
golden spiral.

e) Is this golden spiral a fractal? Explain.

B Achievement Check

- 17 Verify that the points A(2, 1), B(8, 5),
and C(—1, —1) are collinear using
a) slopes
b) an equation of a line

. ¢) lengths

Extend

18. A triangle has vertices P(a, b), Q(c, d),
and R(e, f).

a) Determine the coordinates of S and T, the
midpoints of PQ and PR, respectively.

b) Verify that ST is parallel to QR
¢) Verify that ST is half the length of QR.



19. A cevian is any line segment that joins
a vertex of a triangle to a point on the
opposite side. In 1678, the Italian
mathematician Giovanni Ceva published
a theorem about concurrent cevians in a
triangle. Ceva’s theorem states that
% X % X l%li = 1, where AE, BF,

and CD are concurrent cevians in AABC.
B

C
A F
a) Draw any three concurrent cevians in a
large scalene triangle. Measure the line
segments to verify that Ceva’s theorem
applies for your triangle.

b) Verify that Ceva’s theorem applies for
the medians of any triangle.

¢) Use Technology Use geometry software
to verify that Ceva’s theorem applies for
all triangles. Outline your method.

_Makirég .
onnections

20. ABCDE is a regular pentagon. Which of the
triangles formed by the diagonals of
pentagon ABCDE are golden triangles?

i
]

21. Math Contest The golden ratio is

1+ V5
e = T.Showthatcpzch+l.

22. Math Contest How many different three-
letter arrangements can you make using
the letters in the word MOLLY?

A 6

B 30
33
60
120

m O N

You can use The Geometer's Sketchpad® to generate nested
golden triangles.

Construct a long line segment AB. Select point A, and choose
Mark Center from the Transform menu. Select point B, and
choose Rotate from the Transform menu. Change the rotation
angle to 36°. Construct line segments from A to B’ and B to B'.

Select points A and B, in that order. Choose Iterate from the
Transform menu. Map A onto B and B onto B’. Press or
(=) to set the number of iterations to at least 5. Click on
Iterate.

Drawing a smooth curve through the vertices of the nested
golden triangles produces a golden spiral. You can draw this spiral
by hand on a printout. There are Web sites with software for
drawing golden spirals.

1 Go to www.mcgrawhill.ca/links/principles 10 and follow
Kk the links to find sites that generate golden triangles
and golden spirals.

€3 The Geometer's Sketchpad
File Edit Display Construct Transform Measure Graph  Window Help

k

+

-

F=Ne

A

Construck Segrment. ..
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r
.° | Tools
= grid paper

= ruler
® COmpasses

= protractor

128 MHR - Chapter 3

Investigate Properties
of Quadrilaterals

Rectangular shapes dominate the skylines of
most cities in North America. This section
investigates the properties of rectangles and
other types of quadrilaterals.

» Investigate -

What properties does a parallelogram have?

Method 1: Use Pencil and Paper

1. Draw a large parallelogram on grid paper. YA
Describe your method and explain how you \\ z
know that it produces a parallelogram. I\ \ |
-4 IN\e [of [ 2\ 4x
\ L2 \
\
Y

2. Draw the diagonals of the parallelogram. Describe the location
of the point where the diagonals intersect.

3. Make a conjecture about how the point of intersection of the
diagonals divides each diagonal.

4. Fold your parallelogram drawing to test your conjecture.
Describe your findings. Compare your results with those
of several classmates.

5. Reflect What can you conclude about the diagonals of the
parallelograms drawn by you and your classmates? Do you
think that this conclusion applies to all parallelograms?
Explain your reasoning.

6. Mark the midpoint of each side of the parallelogram. Join the
midpoints of adjacent sides to form a quadrilateral within the
parallelogram. What properties does the new quadrilateral
appear to have?

7. Make a conjecture about the type of quadrilateral formed by
joining the midpoints of adjacent sides of a parallelogram.




8. Use measurements or paper-folding to determine whether your
conjecture is true. Describe your findings, and compare them with
those of several classmates.

9. Reflect What can you conclude about the midpoints of the sides
of the parallelograms drawn by you and your classmates? Do you
think that this conclusion applies to all parallelograms? Explain.

Method 2: Use The Geometer’s Sketchpad® [,, Tools
1. Turn on the grid display and automatic labelling of points. = computer with The
Geometer'’s Sketchpad®

2. Construct line segment AB and point C above it. Connect B to C with
a line segment. Select point C and line segment AB. Choose Parallel
Line from the Construct menu. Select point A and line segment BC.
Then, choose Parallel Line from the Construct menu again.

3. Select the two lines that you constructed, and choose Intersection
from the Construct menu. Select the two lines again, and choose
Hide Parallel Lines from the Display menu.

|_Technology Tip
The keyboard shortcut for
- the Hide option is Ctrl+H.

4. Construct line segments from C to D and from D to A.
5. Explain how you know that quadrilateral ABCD is a parallelogram.

6. Construct diagonals AC and BD. Select the two diagonals and
choose Intersection from the Construct menu. Measure the
distance from the intersection point E to each of the four vertices.
What can you conclude from these measurements?

& The Geometer's Sketchpad

7. Drag each of the vertices of ABCD to various new locations.
Does ABCD remain a parallelogram? What do you notice about
the lengths of AE, BE, CE, and DE?

8. Reflect What property do the diagonals of parallelograms have?
Explain your reasoning.
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.* | Tools

m T|-83 Plus or TI-84 Plus
graphing calculator
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9. Hide or delete the diagonals and their measurements. Construct the

10.

11.

12.

13.

midpoint of each side of the parallelogram. Construct line segments
to join the midpoints of adjacent sides. What properties does the
quadrilateral formed by these line segments appear to have?

3 The Geometer's Sketchpad IZHE@
-8 x

File Edit Display Construct Transform Measure Graph  Window Help =

-

F= NG ~

A F B G

t t t t t t t t t t
-
4 [ »

Make a conjecture about the type of quadrilateral formed by
joining the midpoints of adjacent sides of a parallelogram.

Use measurements to determine whether your conjecture is true.
Describe your findings.

Observe your measurements of quadrilateral FGHI as you drag the
vertices of ABCD around the screen. Do any of the relationships
among the measurements change?

Reflect What can you conclude about the midpoints of the sides
of a parallelogram? Explain how you know that this conclusion
applies to all parallelograms.

Method 3: Use a Graphing Calculator

1.

Start the Cabri® Jr. application. Use the F5 menu to show the axes
if they do not appear on the screen. Choose Segment from the F2
menu, and draw a line segment AB near the bottom of the screen.
Draw another segment from B to a point C above the segment AB.
Choose Alpha-Num from the F5 menu. Label the points A, B, and C.

. Choose Parallel from the F3 menu. Move the cursor to segment AB

until it flashes, and press &, Select point C, segment BC, and
point A in the same way.

. Choose Point from the F2 menu; then, choose Intersection from

the submenu. Move the cursor to the line through point A and
press @), Then, move the cursor to the line through point C and
press again. Label the intersection as point D.



4.

10.

11.

12.

13.

. Construct line segments to join

Choose Segment from the F2
menu, and construct diagonal
line segments from A to C and

from B to D. Then, choose
Intersection from the F2 menu,
and construct the intersection of
the line segments. Label this
intersection as point E.

. Choose Measure from the F5 menu; then, choose D. & Length.

Move the cursor to point A until it flashes and press &=, Select
point E in the same way. Move the measurement to a convenient
location. Press to lock the measurement in place. Use the
same procedure to measure the lengths of BE, CE, and DE. What
can you conclude from these measurements?

. Press s, Move the cursor to point B and press (r#). Drag vertex

B to various new locations. Does ABCD remain a parallelogram?
What do you notice about the lengths of AE, BE, CE, and DE?

. Reflect What property do the diagonals of parallelograms have?

Explain your reasoning.

. Press (xr+9). Choose Hide/Show from the F5 menu; then, choose

Object. Hide the diagonals and their measurements. Choose
Midpoint from the F3 menu. Select point A and then point B.
Select point B again; then, select point C. Use the same procedure
to construct the midpoints of CD and AD. Label the midpoints F,
G, H, and L.

What properties does the
quadrilateral formed by these
line segments appear to have?

the midpoints of adjacent sides. }.
|
I
|

type of quadrilateral formed by e e g

Make a conjecture about the l A =

joining the midpoints of adjacent
sides of a parallelogram.

Use measurements to determine whether your conjecture is true.
Describe your findings.

Observe your measurements of quadrilateral FGHI as you drag
vertex B around the screen. Do any of the relationships among
the measurements change?

Reflect What can you conclude about the midpoints of the sides
of a parallelogram? Explain how you know that this conclusion
applies to all parallelograms.
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Example 1 Midpoints of a Quadrilateral

Draw any quadrilateral ABCD and find the midpoint of each side.
Form a smaller quadrilateral EFGH inside the original one by drawing
line segments joining the midpoints of adjacent sides. Investigate the
properties of the smaller quadrilateral.

Solution

The inner quadrilateral EFGH appears to be a parallelogram. To test
this conjecture, investigate the properties of the sides of EFGH.

Method 1: Use Pencil and Paper

Draw the diagonal from vertex A to vertex C. In D
ADAGC, line segment GH joins the midpoints of
sides AD and CD. Any line segment joining the
midpoints of two sides of a triangle is parallel to
the third side. Therefore, GH is parallel to CA. B
Similarly, EF joins the midpoints of two sides of
AABC, so EF is also parallel to CA. Therefore, EF is parallel to GH.

Applying the same properties in AABD and ABCD shows that EH is
parallel to FG. Since both pairs of opposite sides in quadrilateral
EFGH are parallel, it is a parallelogram.

m
[a)]

F C

Method 2: Use Geometry Software

Construct any © The Geometer's Sketchpad CE®
. Edit Display Construct Transform Measure Graph ‘Window Help BEES
quadrilateral. Then, oF E
construct the o e
midpoint of each m HE 195 ¢
+||—Slope EF=-1.00
side. Add line Siope Fi- 010
L. s Siope HG =-1.00
segments joining Slone FE=0.58

the midpoints of
adjacent sides.

Measure the slope
of each side of the I
inner quadrilateral. I »
The measurements
show that the

opposite sides are parallel.

[M] Did You Know? __

The parallelogram formed
by connecting the
midpoints of adjacent sides
of a quadrilateral is called a
Varignon parallelogram
after the French
mathematician Pierre
Varignon (1654-1722).

When the vertices of the original
quadrilateral are dragged around the
screen, the slopes of the opposite
sides remain equal.

Therefore, the quadrilateral formed
by joining the midpoints of adjacent
sides of any quadrilateral is a
parallelogram.
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Example 2 Midpoints of a Trapezoid

Investigate the properties of the midpoints of the non-parallel sides Reasoning and Proving
Representing Selecting Tools

of a trapezoid. (

Problem Solving

Connecting Reflecting

Solution

Communicating

Method 1: Use Paper Folding

Draw a large trapezoid on a sheet of
paper. Find the midpoint of each
non-parallel side by folding your drawing
so that one end is on top of the other.

Then, draw a line segment joining the midpoints of the non-parallel
sides. This line segment appears to be parallel to the parallel sides
of the trapezoid.

Now, fold the trapezoid along the line
segment joining the midpoints of the
non-parallel sides. The parallel sides of
the trapezoid line up perfectly.

Therefore, the line segment joining the midpoints of the non-parallel
sides is parallel to the other two sides and lies halfway between them.

Method 2: Use Analytic Geometry

Draw run-rise triangles on the two non-parallel sides. The sum of the
runs of these sides is equal to the difference between the lengths of the
parallel sides. So,

QR =PS + IuNp, + rungg
Similarly, TU = PS + run, + rungg.

The run from the midpoint of a side to either endpoint is equal to half
the run between the endpoints. So,
run run

QP + RS

TU = PS + 5 ) P s

2PS + rtungp + rungg . .

= 1/ lrise  rise U
2

PS + (PS + rungp + rungg) /|_ ] \;\
= 2 Q' runp, fing R
PSS + QS
- 2

The length of the line segment joining the midpoints of the
non-parallel sides is equal to the mean of the lengths of the
parallel sides.
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— Key Concepts

m The diagonals of a parallelogram bisect each other.

® Joining the midpoints of adjacent sides of any quadrilateral forms
a parallelogram.

m The line segment joining the midpoints of the non-parallel sides
of a trapezoid is parallel to the parallel sides and has a length
equal to the mean of the lengths of the parallel sides.

Communicate Your Understanding

Describe how you could fold a drawing to
investigate the properties of the diagonals
of a rhombus.

@ Describe how you could use geometry
software to investigate the properties of the
diagonals of a rectangle.

Practise
1. Which of the line segments inside each For help with questions 2 and 3, see Example 1.
i ?
parallelogram are equal in length 2. Which of the line segments inside each
a) A D quadrilateral are parallel?
a) D
H
A
G
B C
b) P S € C
F
B
T b) p 20 W 20 S
15
0 R 25 v
T 15
R
25 1 35
0 35
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3. Which of the line segments inside each
quadrilateral in question 2 are equal in
length?

For help with questions 4 and 5, see Example 2.

4. a) Which line segments are parallel in the
figure below?

b) Find the length of EG.
¢) Find the length of FH.

N
N

2F2 C

5. Find the length of QR.
P 15 S

3 i g
—

R

Connect and Apply

6. Fold a drawing of a square to investigate
the properties of its diagonals. Describe
your findings.

7. Describe how you can use geometry
software to determine when the diagonals
of a parallelogram are equal in length.

8. a) Draw two line segments, AC and BD,
that bisect each other at right angles.
Then, draw a quadrilateral that has AC
and BD as its diagonals. Classify the
quadrilateral. Justify this classification.

b) Find the midpoints of AB, BC, CD, and
DA, labelling these points E, F, G, and
H, respectively. Draw line segments
joining the midpoints of adjacent sides.
Classify the quadrilateral EFGH. Justify
this classification.

9. What properties make rectangles useful in
the construction of buildings and other
structures?

10. Sarah determines that the diagonals of a
particular quadrilateral bisect each other
and are equal in length. She concludes that
the quadrilateral must be a square. Is Sarah
correct? Explain your reasoning.

11. a) Investigate the properties of the diagonals
of a rectangle. Describe your findings.

b) Investigate the properties of the diagonals
of a kite. Describe your findings.

¢) A rhombus is both a parallelogram and a
kite. Make a conjecture about the
properties of the diagonals of a rhombus.

d) Describe how you could use geometry
software to test your conjecture in part c).

e) Make a table to summarize the
properties of the diagonals of squares,
rectangles, parallelograms, rhombi, and
kites.

12. a) Predict the location of the balance point
of a flat uniform rectangular object.
Explain your reasoning.

b) Describe how you could determine if
your prediction is correct.

13. Use a rectangle to estimate the location
of the geographical centre of Canada.

a) Trace the outline of Canada from the
map on page 115 onto a sheet of paper.
Draw a rectangle on your outline to
approximate the shape of Canada as
closely as you can.

b) Describe how to find the centre of this
rectangle.

¢) Find the centre you described in part b).
Then, find the town or city closest to
this centre. Compare your estimate of
the geographical centre of Canada with
those made by your classmates.
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j Achievement Check

- 14,

Reasoning and Proving

Use analytic

=
Representing

Problem Solving

verify that
Connecting

a) joining the
midpoints of
adjacent sides of
quadrilateral JKLM forms a thombus

-

Communicating

<Y

Y

b) the diagonals of the rhombus bisect
each other at right angles

Extend

15.

16.

Investigate the Varignon parallelogram
formed by joining the midpoints of
adjacent sides of various types of
quadrilaterals. Under what conditions is
this parallelogram

a) arectangle?
b) a square?
¢) arhombus?

Explain how you determined these
conditions.

a) Can you draw a circle through all of the
vertices of any rectangle? Justify your

answer.

b) Can you draw a circle through all of the
vertices of any quadrilateral? Support

your answer with a diagram.
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=
Selecting Tools

geometry to AN - \
\ Reflecting

17. Explain why a triangular brace is stronger
than a rectangular brace made of the same
materials.

18.

The English mathematician and theoretical
physicist Roger Penrose (b. 1931) has
studied the patterns that can be made with
tiles that have shapes based on the golden
ratio.

a)

b)

0

d)

e)

f)

I\

Use a library or the Internet to research
Penrose tiles.

Draw the two rhombus shapes that
Penrose used for his tiles. Explain how
each shape is made from golden
triangles.

Penrose tiles can cover a plane without
any gaps, but the pattern is aperiodic.
Explain what this term means.

Describe another unusual property of
Penrose tiles.

Penrose also made aperiodic tilings
using a particular kite and dart. Draw
these two shapes, and explain how they
are related to the golden ratio.

Make your own tile pattern with
Penrose rhombi. Use computer
software, or cut the tile shapes out of
paper or cardboard.

Go to www.mcgrawhill.ca/links/principles10 and follow
the links to learn more about Penrose tilings.

19. Math Contest The golden ratio is

“P:

1+V5
2

1
. Show that — = ¢ — 1.
¢



Verify Properties of Quadrilaterals

The new addition to the Royal Ontario Museum features a number of
quadrilateral panels. This controversial design mimics the shape of
mineral crystals.

m Investigate -

How can you verify properties of a parallelogram?

[,, Tools Method 1: Use Pencil and Paper VA
= grid paper 1. Calculate the slopes of the sides of 4
quadrilateral ABCD. Explain how you D(3.3)
can use these slopes to verify that ABCD A(-2, 1) = \
is a parallelogram. P ~] \
A0 ¢2\>\3} x
2. Calculate the length of each side of ABCD. \ 51 (4. 1)
. |
Explain how you can use these lengths to 81,3
show that ABCD is a parallelogram. T
Y

3. Explain how you can use angle
measurements to show that ABCD is a parallelogram.

4. Reflect List the properties that you can use to determine whether
a given quadrilateral is a parallelogram.

5. Verify that the diagonals, AC and BD, bisect each other.

6. Explain how you can use congruent triangles to verify that the
diagonals of ABCD bisect each other.

7. Reflect Are all quadrilaterals with diagonals that bisect each other
parallelograms? Can you use this property to determine whether a
given quadrilateral is a parallelogram? Justify your answer.
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Method 2: Use The Geometer's Sketchpad®

r
* | Tools . . .
L , 1. Construct the quadrilateral with vertices A(—2, 1), B(3, 3),
= computer with The C(4, —1), and D(—1, —3)
Geometer's Sketchpad® ’ ’ ’ ’
€3 The Geometer's Sketchpad |Z| |§| [z|
File Edit Display Construck Tramsform Measure Graph  Window Help — | &
B -
® al
s
A
»,

2. Measure the slope of each side of the quadrilateral. Explain
how you can use these slopes to verify that ABCD is a
parallelogram.

3. Measure the length of each side of ABCD. Explain how you
can use these lengths to show that ABCD is a parallelogram.

4. Explain how you can use angle measurements to show that
ABCD is a parallelogram.

5. Reflect List the properties that you can use to determine
whether a given quadrilateral is a parallelogram.

6. Construct the diagonals AC and BD and their point of
intersection. Verify that the diagonals bisect each other.

7. Reflect Are all quadrilaterals with diagonals that bisect each
other parallelograms? Can you use this property to determine
whether a given quadrilateral is a parallelogram? Justify your
answer.
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Method 3: Use a Graphing Calculator r

1. Start the Cabri® Jr. application. Check that the axes are . | Tools
i = TI-83 Plus or TI-84 Plus
displayed.

graphing calculator

2. Construct the quadrilateral with vertices A(—2, 1), B(3, 3),
C(4, —1), and D(—1, —3). Choose Coord. & Eq. from the F5
menu. Then, select the vertices to display their coordinates.
Reposition any vertices that are not at the right coordinates.

3. Choose Measure from the F5 menu, and Slope from the
submenu. Measure the slope of each side of the quadrilateral.
Explain how you can use these slopes to verify that ABCD is
a parallelogram.

ol

™ Hide/ Show k]

4. Measure the length of each side of ABCD. Explain how you
can use these lengths to show that ABCD is a parallelogram.

5. Explain how you can use angle measurements to show that
ABCD is a parallelogram.

6. Reflect List the properties that you can use to determine
whether a given quadrilateral is a parallelogram.

7. Construct the diagonals AC and BD and their point of
intersection. Verify that the diagonals bisect each other.

8. Reflect Are all quadrilaterals with diagonals that bisect each
other parallelograms? Can you use this property to determine
whether a given quadrilateral is a parallelogram? Justify your
answer.
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Example 1 Midpoints of a Parallelogram

Verify that quadrilateral EFGH, YA
formed by joining the midpoints 61
of adjacent sides of quadrilateral
ABCD, is a parallelogram.

D(1, 5)

Solution

The simplest way to verify that
EFGH is a parallelogram is to
show that the slopes of the
opposite sides are equal.

First, find the coordinates

of the midpoint of each side Y
of ABCD.
Xp+x, Vit YZ> <X1 +x, it Vz)
Elx, y) = , F(x, y) = ,
(x Y] ( 2 2 (x Y] 2 2
_(—4+2 2+(—5)) _<2+7 —5+(—3)>
2 2 2 2
= (-1, —1.5) = (4.5, —4)
X;+Xx, i T YZ> <X1 +x, v t YZ)
G y - i) H ’ = ’
& ) ( 2 2 & ) 2 2
_<7+1—3+5) _<1+(—4)5+2>
B 2 72 B 2 02
= (4,1) = (—1.5, 3.5)
Use these coordinates to find the slope of each side of EFGH.
m ZYZ_yl m ZYZ_Y1
EF Xy = Xy rG Xy — Xy
_ —4-(-15) 1= (-4
45— (1)  4-45
—2.5 2 5
= — X J— -
5.5 2 —0.5
5
= - = —10
11
e — Vo= 0 = Vo= 0
GH ™y —x, HE ©
_ 35-1 _ —15-135
-1.5 — 4 —1 —(—1.5)
- %5 2 -
—5.5 2 0.5
5
= - = —10
11

Sides EF and GH have the same slope, so they are parallel. Similarly,
FG is parallel to EH. Therefore, quadrilateral EFGH is a parallelogram.
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Example 2 Properties of a Rhombus
3

a) Verify that the quadrilateral with vertices P(3, 3), Q(0, 1), R(3, —1),
and S(6, 1) is a rhombus.

b) Verify that the diagonals of PQRS bisect each other at right angles.

Solution
a) Find the length of each side of PQRS.
PQ= Vi, -+ -y QR= Vi, —x) + (v, — y)?
= V(0 -3+ (1 -3 VB =02+ (-1 — 1)

= V(=37 + (-2r = V32 + (-2)
= V13 = V13

RS= Vi, —x)* + (y, — v)2 PS= Vix, — x))% + (v, — y)?
= V6 -32+ (1 - (1) = V(6 -3+ (1 - 3)
= V32 + 22 = V32 + (—2)?
= V13 = V13

All four sides are equal in length. Therefore, PQRS is a thombus.

b) If the diagonals have the same midpoint, they bisect each other.

Find the coordinates of the midpoint of each diagonal.

For PR: For QS:
X, + X, Vi t Y2 X, +x, Vit Y2 I could show that the
(x, y) = 5 5 (x,y) = 5 2 diagonals bisect each
other by calculating and
_ (3 +3 3+ (—1)) _ <0 +6 1+ 1> comparing the lengths PT,
2 2 2 2 QT, RT, and ST.
=(31) =(3,1)
Since the midpoints of the diagonals have the same coordinates,
the diagonals bisect each other.
Now, calculate the slopes of the diagonals. vA
m _r"h m _ " hn 44 P53
PR Xy — Xy Qs Xy — X :
2
_ —1-3 _1-1 0(0.1) 3(6,1) The graph of PQRS
3—-3 6 -0 < | / > confirms that PR is vertical
—4 0 \Z\A, CREN and QS is horizontal.
= — =0 2 R(3,-1)
0 ]
Y

Since myy is undefined, PR is a vertical line segment. The zero
value for m;; indicates that QS is a horizontal line segment. So,
PR and QS are perpendicular.

Therefore, PR and QS bisect each other at right angles.
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R/easoning and Proviri — Key concepts

Representing Selecting Tools

( / ® You can use the formulas for lengths, midpoints, and
proviem ol 8 slopes to verify properties of quadrilaterals.

Connecting Reflecting

m Often, there is more than one way to verify a property
of a geometric shape.

Communicating

i
Communicate Your Understanding
Q@D Describe how to use analytic geometry YA
to verify that quadrilateral ABCD is a AC1,2,
. B(-4,1)_— D(1. 1)
trapezoid.
a2 \2 ['x
2
¥ 2 +2)
& Describe how to verify that the point of VA
intersection of the diagonals of kite 2|EQA) HEB.4)
EFGH bisects only one of the diagonals. 2
2 1
< G(5.0)
o] 21 4T6 X
Y
@& Describe two methods for verifying that /)
quadrilateral JKLM is a parallelogram. (1,3 M )
Which method is easier to use? S
- L5, 2)
< K@) >
o] 24 6| X
Y
I Practise
For help with question 1, see Example 1. For help with questions 2 and 3, see Example 2.
1. Verify that quadrilateral ABCD is a trapezoid. 2. Verify that quadrilateral EFGH is a rhombus.
YA YA
S D(14,12) S| €(1.2) H(6.2)
[ / [
O ol I < /, /l >
— | 20 T2 Fle6 | x
o|AR.8) _— | S
- | F(+2,-2)°Y G(3,-2)
JN |
3. Verify that quadrilateral JKLM is a kite.
) _—7c(13,5)
\ 1 17 W) ME, 4)
> T
1 842 5 / /
< > HEN /
ol T2 46 810 12 14 x B ~__/(6,0) _
Y ‘ov 2 A6 810/
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Connect and Apply

4. a)

Verify that quadrilateral ABCD is a
rectangle.

b) Verify that the diagonals of ABCD are

equal in length and bisect each other.

5. a)

b)

0

d)

Draw the quadrilateral with vertices
P(O’ 7)5 Q(_zs 1)3 R(4’ _1)) and S(Ga 3)'

Find the midpoint of each side. Join the
midpoints of adjacent sides to form a
new quadrilateral TUVW.

Verify that opposite sides of TUVW are
parallel.

Verify that opposite sides of TUVW are
equal in length.

6. Use Technology Use geometry software to
answer question 5. Outline your method.

7. a)

b)

Draw the trapezoid with vertices

A(-2, —2), B(2, —2), C(4, 1), and D(2, 4).

Verify that the line segment joining the
midpoints of the non-parallel sides of
the trapezoid is parallel to the other
two sides.

8. Use Technology Use geometry software
to answer question 7. Outline your method.

9. a) Verify that the diagonals of the rectangle

b)
D)

with vertices J(—2, 1), K(2, 3), L(4, —1),
and M(0, —3) bisect each other at right
angles.

Do all rectangles have this property?

What can you conclude about the
lengths of the sides of JKLM? Explain
your reasoning.

10. a)

Verify that PR bisects QS at right angles.

b) Verify that QS does not bisect PR.

11. a)

b)
0

12. a)

b)

0

YA

il P(7,9)

Draw the quadrilateral with vertices
A(3, 4), B(—1, 2), C(—3, —4), and
D(5, —6). Then, join the midpoints
of the adjacent sides of ABCD to
form a new quadrilateral, EFGH.

Verify that EFGH is a thombus.

Describe another method for verifying
that EFGH is a thombus.

Draw the quadrilateral with vertices
P(-3, —1), Q(3, 1), R(7, 5), and

S(1, 3). Then, draw the diagonals
of PQRS.

Verify that the diagonals bisect each
other.

What kind of quadrilateral is PQRS?
Justify your answer.

13. Use Technology Use geometry software

to

answer question 12. Outline your

method.

14. a)

b)

to

Draw the rhombus with vertices
A(-5, 2), B(—1, 3),C(—2, —1), and
D(—-6, —2).

Verify that joining the midpoints of
the adjacent sides of ABCD produces
a rectangle.

15. Use Technology Use geometry software

answer question 14. Outline your

method.
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16. Chapter Problem

a)

b)

0

d)

e)

f)

g)

length

width
golden rectangle. On grid paper, draw a
large rectangle, making the ratio of the
length to the width as close to ¢:1 as
you can. The golden ratio, ¢, equals
1.618....

Divide your golden rectangle into a
square and a smaller rectangle, with
the sides of the square equal to the
width of the original rectangle.
Measure the width and length of the
smaller rectangle. Calculate the ratio
of these dimensions.

A F D

A rectangle with = ¢ is called a

B E C

Divide the smaller rectangle into a
square and a third rectangle. Predict
the ratio of the length and the width
of the third rectangle. Measure these
dimensions, and calculate their ratio.
Do the measurements confirm your
prediction?

Divide the third rectangle in the same
way as the others to produce a fourth
rectangle. Find the length-to-width ratio
of this rectangle.

Use Technology Use The Geometer’s
Sketchpad® to construct a golden
rectangle. Divide this rectangle into a
square and a smaller rectangle. Divide
the smaller rectangle in the same way.
Continue the process, producing
progressively smaller rectangles.
Compare the length-to-width ratios

of these rectangles. What can you
conclude about these ratios?

Is the series of nested rectangles a
fractal? Justify your answer.

Describe how you could use the nested
rectangles to generate a golden spiral.
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Extend
17. Let P(a, b), Q(c, d), R(e, f), and S(g, h)

18.

19.

represent the coordinates of the vertices
of a quadrilateral.

a) Determine the coordinates of the
midpoints T, U, V, and W of sides PQ,
QR, RS, and SP, respectively.

b) Verify that TUVW is a parallelogram.

Math Contest How are ~BAD and ~BCD
related?
A
D
B C

Math Contest How many four-digit
numbers with no repeated digits can you
make using the digits from 1 to 87

A 7
B 8

C 1680
D 3584
€ 4096



r

.° | Tools

m circular object such as a
juice can

B compasses

= ruler

chord

= |ine segment joining two
points on a curve

Properties of Circles

From the Canadian Arctic to Southern Africa, people have developed
ingenious circular structures to use as homes or temporary shelters.
The materials available and the climate greatly influence the design
of these structures.

What properties do circles have?

Method 1: Use Pencil and Paper

1. Draw a circle on a sheet of paper by tracing around a circular
object such as a juice can.

2. Find the centre of the circle by folding your drawing. Explain
how you know where the centre is.

3. Reflect What property do diameters of a circle have?

4. Mark any two points on the circle and label them A and B. Join
the points to form a chord of the circle. Draw the right bisector
of this chord. What property does this right bisector have? Check
whether the right bisectors drawn by your classmates have the
same property.

5. Choose any point on a blank sheet of paper, but do not mark this
point. Instead, mark three points that are all about the same
distance from the first point. Label these three points P, Q, and R.
Exchange your set of points with a classmate.

6. Find the centre of the circle that passes through the three points
that your classmate marked. Explain your method. Draw the circle
that passes through the points.

7. Reflect What property do the chords of a circle have?
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,
.* | Tools

= computer with The
Geometer's Sketchpad®

"+ | Tools
m TI-83 Plus or TI-84 Plus
graphing calculator
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Method 2: Use The Geometer's Sketchpad®

1.

. Construct the right bisector of

. Select one of the endpoints of

. Reflect What property do the

Turn on the grid display. Construct a point at the centre of the
grid and a second point near the edge. Using the first point as the
centre, construct a circle by choosing Circle by Centre and Point
from the Construct menu.

. Construct any two points on the circle. Construct a chord by

joining these two points with a line segment.

the chord.

the chord. From the Display
menu, choose Animate Point.
As the endpoint of the chord

moves around the circle,
watch the right bisector of the
chord. What property does
this bisector have?

chords of a circle have? How

you could use this property
to find the centre of a circle given
three points on the circumference?

Method 3: Use a Graphing Calculator

1.

Start the Cabri® Jr. application. Check that the axes are displayed.
Choose Circle from the F2 menu. Place the centre near the middle
of the screen, and place the end of the radius close to the top of
the screen.

. Choose Segment from the F2 menu. Construct a chord by using a

line segment to join any two points on the circle.

. Choose Perp. Bis. from the F3 +

menu, and construct the right
bisector of the chord.

. Move the cursor to one endpoint | le— —_—

of the chord, and press ().
Watch the right bisector of the
chord as you move the endpoint

around the circle. What property
does this bisector have?

. Reflect What property do the chords of a circle have? How could

you use this property to find the centre of a circle given three
points on the circumference?



Example 1 Right Bisector of a Chord

Verify that the centre of this YA
circle lies on the right bisector
of the chord AB.

N

N

/ N\,
~ 5 B(4. 2)
6 l4 20 2 [ 4] 6
. M
[ f -
N\ /
4
A(2, -4)

Solution

The centre lies on the right bisector of AB only if the coordinates (0, 0)
satisfy the equation of the right bisector.

The midpoint of AB is on the right bisector. Use the coordinates of A

and B to find the midpoint and the slope of AB. Then, calculate the slope
of a line perpendicular to AB. Use this slope and the coordinates of the
midpoint, M, to determine the equation of the right bisector of AB.

Find the midpoint coordinates and the slope of AB.

X;+x, it Ve Yo— 0
M(x,)=( , ) m.
y 2 2 AB Xz_xl
_<2+4—4+2> _2-(-4)
B 2 2  4-2
6
= (3, —1 ==
( ) 5
=3

Since the right bisector is perpendicular to AB, the slope of this
bisector is the negative reciprocal of m,.

11
Mugp 3

Use this slope and the coordinates M(3, —1) to find the y-intercept.
y=mx+b

1
—-1=-—-(3)+
1 3(3) b
-1=-1+b

0=">b

1
The equation of the right bisector is y = — 3% The coordinates (0, 0)

satisfy this equation. Therefore, the centre of the circle lies on the right
bisector of the chord PQ.

Understand the Problem

Choose a Strategy . |11 .

Carry Out the Strategy ' |

All lines with a y-intercept
of 0 pass through the
origin.
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Example 2 Points on a Circle
B

a) Show that the points P(9, —3), Q(8, 6), and R(—1, 5) lie on
a circle with its centre at C(4, 1).

b) Does any other circle pass through points P, QQ, and R? Explain.

Solution

a) If the three points lie on a circle centred at (4, 1), each point
must be the same distance from (4, 1). Compare the lengths of CP,
CQ, and CR.

CP = Vix, — x)* + (1, = y)?
= V(9 — 4)* + (—3 — 1)
= V5 + (-4

Va1

CQ = Vi, — x) + (v, — y)?
V(8 — 4)% + (6 — 1)?

= V42 + 52

Va1

CR = \/(Xz —x)* + . — Y1)2
= V(=1 -4?2+ (5 - 1)
= V(-5) + 4
- Va1

Since CP = CQ = CR, the points P, Q, and R all lie on a circle
centred at C(4, 1).

b) The right bisector of VA
PQ includes all points 8
that are equidistant - -
6 | Q8. 6)
from P and Q. RE1,5) 2T L
Similarly, the right B i \
bisector of QR includes N | i
all points that are 1 aa 1)\ _—-————“L—i"" —
equidistant from Q 4T \ _
and R. These two lines -4 |12 10 214 6 | 8\ 1p]12x
meet only at point 2 /

p.

|
C(4, 1). There is no \\ P(S, -3)
other point equidistant \

from P, Q, and R.

an
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Therefore, the circle with centre C(4, 1) and radius V41 is the
only circle that passes through the points P, QQ, and R.

You cannot determine the centre of a circle from just two points on the
circumference. The centre can lie anywhere on the right bisector of the
chord between the two points.

— Key Concepts

m The diameters of a circle intersect at the centre of the circle.

m The right bisector of a chord of a circle passes through the centre
of the circle.

m The right bisectors of two chords of a circle intersect at the centre
of the circle.

m There is only one circle that passes through three given non-
collinear points.
!

Communicate Your Understanding

@& Describe how to find the point that is equidistant from three
given points by

a) folding a plot of the given points
b) constructing lines
€) using analytic geometry

€& Describe how you would determine the balance point for a flat
circular object.

3.5 Properties of Circles - MHR 149



Practise

For help with question 1, see Example 1. Connect and Apply
1. a) Find the coordinates of the midpoint, 5. Verify that the centre of this circle lies on
M, of AB. the right bisector of the chord PQ.
b) Find the slope of the chord AB. vA

¢) Verify that OM is perpendicular to AB.

YA

1A, 10)

M B(8.6)

N 4

<Y

6. a) Explain how you know that the origin
is the centre of the circle defined
by the equation x* + y? = 45.
b) Verify that the points R(—3, 6) and
2. a) Verify that the points P(—1, —2), S(—6, —3) lie on the circle.
Q(2, 7), and R(6, 5) are equidistant
from the point C(2, 2).

b) Draw the circle that passes through
points P, Q, and R.

For help with questions 2 to 4, see Example 2.

¢) Verify that the line through the origin
and the midpoint of the chord RS is
perpendicular to the chord.

7. A machinist needs to drill a hole in the

3. a) Verify that the points A(12, 6), B(4, 10), centre of a circular part. Describe how the

and C(0, 2) lie on a circle with its centre machinist could mark the correct location

at D(6, 4). for this hole.
b) Determine the length of the radius of
the circle. 8. a) You have 3.0 m of edging to put around

a flower bed. Find the maximum area
you can enclose if the shape of the
flower bed is an equilateral triangle.

¢) Plot points A, B, and C on grid paper,
and draw the circle that passes through
the points. Use your drawing to check

your answers to parts a) and b). b) Find the maximum area you can

enclose if the flower bed is square.
4. a) Verify that the points E(—5, 0), F(—2, 3), ¢) Find the maximum area you can

and G(6, —11) lie on a circle with its enclose if the flower bed is circular.
centre at H(2, —4).

b) Determine the length of the radius of
the circle.

d) What property of circles makes them
a useful shape for the base of storage
tanks and some types of buildings?

9. Find the centre of the circle that passes
through the points A(—7, 4), B(—4, 5),
and C(0, 3).
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10.

11.

12.

13.

14.

15.

Use Technology Use geometry software to
answer question 9. Outline your method.

Three friends live in Sudbury, Toronto,
and Windsor. They are planning to go
camping together and want to find a park
that is approximately the same distance
from each of their homes. Describe how
the friends could fold an Ontario roadmap
to help them find a suitable campground.

On a town map, the coordinates of three
schools are J(8, 13), K(10, 7), and L(14, 15).
The town is planning to build a new
swimming pool that is the same distance
from all three schools. Determine the
coordinates for the pool.

Draw a circle with centre O. Add any
chord PQ, with midpoint M. What can
you conclude about AOMP and AOMQ?
Explain your reasoning.

S

Q

Draw any circle. Draw a diameter of the
circle and label its endpoints J and K. Let L
be any other point on the circumference of
the circle. Use angle sums in triangles to
show that AJKL is a right triangle.

Use Technology Use geometry software to
answer question 14. Outline your method.

Extend

16.

To find a good location for a community
hospital, planners could find the smallest
circle that encloses all the homes on a map
of the community.

a) What is the advantage of a location at
the centre of the smallest enclosing
circle?

b) What other factors might prevent the

centre from being the best location for
the hospital?

¢) Using grid paper or geometry
software, plot 15 points to represent
neighbourhoods. Try to find the
smallest circle that encloses these
points. Describe the method that you
used. Mark where you would place
the hospital for the neighbourhoods
that the dots represent. Explain why
you chose this location.

17. A pilot filed a flight plan that listed a

18.

19.

cruising speed of 160 km/h with enough
fuel on board for 3.5 h of flying. After 2 h,
the aircraft passed over Lake Traverse. The
aircraft was reported missing when it
failed to reach its planned destination.

a) Sketch a diagram showing the area
where the plane may have crashed.

b) How large is this area?

¢) Which part of the search area should be
searched first? Explain your reasoning.

Math Contest Show how ~ABC and
£ AOC in quadrilateral ABCD are related.

B

Math Contest Keshawn and Samantha are
in a science class with 18 other students.
The teacher randomly divides the class
into 10 pairs of laboratory partners. The
probability that Keshawn and Samantha
are laboratory partners is

1
A -
10
1
B R
19
1
c R
20
1
D -
190
1
E -
380
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Chapter 3 Review

3.1 Investigate Properties of Triangles,
pages 110-116

1. a) Define a median.

b) List two additional properties of the
medians of a triangle.

¢) Outline how you could use geometry
software to show that the medians of
all triangles have these properties.

2. a) Use congruent triangles A
to show how the
lengths of the medians
to the two equal sides
of an isosceles triangle

are related.

b) Describe how you can B ¢

use geometry software to demonstrate
that this relationship applies for all
isosceles triangles.

3. a) Draw a right triangle with the shorter
sides aligned with the coordinate axes.
Then, draw the right bisectors of all
three sides.

b) Show that the point of intersection of
the right bisectors of the sides of any
right triangle lies on the hypotenuse.

¢) Describe how you can use geometry
software to answer part b).

3.2 Verify Properties of Triangles,
pages 117-127

4. a) Verify that ADEF is a right triangle.

y

4 D(1, 4)

E(-2,2) F(3.

2 o¢ 2 | 4

b) Describe another method that you could
use to answer part a).

N
—

A
<y
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5. a) Verify that the altitude from vertex ]
bisects side KL in the triangle with
vertices J(—5, 4), K(1, 8), and L(—1, —2).

b) Classify AJKL. Explain your reasoning.

3.3 Investigate Properties of Quadrilaterals,
pages 128-136
6. List two properties of the diagonals
of each geometric shape.

a) square b) parallelogram ¢ kite

7. a) Show that the line segment joining the
midpoints of opposite sides of any
parallelogram bisects the area of the
parallelogram.

A D
E F

B C

b) Describe another way to answer part a).

3.4 Verify Properties of Quadrilaterals,
pages 137-144

8. Verify that quadrilateral JKLM is a

trapezoid.
y
4 M(3,4)
I(-3.2)
2 L7, 1)
58 X

9. a) Classify the quadrilateral with vertices
T(2, 4), U(8, 2), V(7, —1), and W(1, 1).
Justify this classification.

b) Verify a property of the diagonals of
TUVW.



3.5 Properties of Circles, pages 145-151 12. Divers from scuba clubs in St. Catharines,

10. a) Show that A(—12, —5) and B(12, 5) are Hamilton, and O.akville are Working
endpoints of a diameter of the circle together to practise rescues in deep water.
defined by x2 + y2 = 169. Describe how the clubs could find a

practice site that is equidistant from the

b) State the coordinates of another point,
three towns.

C, on the circle.
¢) Show that AABC is a right triangle.

11. a) Verify that points P(5, 7) and Q(7, —5) lie
on the circle with equation x* + y? = 74.
b) Verify that the right bisector of the
chord PQQ passes through the centre
of the circle. Hamilton

St. Catharines

The golden ratio is also known as the
divine proportion, the golden mean, and
the golden section. Many people find that
objects with proportions in the golden
ratio are pleasing to the eye. For this
reason, artists and architects sometimes
use these proportions in their work.

a) Research the golden ratio at a library
or on the Internet. Is the golden ratio
a rational number? Explain.

b) Give an example of a regular
geometric shape that involves the
golden ratio. Describe how the
golden ratio appears in this shape.

¢) Give an example of a natural object that may contain the golden
ratio. Explain why researchers disagree on whether the golden ratio
occurs frequently in nature.

d) Some researchers argue that designers in ancient times used the
golden ratio in buildings such as the Parthenon in Athens, Greece, wyy Goto
and the Great Pyramid at Giza, Egypt. Do you think these claims R www.mcgrawhill.ca/

are valid? ]ustify YOUT answer. links/principles10 and follow
the links to learn more

e) Measure a textbook. Are any of the dimensions related by the about the golden ratio.

\_ golden ratio? Explain.

/
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Chapter 3 Practice Test

1. Which of these triangles have at least two
medians that are equal in length? Justify
your choices.

A B
C D
1 N
€
—I Il

T

2. Which of the triangles in question 1 have
a median that is also an altitude? Justify
your choices.

3. Sketch an example of each of these types
of quadrilateral. Show the diagonals on
each sketch and indicate whether they are
equal in length and whether they bisect
each other.

a) square

b) rectangle

¢) parallelogram
d) rhombus

e) trapezoid

f) quadrilateral with no equal sides

4. Show that two of the altitudes of an
isosceles triangle are equal in length.

154 MHR - Chapter 3

5. a) Verify that AABC is isosceles.

b) Verify that the centroid of AABC lies
at (6, —1).

YA

(6, 3)

<y

[e] B(10, -5)

6. a) Show that the triangle with vertices
D(—2, 5), E(—4, 1), and F(2, 3) is a
right triangle.

b) Verify that the midpoint of the
hypotenuse of ADEF is equidistant
from all three vertices.

7. a) Use analytic geometry to verify that
quadrilateral JKLM is a rhombus.

b) Describe how to use geometry software
to answer part a).

\

M(1,4)

8. a) Find the midpoint of each side of the
quadrilateral with vertices P(—3, 8),
Q(1, 10), R(5, 6), and S(7, —4).
b) Show that joining the midpoints of
the adjacent sides of PQRS forms a
parallelogram.




9. a) Verify that C(5, 2) is the centre of 13. A new hospital will serve the four small
the circle that passes through points towns shown on the map. Where would
T(5, 15), U(17, —3), and V(—8, 2). you build the hospital? Justify this
b) Find the radius of the circle. location.
10. Verify that quadrilateral ABCD is not i
an isosceles trapezoid. i
1 *D(33, 52)
ya 01 A0,43)
8.
A(1,7) 40 TR
61 30
4 0G.3) Lol .B(25,20)
101
< o 10 20 30 40 50 X

B Achievement Check

14 The Vertices Reasoning and Proving

el ~
Representing Selecting Tools

of AEFG are
o [

11. Describe how to use geometry software to E(;& (5), P;(O, - Problem Solving
i : an G 6, 5). Connecting Reflecting
answer question 10. - . e oo
a) Find the Communicating

12. a) Verify that quadrilateral PQRS is a

coordinates of the point
rhombus.

of intersection of the medians of AEFG.

YA b) Find the coordinates of the point
2| P22 7.2) : of intersection of the right bisectors of
B _ the sides of AEFG.
lof 2 6 | 8\10 X : ¢) Find the coordinates of the point
L2 . . . .
05.22) R(1D.-2) : of intersection of the altitudes of AEFG.
: d) Verify that these three points of
b) Verify that the diagonals of PQRS - intersection are collinear.

bisect each other.

¢) Verify that the diagonals of PQRS
meet at right angles.
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r
.* | Tools
= grid paper

quadratic relation

= 3 relation whose equation
is in the form
vy = ax? + bx + ¢, where
a, b, and c are real numbers
anda# 0

parabola

= the graph of a quadratic
relation, which is U-shaped
and symmetrical

vertex

= the point on a parabola
where the curve changes
direction

= the maximum point if the
parabola opens down

= the minimum point if the
parabola opens up

axis of symmetry

= the line that divides a figure
into two congruent parts
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Quadratic

Relations

The Galleria, in BCE Place in
Toronto, has many arches. These
curved structures are used to
span a space while supporting
weight. Just as a linear relation
can be modelled with a linear
equation, some non-linear
relations, such as the shape of
an arch, can be modelled using
non-linear equations.

¥ Investigate A -

of x from —3 to +3.
a) y = x? b) y = 2x?2
d) y= —x? e) y=—0.5x* + 3

the points.

How can you compare relations of the form y = ax? + bx + ¢?

1. Make a table of values for each relation, using integer values

 y=x*+2x+3

2. Graph all the relations in step 1 on the same set of axes. Plot
each set of ordered pairs and draw a smooth curve through

3. Reflect Describe the graphs you created in as many ways as
you can. What is similar about the graphs? What is different?

The relation described by
y = ax? + bx + cis called a

quadratic relation. The graph of
a quadratic relation is called a
parabola . A parabola has a minimum

point or a maximum point called the

vertex . It is also symmetrical about a

. . vertex,
vertical line drawn through the vertex, minimum
called the axis of symmetry. point

axis of symmetry

.

vertex,
maximum




¥ Investigate B -

How can you use finite differences to determine if a relation is finite differences
linear or quadratic? = differences found from the

y-values in tables with

1. Copy and complete the table for each linear relation. Calculate
evenly spaced x-values

the y-values. Then, calculate the first differences by subtracting

. = first differences are the
consecutive y-values.

differences between
a) y=2x—5 b) y=—6x+ 2 consecutive y-values,
second differences are

X vy First Differences X vy First Differences
the differences between
€ -9 —7-(-9)=2 e 14 8-14=-6 consecutive first
-1 -7 -1 8 differences, and so on
0 0
1 1
2 2

2. What is true about the first differences for a linear relation?

3. Copy and complete the table for each quadratic relation. Calculate
the y-values and first differences. Then, calculate the second
differences by subtracting successive first differences.

a) y=x*-4

vy First Differences |'Second Differences

b) y=2x2+3x—1

X v First Differences |Second Differences
-2 1
-1 )

0

1

2

4. a) What is true about the first differences for a quadratic relation?

b) What is true about the second differences for a quadratic relation?

5. Reflect Write a rule for using finite differences to determine
whether a relation is linear or quadratic.
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Example Galleria Arches

n
Each arch in the BCE Place Galleria can be approximated by the

relation y = —0.55x% + 26, where y is the height, in metres, above the
floor and x is the width, in metres, from the centre of the hallway.

a) Graph the quadratic relation.

b) Describe the shape of the arch.

¢) How tall and wide is the arch?

Solution

a) Method 1: Use Pencil and Paper
Use a table of values to help you sketch the graph.

-6 6.2 | y=1-055x2+26
-4 17.2
2 23.8

0 | 260

2 | 238

4 | 172

6 6.2

N 4

Method 2: Use a Graphing Calculator

Enter the equation using (- ).

Press and enter the settings shown.
Then, press @1,

W I MO0
amin=-18
amax=1a
nscl=]1
Ymin=4
Ymax=38
Vscl=5
Ares=1

b) You can see that the
shape of the arch is — vertex
parabolic. The parabola
is symmetrical about a
vertical line, the y-axis.
The graph has a
maximum point.

— axis of symmetry
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¢) You can read the maximum y-value from =-0.EEHZ+26
the pencil-and-paper graph or use the
TRACE feature on the graphing calculator.

Since the maximum value of y is 26, the
height of each arch is 26 m. H=0 V=26

The x-axis represents the floor of the

hallway. The width of each arch is the difference between the two
x-intercepts. From the pencil-and-paper graph, the x-intercepts
appear to be about 7 and —7. Use the TRACE feature on the
graphing calculator to find that the curve crosses the x-axis at
about —6.9 and +6.9.

6.9 — (—6.9) = 13.8
The width of each arch is about 13.8 m.

— Key Concepts

® The relation defined by axis of symmetry
y = ax* + bx + cis a quadratic e \. vertex,
relation. :/m‘;)gi';‘?m

m The graph of a quadratic relation
is called a parabola.

m The vertex of a parabola is either :\ vertex,
the minimum point or the ' mgwcl)?:]l:m

maximum point on the graph.

m A parabola is symmetric about a vertical line that passes through the
vertex. This line is the axis of symmetry.

m If a relation is quadratic, the second differences are constant, but the
first differences are not.

Communicate Your Understanding

@@ El-Noor used the following incorrect technique to determine that
the relation is not quadratic. Explain the flaw in his reasoning.

X 1" First Differences Second Differences
-3 13
-10
-2 3 2
-8
0 -5 10
2
1 -3 4
6
3 18
24
4 27

@& In Section 4.1, Investigate Part A, you found that the relationship
between thumb length and palm area is non-linear. Is the relation
quadratic? Explain.

| can see that the
maximum occurs when
x = 0. From the equation,
when x =0, y = 26.

| Technology Tip

You can get a better

- approximation of the
| x-intercepts by zooming in.

¢ Position the cursor near
one of the x-intercepts.

o Press (z00w), select
2:Zoom In, and then
press [ENTER),

* Press and

reposition the cursor.

The accuracy of the
approximation improves
each time you repeat
these steps.
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M Practise

For help with questions 1 and 2, see the Connect and Apply

Example. 4. This section has photographs of parabolic

1. The table shows the path arches in architecture, furniture, bridge
X

of a ball, where x is the design, and nature. Find five more examples

horizontal distance, in 0 1 of parabolic arches. Some possible sources
metres, and h is the height, 1 8 are the Internet, personal surroundings, or
in metres, above the ground. 2 13 print-based material. Explain how you
a) Sketch a graph of the 3 16 determined that your examples are parabolic.

quadratic relation. 4 17
b) Describe the flight path 5 16

of the ball. Identify the 5 13

axis of symmetry and

7 8

the vertex.

¢) What is the maximum 8 !

height that the ball reached?

d) Verify that h = —x? + 8x + 1 can be
used to model the flight path of the ball.

2. The underside of a bridge is an arch that
can be approximated by the relation 5
y = —0.1x% + 10, where y is the height,
in metres, above the ground and x is
the width, in metres, from the centre of

. The parabolic shape of the Humber River
Pedestrian Bridge in Toronto can be
approximated by the equation

1 5
i h = ———x?+ —x, where x is the
the bridge. 144 6
a) Graph the quadratic relation. horizontal distance, in metres, from one
b) Describe the shape of the arch. end and h is the height, in metres, above
¢) How tall and wide is the arch? the water.

3. Use finite differences to determine whether
each relation is linear, quadratic, or neither.

) o IERE
0 4 0 3
1 5 1 4
c 6 2 ! a) Graph the quadratic relation with or
3 ’ 3 12 without technology.
4 8 4 19

b) What is the height of the bridge 12 m

horizontally from one end?
0 0 )

How wide is the bridge at its base?

1 0 -2 6

3 ] ] 0 d) What is the maximum height of the
bridge? At what horizontal distance

> 8 4 12 does it reach that height?

/ e’ / 4z e) Identify the axis of symmetry of the

9 64 10 90 bridge.
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6. Use Technology A ball is thrown upward

at an initial velocity of 15 m/s, from a
height of 1.5 m. The height, h, in metres,
of the ball above the ground after t seconds
can be found using the relation
h = —4.9t* + 15t + 1.5.
a) Graph this relation using a graphing
calculator.
b) Describe the relationship between
time and height.

¢) Repeat parts a) and b) for a ball
thrown upward on the Moon,
with height defined by the relation
h = —0.81t2 + 15t + 1.5.

d) Repeat parts a) and b) for a ball
thrown upward on Jupiter, with
height defined by the relation
h = —11.55t> + 15t + 1.5.

e) Compare the results from the three
locations.

. Chapter Problem A city opened a new
landfill site in 2000. In Section 4.1,
question 6, you created a table of values
showing the total mass of garbage in the
landfill for each year from 2000 to 2007.
Use your table and finite differences to
determine if the relationship more closely
models a linear or a quadratic relation.
Justify your decision.

. Percé Rock is located at the eastern tip of
Quebec’s Gaspé Peninsula. Make a table of
values of at least seven points, so that the
x-values are equally spaced. Use finite
differences to determine how close the
arch is to a parabola.

B Achievement Check

9. The path of a

Reasoning and Proving
— ~
Representing Selecting Tools

(S
Problem Solving
-

rocket fired at a
Canada Day
fireworks display
is given by

h = —4.9t2 + 19.6t + 0.4, where h is the
height, in metres, of the rocket above the
ground and f is the time, in seconds.

a) Make a table of values for t = 0 to t = 4.

b) Make a table of first and second
differences. What conclusion can
you make?

Connecting Reflecting

Communicating

¢) Draw a graph of the path of the rocket
using the table of values from part a) or
graphing technology. Describe the path
of the rocket.

d) How high above the ground was the
rocket when it was set off? Explain
your answer.

Extend
10. The flow rate of water through a garden

11.

hose depends on the water pressure and
the diameter of the hose opening. At a
normal water pressure of 345 kPa, the flow
rate can be calculated using the formula

r = 2d?, where d is the diameter, in
centimetres, of the hose opening and ris
the flow rate, in litres per second. How
long would it take to fill a 200-L barrel
using a hose with a 0.3-cm-diameter
opening?

The sum of the first n natural numbers
is a quadratic relation. Determine that
relation and verify it for the first six
natural numbers.
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[)‘1 Tools .= v
= TI-83 Plus or TI-84 Plus
graphing calculator

= grid paper
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Investigate Transformations of
Quadratics

When police investigate car accidents, they often measure the length of
a tire skid mark to determine the speed of the car before braking. Such
calculations involve quadratic relations. On dry pavement, the length of
a skid mark, J, is related to the speed of the car, s, before braking by the

relation I = 0.04s2.

» Investigate -

How do transformations of the graph of y = x2 affect the equation?

A: Compare the Graphs of y = x?and y = x% + k
1. First, clear any graphed equations.
* Press and use the key to remove any equations.
* Make sure Plot1, Plot2, and Plot3 are not highlighted. If they
are, use the (» ), (<), (~), and (~) keys to move to each and

press Evrer),
2. Use a standard window. WIHDOL
* Press and select 6:ZStandard. §$;2: {éﬁ
* You can view the window settings Kscl=1
. Ymin=-16
by pressing (o), Ymax=18
¥scl=1
Ares=1

3. Graph the equation y = x? as Y1.

* Press (- ). Beside Y1=, press (xmos)(_= ).
e Press to view the parabola.

4. Enter y = x> + 2 as Y2 and y = x? — 4 as Y3. Press =),



. @) Sketch all three graphs on the same set of axes. Label each

parabola with its equation.
b) Describe the transformations.

¢) Without using a graphing calculator, sketch the graph of
y = x? — 8.

. Reflect Describe how the value of k in y = x* + k changes the

graph of y = x2.

B: Compare the Graphs of ¥ = x2 and y = ax?

1.

a) Clear the equations from Y2= and Y3=, but keep y = x* in Y1.
b) Graph the equations y = 2x* and y = 3x2.

. @) Sketch all three graphs on the same set of axes. Label each

parabola with its equation.

b) Describe the transformations.

. Without using a graphing calculator, sketch the graph of y = 4x2.
. 1 1
. Repeat steps 1 and 2 for the equations y = EXZ and y = sz.

. Without using a graphing calculator, sketch the graph of

1
= —x2,
Y= 3

. Repeat steps 1 and 2 for the equations y = —2x* and y = —0.5x2.

. Without using a graphing calculator, sketch the graph of y = —3x2.
. Reflect Describe how the value of a in y = ax? changes the graph
of y = x%

C: Compare the Graphs of y = x2and y = (x - h)?

1

. @) Clear all equations except y = x2.

b) Graph the equations y = (x — 2)? and y = (x — 5)2.

. @) Sketch all three graphs on the same set of axes. Label each

parabola with its equation.

b) Describe the transformations.

. Without using a graphing calculator, sketch the graph of y = (x — 3)2.

. Repeat steps 1 and 2 using the equations y = (x + 2)? and

y = (x + 5)%

. Without using a graphing calculator, sketch the graph of

y = (x+ 3)%

. Reflect Describe how the value of h in y = (x — h)? changes the

graph of y = x2.

| Technology Tip

A table of values can help

- you sketch the graph of
| an equation entered using

("v=). You can specify

how a table of values is
set up.

* Press [TBLSET] to
display the TABLE
SETUP screen. Make
sure both Indpnt and
Depend are set to
Auto. Enter the desired
starting x-value
(TbiStart) and x
increment (ATDbI).

For example, try
TblStart=-10 and
ATbI=1.

* Press [TABLE] to

view the table of values.
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Reasoning and Proving
P
Representing Selecting Tools

( /Problem Solving
Connecting Reflecting

Communicating

Zero

= a value of x for which a
relation has a value of 0

= corresponds to an
Xx-intercept of the graph
of the relation
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Example Falling Stone

A stone is dropped from the top of a 50-m cliff above a river. Its
height, y, in metres, above the water can be estimated using the
relation y = —4.9x2 + 50, where x is the time, in seconds.

a) Graph the relation.

b) Find the intercepts. What do they represent?

¢) How would the equation change if the stone were dropped
from a 75-m cliff instead of a 50-m cliff?

d) For what values of x is each equation valid?

Solution

a) Use a graphing calculator with the window settings shown.

W IHOO
Mins Since height
Amax=3 )
necl=]1 and time cannot
3min=ga be negative,
Mmax= .
Vecl=106 this graph
Ares=1 shows only part

of a parabola.
b) For the y-intercept, let x = 0.
y = —4.9(0)% + 50
= 50

| can see that the y-intercept
is 50 from the graph.

The y-intercept is 50. This represents the height from
which the stone was dropped, 50 m above the water.

To find the x-intercept, or zero , of the relation use the Zero
operation on a graphing calculator.
e Press (¢ )[CALC] to display the CALCULATE menu,

and select 2:zero.

e Move the cursor to the left of the
x-intercept and press (EneR),

e Move the cursor to the right of the
x-intercept and press Eve=).

* Press again.

Z2eko
Hw=3.1943828 V=9~

The x-intercept is approximately 3.19.
This represents the time when the stone hits the water, 3.19 s.

¢) The constant term would be 75 instead of 50. The equation
would change to y = —4.9x* + 75.



d) The original equation y = —4.9x* + 50 is
valid for 0 = x = 3.19 (approximately).

Graph the new equation and use the Zero
operation. You will need to change the
WINDOW settings to be able to see the
whole graph.

Z2eko
w=3.912304 _¥=0

The new equation y = —4.9x% + 75 is valid for 0 = x = 3.91
(approximately).

— Key Concepts

m To graph y = x? + k, translate the graph v
of y = x? vertically k units.

— If k > 0, then the graph is translated
k units upward.
—If k < 0, then the graph is translated
k units downward. 0
\

m To graph y = ax?, stretch or compress the y=ax, y= X
graph of y = x? vertically by a factor of a. A 0<ac<]
— If a < 0, the parabola is reflected in
the x-axis.
—If a>1 or a < —1, then the graph is v

stretched vertically (narrows).

—If -1<a<0or0<acx<1,then the
graph is compressed vertically
(widens).

A

y=axé,
-1<ax<0

. y=axé,
a<-1

<

® To graph y = (x — h)?, translate 7 |
the graph of y = x2 horizontally ¥ IL(,X< 0 ) y=x2 y=(x-hp
h units. h>0
—If h > 0, then the graph is
translated h units to the right.
—If h < 0, then the graph is >

translated h units to the left. Y
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Communicate Your Understanding

@D How do the graphs of y = 2x? and y = —2x* compare?
Explain the similarities and the differences.

Match each graph with the
appropriate equation. Explain

your reasoning.

a) y=x%+2

1
b) v = — —x2
)y 3 X
) yv=x2
d) y=(x-2)3
Practise

For he.lp with questions 1 to 4, see the 5. a) Make tables of values for y = x2,
Investigate. y=2x%,y=x?+1,and y = (x — 3)%

1. Sketch graphs of these three quadratic b) Compare the y-values for y = x? and

relations on the same set of axes.

1
a) y= —3x2 b) y= sz
1
= — —y2
Qv 4x

. Sketch graphs of these three quadratic
relations on the same set of axes.

a) y=(x—9)? b) y = (x + 2)2
¢ y=(x—5)?
. Sketch graphs of these three quadratic
relations on the same set of axes.
a) y=x*+38 b) y=x*-5
0 v=x*-10
. Sketch the graph of each parabola. Label at

least three points on the parabola. Describe
the transformation from the graph of y = x2.

2

a) y = 4x? b) y= gxz

0 y=x*-5 d) y=(x — 8)?
1

e y=—,x f) y=(x+3)

g) v=x>+05 h) y=—x*+2
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y = 2x2.

¢) Compare the y-values for y = x? and
y=x*+1.

d) Compare the y-values for y = x* and
y=(x—3)%

Connect and Apply

6. Write an equation for the quadratic relation

that results from each transformation.

a) The graph of y = x? is translated 6 units
upward.

b) The graph of y = x? is translated 4 units
downward.

. Write an equation for the quadratic relation

that results from each transformation.

a) The graph of y = x? is translated 7 units
to the left.

b) The graph of y = x? is translated 5 units
to the right.

¢) The graph of y = x? is translated 8 units
to the left.

d) The graph of y = x? is translated 3 units
to the right.



8.

Write an equation for the quadratic relation
that results from each transformation.

a) The graph of y = x? is stretched
vertically by a factor of 8.

b) The graph of y = x? is compressed

1
vertically by a factor of 5

For help with question 9, see the Example.

9.

10.

il

The grass in the backyard
of a house is a square
with side length 10 m. A
square patio is placed in
the centre. If the side
length, in metres, of the patio is x, then the
area of grass remaining is given by the
relation A = —x* + 100.

10m

a) Graph the relation.

b) Find the intercepts. What do they
represent?

¢) How does the equation change if the
grass in the backyard of a house is a
square with side length 12 m?

d) For what values of x is each equation
valid?

The relation I = 0.04s* can be used to

calculate the length, I, in metres, of the

skid mark for a car travelling at a speed, s,

in kilometres per hour, on dry pavement

before braking.

a) What is the length of the skid mark for a
car travelling at 50 km/h? 100 km/h?

b) How do the results in part a) compare?

¢) For what values of s is this model valid?

d) How would the skid marks and the
equation change if the pavement were
wet?

Did You Know?

A Technical Collision Investigator or Reconstructionist is a
specially trained police officer who investigates serious traffic
accidents. These officers collect and interpret evidence to
determine the cause of the collision and if any charges should
be laid.

11.

The first three diagrams in a pattern are
shown. Each square has a side length of
1 unit.

a) Make a table comparing base length and
area. Use finite differences to determine
whether the relation is linear, quadratic,
or neither.

b) Determine an equation for the
relationship between the base length
and the area.

¢) Describe the transformation from the
graph of y = x2.

Extend

12.

13.

14.

15.

The transformations to graph y = ax? and
y = x* + k both follow what is indicated
by the operation, but in y = (x — h)?, the
transformation is opposite to what the
operation seems to indicate.

a) Explain why this might be so.
b) Describe the transformation you would

use to graph y = (2x)2.

A parabola y = ax? + k passes through
the points (=1, 3) and (3, —13). Find the
values of a and k.

Compare the graphs of y = (x — 2)?
and y = (2 — x)*. Explain any similarities
and differences.

Math Contest

a) Identify the similarities and differences
in the graphs of y = (x — 2)? + 5 and
x=(y—2)+s5.

b) Solve the second equation for y.
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Graphy=a(x- h)* + k

The world’s most important industry competition for
fireworks manufacturers is L'International des Feux
Loto-Québec. This event, also known as the Montréal
Fireworks Festival, is held each summer in Montréal.
The fireworks are synchronized to music that is also
broadcast over a local radio station. Competing
countries are judged on the synchronization, choice
of music, and quality and originality of the visual
display.

Paths of projectiles, such as rockets, balls, and
fireworks, are often modelled using quadratic
relations.

Investigate

4 Tools How do the graphs of y = a(x - h)?> + k and y = x? compare?

= TI-83 Plus or TI-84 Plus

1. First, clear any graphed equations, and ensure all stat plots are
graphing calculator

turned off.

= grid paper

- 2. Use a standard window.

" Technology Tip . f;ess ap%select q:ZSt:{l)ndard. .

Turn of 3l stat plots by iew the window settings by pressing (moo).

I -@-B.for 3. Graph the equations y = x2, y = 2x? — 5, Flotl Flotz Flot3
[STAT PLOT], selecting dv=—x2+ 9 ~HEHE
4:PlotsOff, and then and y = —x : xxagzﬁilg

= ~NaE-
pressing [EnTe), 4. a) Sketch all three graphs on the same :3‘;:
set of axes. “WE=
Me=

b) Label the coordinates of the vertex
and a second point on each parabola.

¢) Describe the transformations.
d) Without using a graphing calculator, sketch the graph of
y=—2x>+ 1.
5. a) Clear all equations except y = x2.
b) Graph the equation y = (x — 2)? + 1.

180 MHR - Chapter 4



6. a) Sketch the two graphs on the same set of axes.

b) Label the coordinates of the vertex and a second point on
each parabola.

¢) Draw the axis of symmetry for each parabola. Label each
axis of symmetry with its equation.

d) Describe the transformations.

7. Without using a graphing calculator, sketch the graph of
y=(x—1)*+ 3.

8. a) Repeat steps 5 and 6 for the equation y = (x + 5)? — 4.

b) Without using a graphing calculator, sketch the graph of
y=(x+4)+ 2

9. a) Repeat steps 5 and 6 for the equation y = 2(x — 1)? — 5.

b) Without using a graphing calculator, sketch the graph of
y = —0.5(x + 2)% + 3.

10. Reflect Write a summary of how to sketch a graph of a quadratic
relation of the form y = a(x — h)? + k. Include a description of
how to determine the coordinates of the vertex, the equation of the
axis of symmetry, the values that x may take, and the values that
y may take.

You can find the following from a quadratic relation of the form
y=alx —h?+ k

YA y=a(x-hP+k

A

e The vertex of the parabola is (h, k), representing a horizontal
translation of h units and a vertical translation of k units relative to
the graph of y = x2.

e The axis of symmetry of the parabola is the vertical line through the
vertex with equation x = h.

e g indicates the vertical stretch or compression factor relative to the
graph of y = x2.

— If a > 0, the parabola opens upward, and the vertex is the minimum
point on the graph.

— If a < 0, the parabola opens downward, and the vertex is the
maximum point on the graph.
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Example 1 Sketch the Graph of y = a(x - h)? + k

n
a) Describe the properties of the parabola with equation

y=2(x — 4) — 3.
b) Sketch a graph of the parabola and label it fully.
¢) Describe the set of values that x may take.

d) Describe the set of values that y may take.

Solution
a) Compare y = 2(x — 4)? — 3 with y = a(x — h)* — k.

Since a = 2, the graph of y = 2(x — 4)? — 3 will be stretched
by a factor of 2 compared to the graph of y = x2.

The parabola will open upward, since a is positive.
The vertex is (h, k), or (4, —3), and it is a minimum point.

The equation of the axis of symmetry is x = 4.

b) YA

x
n
N

4

2

| A
~
N o
(o
B
1 Shy
w
<Y

|
ES
i
<
<
I
D
—
|
S~
=
|
w

¢) The graph shows that x may be any real number.

d) The graph shows that y may be any real number greater than
or equal to —3, or y = —3.

Example 2 Write an Equation for a Graph

Determine an equation for the parabola shown.

A
(1,5)

4

24

A
<Y
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Solution

The vertex is (1, 5), so h = 1 and k = 5.
The parabola opens downward, so a is negative.

Substitute the values for h and k into the equation y = a(x — h)? + k.
y=alx —1)?+5

The parabola passes through the point (0, 2). Substitute x = 0 and
y = 2 and solve for a.

2=al0 —1)2+5
2=a(-1)*+5
2=a+5
a= —3

An equation for the parabola is y = —3(x — 1)* + 5.

Example 3 Fireworks

At a fireworks display, a firework is launched from a height of 2 m
above the ground and reaches a maximum height of 40 m at a
horizontal distance of 10 m.

a) Determine an equation to model the flight path of the firework.

b) The firework continues to travel an additional 1 m horizontally,
after it reaches its maximum height, before it explodes. What is
its height when it explodes?

¢) At what other horizontal distance is the firework at the same
height as in part b)?

Solution
a) Sketch a graph of the situation. YA dol40)
The launch height of 2 m above the ground 4040
. + A}
represents the point (0, 2). 30\
The maximum height is 40 m at a horizontal = "
distance of 10 m, so the vertex is (10, 40). 5 01 \

. . . X T Y
Substitute h = 10 and k = 40 into the equation 104’ '
V= alx — h)? + k. ©,2) Y

—
y = alx — 10)% + 40 0 10 | 20 X

. Dist
Substitute x = 0 and y = 2 and solve for a. Istance (m)

2 = a(0 — 10)? + 40
2 = a(—10)? + 40
2 = 100a + 40

—38 = 100a
38
a=———
100

a= —0.38

Reasoning and Proving

—
Representing

[
Problem Solving
-

Connecting

Communicating

=
Selecting Tools

Reflecting

-
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An equation that models the flight path of the firework is

y = —0.38(x — 10)% + 40, where x is the horizontal distance
travelled, in metres, after the firework is launched and y is
the height, in metres, above the ground.

b) The firework travels an additional 1 m horizontally after its
maximum height of 40 m at x = 10, so x = 11. Substitute x = 11 into
y = —0.38(x — 10)% + 40.
y = —0.38(11 — 10)? + 40

= —0.38(1)* + 40

= 39.62
The firework exploded at a height of 39.62 m.

— Key Concepts

¢) Due to the symmetric property of a parabola, the firework is
at the same height 1 m before the maximum point, or at a
horizontal distance of 9 m.

Property v=a(x-h)?+k v=2(x-3)%-1 y=-%(x+1)2+3
Vertex (h, k) (3,-1) (-1,3)
Axis of symmetry x=h Xx=3 x=-1
Stretch or
compression factor a 2 2
relative to y = x2
If a > 0, the parabola
opens upward. The
N velrtex 15 @ minimum Upward. Downward.
Direction of point. , )
. (3, -1isa (-1,3)isa
opening If a <0, the parabola |~ . . . .
minimum point. maximum point.
opens downward.
The vertex is a
maximum point.
7\ R \
\ | [[lyE7c21F+3
N S
\\ Il /
2 >l -
Graph Parabola 2 7150 5%
< >- / =2 \
ol | 2\U/4 x| |/ \
yE2(xr3)°+1 4
Y Y N
Values x ma Any real number.
take y Also depends on the |Set of real numbers. Set of real humbers.
situation.
Ifa>0,theny>k.
Values y may Ifa<O0, theny<k. v y<3
take Also depends on the
situation.
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Communicate Your Understanding

@D Why is the vertical line through the vertex called the axis of

symmetry? Illustrate with an example.

@& When describing the transformation from y = x2 to y = 2x2, you
say that it has been stretched vertically by a factor of 2, instead of
compressed horizontally. Explain why vertical stretches are used

in descriptions.

@ Which equation is correct for the graph
shown? Explain your reasoning.

A y=(x+2)2-3

1
B y=_(x+2¢-3

A

1
C y:E(X+2)2—3
D y=-2(x+2)*-3

Practise
For help with questions 1 and 2, see Example 1.
1. Copy and complete the table for each

parabola. Replace the heading for the second

column with the equation for the parabola.
Property y=a(x-hZ+k

Vertex

Axis of symmetry

Stretch or compression
factor relative to y = x2

Direction of opening

Values x may take

Values y may take

a) y= (x — 4)?

b) y=(x—2)%—-4
g y=Kx+3F-2
d)y=%(x+1)2+5

g) y=2(x—4)?-5
h) y = —3(x + 4)?> — 2

2. Sketch each parabola in question 1.

N

For help with questions 3 to 7, see Example 2.

3. Write an equation for the parabola with
vertex at (2, 3), opening upward, and
with no vertical stretch.

4. Write an equation for the parabola with
vertex at (—3, 0), opening downward,
and with a vertical stretch of factor 2.

5. Write an equation for the parabola with
vertex at (4, —1), opening upward, and
with a vertical compression of factor 0.3.

6. Write an equation for each parabola.
a) yA
6

4 \29

2
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7. Write an equation for each parabola. 11. A stadium roof has a cross section in the
a) shape of a parabolic arch with equation

1
v = —Exz + 20. Which graph represents

[eo]

\\ / the arch? Justify your reasoning.
MA / N VA )%

< \ / > \\jg —
DG 4 /8| [x - I e N

A \ / # 10 N

" \/(4,— ) /// \\\
Y P N
|-20/-10/0] | 10| 20 X
b) YA Y
64
(53) , ,
S For help with questions 12 and 13, see
/ \ Example 3.
7/ -6 | - \ -2 0 [x 12. The path of a soccer ball is modelled by
42 1
[ \ “ the relation h = — —(d — 28)? + 49,
Y A\ Y 16
0 v where d is the horizontal distance, in
A X metres, after it was kicked, and h is the

121 (4(13) height, in metres, above the ground.

8

\ :

|

< 0 4] |€ X

<
—

S
il
o —

Connect and Apply

8. The graph of y = x? is stretched vertically
by a factor of 3 and then translated 2 units a) Sketch the path of the soccer ball.

to ths 118-“ ﬂléd 1 unit down. Sketch the b) What is the maximum height of the ball?
parabola and write its equation. ¢) What is the horizontal distance when

9. The graph of y = x? is reflected in the this occurs?

x-axis, compressed vertically by a factor d) What is the height of the ball at a

1 . . ?
of 5 and then translated 2 units upward. horizontal distance of 20 m?

e) Find another horizontal distance where
Sketch the parabola and write its equation. the height is the same as in part d).

10. a) Find an equation for the parabola with
vertex (1, 4) that passes through the
point (3, 8).

b) Find an equation for the parabola with
vertex (—2, 5) and y-intercept 1.
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13.

14.

15.

A baseball is batted at a height of 1 m
above the ground and reaches a maximum
height of 33 m at a horizontal distance of
4 m.

a) Determine an equation to model
the path of the baseball.

b) What is the height of the baseball once
it has travelled a horizontal distance of
6 m?

c¢) At what other horizontal distance is the
baseball at the same height as in part b)?

The flight path of a firework is modelled by
the relation h = —5(t — 5)2 + 127, where

h is the height, in metres, of the firework
above the ground and t is the time, in
seconds, since the firework was fired.

a) What is the maximum height reached
by the firework? How many seconds
after it was fired does the firework
reach this height?

b) How high was the firework above the
ground when it was fired?

Parabolic mirrors are used in telescopes to
help magnify the image. The cross section
of a parabolic mirror is shown.

50 cm

0.24 cm

a) Sketch a graph to represent the cross
section of the mirror, placing the
vertex at (0, —0.24).

b) Write an equation to represent the cross
section of the mirror. Describe the
values of x for which your equation
is valid.

¢) Move the mirror to a different location
on the same set of axes. Write a different
equation to represent the cross section
of the mirror. Describe the values of x

16. Chapter Problem Use Technology A

city opened a new landfill site in 2000.
In Section 4.1, question 6, you created a
table of values showing the total mass of
garbage in the landfill for each year from
2000 to 2007.

a) Use a graphing calculator to create a
scatter plot of the data and draw a curve
of best fit.

e With the scatter plot displayed, press
(sm1), cursor over to display the CALC
menu, and select 5:QuadReg.

* Press (wrs), and cursor over to display
the Y-VARS menu. Select 1:Function
and then select 1:Y1.

® Press to get the QuadReg screen,
and press @),

b) Use the Minimum operation of a
graphing calculator to find the
coordinates of the vertex.

e Adjust the window settings so you
can view the vertex of the parabola.

¢ Press (¢ J[CALC] to display the
CALCULATE menu, and select
3:minimum.

* Move the cursor to the left of the
vertex and press (Ever).

e Move the cursor to the right of the
vertex and press [Ever),

e Press again.

¢) Sketch the graph of the curve of best fit.
Label the coordinates of the vertex and
one other point on your sketch. Use
these points to determine an equation
for the curve of best fit in the form
y = a(x — h)? + k.

d) Describe the set of values that x may take
and the set of values that y may take.

akirz:q ]
onnections

for which your equation is valid. Refer to the Technology Appendix for help with creating a

m , scatter plot on a TI-83 Plus or TI-84 Plus graphing calculator.
Did You Know ?

The Olympic Torch is lit by placing it in a parabolic mirror that
concentrates rays of sunlight.
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17. The cables of a suspension bridge form

parabolas. If the minimum point of the
centre cable is placed at the origin,
determine an equation for each parabola.
Describe the values of x for which each
equation is valid.

<~50m —><«——100m ——>=50m —

4
.||I|||||| ||||||I||. 3?”‘

ﬂ Achievement Check
: 18. The graph shows the path of a rocket fired

from the deck of a barge in Lake Ontario
at a Canada Day fireworks display. It is a
parabola, where h is the height, in metres,
of the rocket above the water and t is the
time, in seconds.

hA

90
80
70
60
50
401
30+
20+

1930, 16) -
0/ 246810t
Time (s)

(4, 80)

Height (m)

a) What is the maximum height reached
by the rocket? Justify your answer.

b) When did the rocket reach its maximum
height? Justify your answer.

¢) How high was the rocket above the
water when it was set off? Explain
your answer.

d) Find an equation to describe the flight
of the rocket.

e) After how long did the rocket fall into
the water? Explain your answer.
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Extend

19.

20.

21.

22.

A parabola has equation y = 2(x — 4)? — 1.
Write an equation for the parabola after
each transformation.

a) a reflection in the x-axis
b) a translation of 4 units to the left

¢) areflection in the x-axis, followed by a
translation of 3 units upward

d) areflection in the y-axis

a) In Chapter 2, you developed the
equation of a circle centred at the
origin. What is the equation of each
circle?

e radius 5, centred at (0, 3)
e radius 7, centred at (6, 1)
e radius 8, centred at (—3, 5)
e radius r, centred at (h, k)

b) What do the equation of a circle
and the equation of a parabola have
in common?

Math Contest A locus is a set of points
that satisfy a specific condition. For
example, a circle is a set of points that are
equidistant from a fixed point (the centre).
Find an equation for the locus of points
that is equidistant from the point (3, 2) and
the line y = —5.

Math Contest Given that a + b = 21 and

1 1 7
— 4+ — = —, the value of ab is
a b 18

18
36
54
72
90

m O N @ >



Quadratic Relations of the Form
v=a(x-r)(x-s)

The Dufferin Gate at the west end of the
Canadian National Exhibition in Toronto is
a parabolic arch. The arch is approximately
20 m high and approximately 22 m wide. In
this section, you will model the arch using
an equation of the form y = a(x — r)(x — s).

¥ Investigate -

[,, Tools How does the equation y = a(x - r)(x - s) relate to its graph?

= grid paper 1. Create a table of values for the equation y = 2(x — 5)(x + 3).

Use integer values of x from —6 to 6.
2. Use finite differences to show that this is a quadratic relation.
3. Graph the relation.
4. Identify the x-intercepts. How do they relate to the equation?

5. Identify the coordinates of the vertex. How could you use the
x-intercepts to find the coordinates of the vertex?

6. Reflect Summarize your findings. Describe how to determine
the x-intercepts and vertex of y = a(x — r)(x — s).

7. a) Use your method to analyse the graph of
1
yv= —E[X + 2)(x — 6).

b) Sketch the graph of y = — %(x + 2)(x — 6).

Makirag .

onnections| A relation of the form y = a(x — r)(x — s)
You will learn how to is quadratic. The x-intercepts, or zeros,
convert between the are r and s.
forms y = ax? + bx + ¢
andy=a(x-r)(x-s)
in Chapter 5.
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Reasoning and Proving

— ~
Representq Selecting Tools
( /Problem Solving
Connecting Reflecting

Communicating

akin
(%nnection

In Chapter 2, you found
the midpoint between
two points.

Example 1 Graphof y = a(x - nN(x-s)

190 MHR - Chapter 4

Describe the graph of the quadratic relation y = 2(x + 1)(x — 7).
Sketch the graph and label the x-intercepts, vertex, and axis of
symmetry.

Solution
Compare y = 2(x + 1)(x — 7) with y = alx — r)(x — s).
The x-intercepts are —1 and 7.

Due to the symmetric property of a parabola, the x-coordinate of the
vertex is on the axis of symmetry, which passes through the midpoint
of the line segment connecting the x-intercepts.

L 1t Ty
2 ol X3

=3 Lol 7.0
To find the y-coordinate of the vertex, =100 10120 X
substitute x = 3 into the equation. -10
y=2x+1)(x—7) _20-

=283+ 1)83—-17)

= 2(4)(—4) 301V 3,-32)

= —32 Y.v=2(x+1)(x7)

The vertex is (3, —32).

The axis of symmetry has equation x = 3.

Example 2 Dufferin Gate

The Dufferin Gate is a parabolic arch that is approximately 20 m tall
and approximately 22 m wide.

a) Sketch a graph of the arch with the left base located on the x-axis
4 units to the left of the y-axis. Label the x-intercepts and vertex.

b) Determine an equation to model the arch.

Solution
YA
a) The x-intercepts are —4 and 20 (7.29)
18, so the x-coordinate of the
. —4+18 il
vertex1s ——,or 7.
2 12
The maximum height is
20 m, so the vertex is (7, 20).
4.
(;Ar, 0) (18,0)_
400 4 18 12 16|20 %
Y




b) Use the x-intercepts to determine that the equation has the form
y = alx + 4)(x — 18).
Substitute the coordinates of the vertex and solve for a.
20 = a(7 + 4)(7 — 18)
20 = a(11)(—11)

20 = —121a
__ 20
121
An equation representing the shape of the arch is
20
y=- 121 (x + 4)(x — 18), where y is the height, in metres, and x

is the horizontal distance, in metres.

— Key Concepts

m A relation of the form y = a(x — r)(x — s) YA
is quadratic. y=a(x-n(x-s)
m The x-intercepts, or zeros, are r and s. 5.0)
s,
m The x-coordinate of the vertex is on the (r,0)\0 X
axis of symmetry, which passes through r+s,y
the midpoint of the line connecting the ( 2 )

x-intercepts. Y

Communicate Your Understanding

@D With the help of an example, describe a process that you
can use to find the vertex of a parabola with equation of
the form y = a(x — r)(x — s).

@ Which is the correct graph
of the quadratic relation
y = 0.5(x — 3)(x + 1)7
Explain how you know.
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Practise
For help with questions 1 to 4, see Example 1. For help with question 5, see Example 2.

1. Sketch graphs of all three relations on the 5. Determine an equation in the form

same set of axes. Label the x-intercepts,
vertex, and axis of symmetry for each
parabola. Then, describe the similarities
and differences between the graphs.

a) y=(+3)x—1)
b) y=2(x+ 3)x—1)
€ y=—2(x+3)(x—1)

. Sketch graphs of all three relations on the
same set of axes. Label the x-intercepts,
vertex, and axis of symmetry for each
parabola. Then, describe the similarities
and differences between the graphs.

a) y=(x—4)x—38)

b) y =  (c — 4)(x — )

A y= (- 4 - 8)

. Sketch each parabola. Label the
x-intercepts and vertex.

a) y=(x—6)x—2)
b) y=—(x+3)x+7)
¢ y=2x—3)x+ 2)
d) y=—2(x — 4)(x + 2)
. Sketch each parabola. Label the
x-intercepts and vertex.
a) y=3x(x + 2)

b) v = <x+;><x—i>

) y=—-0.2(x — 4)(x + 10)
myzgu—m&+m

e) y=(x + 3.5)(x — 3.5)

ﬂyz—%&—am&—uﬂ
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y = a(x — r)(x — s) to represent each
parabola. Consider the vertex and
x-intercepts.

A YA
AR

2.
7,0) (-3,0) 2/0) | \&0)
R vz 0 X

(52 T

-4
B

Y

Connect and Apply

6. You investigated the graphs of y = (x — h)?

in Section 4.3. Consider the quadratic

relation y = (x — 5)2.

a) Write the coordinates of the vertex of
the parabola.

b) How many x-intercepts does the
parabola have?

¢) Rewrite the equation in the form
y = alx — 1)(x — s).

. A parabola has equation y = (x + 2)%.

a) Write its x-intercepts.

b) Determine the coordinates of its vertex.

. The predicted flight path of a toy

rocket is defined by the relation

h = —-2(d — 3)(d — 15), where d is the
horizontal distance, in metres, from

a safety wall, and h is the height,

in metres, above the ground.

a) Sketch a graph of the path of the rocket.
b) How far from the wall is the rocket
when it lands on the ground?

¢) What is the maximum height of the
rocket, and how far, horizontally, is it
from the wall at that moment?



9.

10.

11.

Investigate the list of quadratic relations
and make a conjecture relating the
x-intercepts and the coordinates of

the vertex. Test your conjecture with
another example.

y=0+1)x-1)

y=(x—4)(x+4)

y=—bc+7)x-7)

y =2+ 6)(x — 6)

y = —%(x— 5)(x + 5)

A soccer ball is kicked from a point 23 m
to the left of the halfway line and lands at
a point 17 m to the right of the halfway
line. It reaches a maximum height of 10 m
during its parabolic flight.

a) Sketch a graph to show the flight of the
soccer ball if the halfway line passes
through the origin.

b) Determine an equation to represent the
path of the soccer ball.

The Ambassador Bridge is a suspension
bridge that crosses the Detroit River and
connects Windsor, Ontario, to Detroit,
Michigan. The two towers that support the
centre span of cables rise 118 m above the
river and are 564 m apart. The cable
reaches its lowest point approximately

46 m above the river.

a) Sketch a graph to show the curve of the
cable if the origin is centred under the
lowest point of the cable at the river’s
surface.

b) Determine an equation to represent
the curve of the cables in the form
y = a(x — r)(x — s), if possible. If not,
explain why.

12.

13.

An architect designed the cross section of a
museum using the quadratic relations

y= —%(x— 2)(x + 10), y = —(x + 4)(x — 4),

and y = —1.5(x — 2)(x — 10), where y is
the height, in metres, of the building, and
x is the horizontal distance, in metres,
from the middle of the building.

a) Sketch a graph of the cross section of
the museum.

b) How wide is the entire museum?

¢) How tall is each section of the museum?

The revenue, R, from concert ticket sales at
a local venue is calculated as (number of
tickets sold) X (price of ticket). The current
price of a ticket is $20, and the venue
typically sells 100 tickets. For each $1
increase in ticket price, 10 fewer tickets are
sold. So, the revenue can be modelled using
the equation R = (100 — 10x)(20 + x), where
x represents the number of $1 increases.

a) Rewrite the equation in the form
R =alx — r)(x — s).

b) Sketch a graph of the relation.

¢) What does the R-intercept represent?
What do the x-intercepts represent?

d) What does a negative value of x
represent?

e) What price maximizes the revenue?

Extend

14.

15.

Use Technology Use a graphing calculator
to graph each relation. Describe and justify
how the shape of the graph relates to the
number of factors.

a) y=Kx—-2)(x—5)x—7)
b) y = 2(x + 6)(x + 3)(x — 1)(x — 9)
¢ v=—x(x+ 2)(x—4)x—6)x—9)

A point lies 2 units above the x-axis on the
axis of symmetry of the parabola with
equation y = (x + 4)(x — 6). How far is it
from this point to the point on the curve
where x = 57
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< | Tools
m TI-83 Plus or TI-84 Plus
graphing calculator

| Technology Tip
You can change a decimal
- to a fraction.

| e Enter the decimal value.

o Press (vam), select

1:»Frac, and then

press [ENTeR),
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Negative and Zero Exponents

Archaeologists use radioactivity to determine the age
of an artifact. For organic remains, such as bone,
cloth, and wood, the typical method used is carbon-14

dating. This method focuses on the decay of carbon-14,
which begins when an organism dies. Since this
decay occurs at a constant, known rate, scientists
can measure the amount of carbon-14 remaining and
use a formula to determine the age of the sample.
However, carbon-14 dating is only reliable for

dating artifacts up to about 50 000 years old.

The decay of radioactive elements can be
modelled mathematically, but not with a
quadratic relation—scientists use a different

non-linear model called an exponential
relation.

Investigate

How can you determine the meaning of negative and zero exponents?

A: Compare y = x2 and y = 2%

Compare the quadratic relation y = x? to the exponential relation y = 2*.

1. Enter the window settings by pressing ME{HDDM

and changing the values to match those HR;Q: 1_@

shown. Enter the equation y = x* as Y1 and ﬁﬁ?rl-.: 1;2

the equation y = 2% as Y2. Press G, xmaﬁf=g9
SC1=

ares=1

2. How is the graph of y = 2* similar to the
graph of y = x?? How is it different?

3. Press (=« )[TABLE] to see a table of values for each relation.
Compare the results for integer values of x from —3 to 3. Identify
which relation grows faster over various intervals of x.

4. Make a table of values for y = 2%, using integer values of x from
—3 to 3. Express y-values in fraction form in lowest terms.



5. Compare the values of 2% and 273, 22 and 272, and 2! and 2.
What do you notice?

6. What is the value of 297

7. Reflect How does the exponential relation y = 2* help you
understand the meaning of negative and zero exponents?

B: Use Patterns [', Tools
1. a) Copy and complete the list of decreasing powers of 2. = grid paper
2% =32
2% =16
22=M
22=mn
2'=m

b) As you move down the list, by what fraction would you
multiply each power to get the next result?

¢) Extend the list. Use the pattern to determine the value of each
power of 2.
20=1

NN NN
g ok W N =
EEEEN

2. a) Use your results to make a table of values for the relation
y = 2%, using integer values of x from —5 to 5.

b) Plot the ordered pairs.

¢) Describe the graph. Will it cross the x-axis? If so, at what value?
If not, why not?

d) Draw a curve of best fit.
3. Repeat steps 1 and 2 for powers of 3.

4. Reflect If a is any non-zero base, summarize your findings by
describing how to evaluate the following.

a) a°

b) a!
) a?
d) a3
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C: Use Exponent Laws
1. a) Copy and complete the table by simplifying each expression

twice. First, expand and divide, and then use the exponent law
for division.
Expression Expand and Divide Exponent Law

32 3x3 1 3 s

35 3x3x3x3x3 3 35

= 3—3

41
4

b) How do the two results in each row compare? Does the sign of
the base make a difference?

2. a) Copy and complete the table by simplifying each expression

twice. First, expand and divide, and then use the exponent law
for division.

Expression Expand and Divide Exponent Law

3° 3><3><3><3><3_1 15=35_5

35 IXBIXIXIXB 35

:30

52
52

b) How do the two results in each row compare? Does the sign of
the base make a difference?

. Reflect

a) Write a rule for a base raised to a negative exponent.

b) Write a rule for a base raised to the exponent 0.

4. If a is any non-zero base, use your rules to evaluate each power.

a) a°
b) a !
c) a?
d) a3




When a base is raised to a negative exponent, it is equal to the reciprocal
of the base raised to the positive of the exponent. For example,
1

2_3=§

1
8
When a base is raised to an exponent of 0, the result is 1. For example,
20 =1,

Example 1 Negative and Zero Exponents

[
Evaluate.
a)4 ' b)sg® ¢ (—2)3 d) <§>_ e) 02
Solution
a) 41— ~ b) 8° =1
41
_1
4
o3 1 2\*_ 1
P oy JON (2)
_ 1 3
(—2)(—2)(-2) 1
T (56
8 3\ 3
_ 1
4
9
=1Xx —
_9
4

. . . . . 1
e) 072 is undefined because it has denominator 0 when written as 0
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Example 2 Radioactive Decay

[
. . . 1 .

] Did You Know? _ Carbon-14 is a radioactive element that decays to 5 or 271, of its
Th? tim‘? it takes for a original amount after every 5700 years. Determine the remaining mass
radioactive element to of 10 g of carbon-14 after
decay to half its original
amount is called its half-life. a) 11 400 years
The half-life of carbon-14 is b) 28 500 years
5700 years.

Solution
a) For each 5700 years, the original amount decreases by a factor of
—,or 271,
2
Find how many 5700-year periods of time are in 11 400 years.
11 400 years = 2 X 5700 years
1) 1\/1
P X 10 = SN\ X 10 or (2712 x10=2"1%2x10
1 1 =272X10
Multiplying by = or 2~ 1
plying by 5 = = X 10 _ 1 0
is the same as dividing 4 T 92
by 2. So, | can also find =25
the answer by dividing = — X 10
. 4
by 2, twice.
= 2.5
10+2+2=5=+2 L. .
=25 The remaining mass after 11 400 years is 2.5 g.

b) 28 500 years = 4 X 5700 years
(271)*x10=2"*X%X10

1
?xm

1
— X 10
16

= 0.625
The remaining mass after 28 500 years is 0.625 g.

— Key Concepts

® When a non-zero base is raised to a negative exponent, the result
is the reciprocal of the base raised to the positive of the exponent.

1
For example, 273 = —.

23
= When a non-zero number is raised to the exponent 0, the result is 1.
For example,

100 102
1= — = — =10%2"2=10°
100 10

198 MHR - Chapter 4



Communicate Your Understanding

@D Explain why 273 is not a negative number.

@ Explain why 5° has a value of 1.
@ Explain why it is often better not to rely on a calculator to evaluate

-2
powers with a fractional base, such as (2) .

Practise
For help with questions 1 to 3, see Example 1.
1. Rewrite each power with a positive 6. Uranium-238 is a radioactive element
exponent. found in rocks and many types of soils.
1
a) 372 b) 5! ¢ 1074 Uranium-238 decays to 5 or 271 of its
-3 _9)4 _7-1
d 7 e) (-2) ) (=7) original amount after every 4.5 billion
2. Evaluate. years. Determine the remaining mass of
B B 0.5 kg of uranium-238 after
a) 672 b) 9° 077! .
d) 10-3 &) (~9)! f) (—12)2 a) 9 billion years

b) 22.5 billi
g) (—3)0 h) —890 ) 5 billion years

7. Radium-226 is a radioactive element that is

3. Evaluate. used in a form of radiation treatment for
a) (1)_2 b) 05 0 (_1>_1 various types of cancer. Radium-226
3 1
decays to — of its mass in 6400 years.
5\ 2 3\ 4 g\3 16
a(3) a(5) 0 () 1
a) Write the fraction 1g 35 apower of 2.
Connect and Apply b) What is the remaining mass of 8 mg of

ium- ?
4. Evaluate using pencil and paper. Check radium-226 after 6400 years?

your results using a calculator. 8. Determine the value of x that makes each
a) 6+ 62 b) 8 — 871 statement true.
c) (4 +3)° d) 4% + 30 1 4
) ( ) ) a) x 3 = E b) x 1= g
For help with questions 5 and 6, see Example 2. X 125
5. lodine-123 is a radioactive element used in Qg 2= 4 d) <5) T8

1
C 1 . 1 1
medical imaging. It decays to 2 " 27", of 9. Use a pattern, similar to that in Investigate,

. . . 1
its original mass after 13 h. After 26 h, it Part B, to verify that (—4)~% = Cap

1
decays to i 272, of its original mass.

10. Refer to question 9. Make up your own

patterning example to illustrate the
b) What fraCtiOD I‘emainS aﬂeI‘ 78 h? meaning Of the exponents 0 and —3.

a) What fraction remains after 52 h?

¢) Write each fraction as a power of 2 with
a negative exponent.
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11. The number of bees in a hive is 1000 on
June 1 and doubles every month. This can
be expressed as N = 1000 X 2!, where N
represents the number of bees and t
represents time, in months.

a) Find the number of bees after 2, 3, 4,
and 5 months.

b) What does t = 0 represent in this
situation?

¢) Is it possible for t to be —1? What does
this mean?

d) When were there 125 bees? Explain.

12. The intensity of light energy under water
decreases rapidly. Many factors affect how
quickly the intensity decreases. The light
energy under water can be calculated using
an exponential relation. For example,
Ocean: I = 325 X (1.024) 4
Lake Erie: I = 401 X (1.222)°4
In these relations, d is the depth, in metres,
and [ is the light energy, in langleys.

a) Why is a negative exponent used in the
formulas?

b) Sketch a graph of each relation.

¢) In which body of water does the intensity
decrease more quickly? Explain why.

[M] Did You Know?

The colours in light are absorbed at different rates, with
the red end of the spectrum going first. As the diver
descends, everything ends up as shades of blue.

ﬂ Achievement Check

Reasoning and Proving

13. Mitosis is a Re
Representing

process of cell
reproduction in (
which one cell
divides into two Communicating
identical cells. A bacterium called E. coli
often causes serious food poisoning. It can
reproduce itself in 15 min.

=
Selecting Tools

Problem Solving

Connecting Reflecting

a) Starting with one bacterium, make a
1
table with time in 2 -h blocks and the

corresponding number of E. coli
bacteria up to 2 h of bacteria growth.

b) Make a scatter plot from the table
of data.

¢) What conclusions can you make from
examining the table and scatter plot?

d) About how long will it take before there
are 10 000 bacteria?

Extend

14. Chris walks halfway along a 100-m track in
1 min, then half of the remaining distance
in the next minute, then half of the
remaining distance in the third minute,
and so on.

a) How far has Chris walked after 10 min?

b) Will Chris get to the end of the track?
Explain. Include a table of values and a
graph to support your explanation.

¢) Write an equation to model this
situation.

] Did You Know?

The ancient Greek philosopher Zeno (450 BCE) argued that
a number of truths about space and time were false. One
of Zeno's paradoxes is that an object can never reach its
target since the object must first cover an infinite number
of finite distances, and this takes an infinite amount of
time. For example, in question 15, Chris covers half of the
remaining distance in each minute, so in theory he will
never reach the end of the track.
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15.

16.

1
When a patient takes a certain drug, 10

of the drug that remains in his or her
system is used per hour. A patient is given
a 500-mg dose of a drug.

a) Write an equation relating time and the
remaining mass of the drug.

b) After how many hours will less than
1% of the original mass remain?

Use Technology The popularity of fads
and fashions often decays exponentially.
One example is ticket sales for a popular
movie. The table shows the total money
spent per weekend on tickets in the United
States and Canada for the movie The Da
Vinci Code.

Weekend in 2006 | Ticket Sales (Smillions)

May 19-May 21 77.1
May 26-May 28 34.0
June 2-June 4 18.6
June 9-June 11 104
June 16-June 18 53
June 23-June 25 4.1
June 30-July 2 2.3

a) Use a graphing calculator to create a
scatter plot of the data.

b) Draw a quadratic curve of best fit.

e Press (sw), cursor over to display the
CALC menu, and select 5:QuadReg.

e Press (»rs), and cursor over to display
the Y-VARS menu. Select 1:Function
and then select 1:Y1.

e Press to get the QuadReg screen,
and press G,

¢) Draw an exponential curve of best fit.

e Press (sw), cursor over to display the
CALC menu, and select 0:ExpReg.

e Press (ws), and cursor over to display
the Y-VARS menu. Select 1:Function
and then select 2:Y2.

® Press to get the ExpReg screen,
and press @),

d) Examine the two curves. Which curve
of best fit best models the data?

17. Use Technology The table shows the

18.

19.

20.

atmospheric pressure compared to the
altitude in a particular location.

Altitude (km) Pressure (millibars)

0 10133
898.8
795.0
701.3
616.5
540.5
472.2
4111
356.5
307.9
265.0

—_

o|lV| 0N/l | wW|N

—_

a) Make a scatter plot of the data using a
graphing calculator.

b) Use the ExpReg operation to determine
an exponential curve of best fit.

¢) Explain why an exponential model is
better than a quadratic one.

Sketch the graphs of y = x? + 1 and
2X _ 2*)(
y = ———— . Compare the values of y

over various intervals.

Math Contest Solve each equation for x.
a) 3* = 1
81

1
b) 4(23x) = E

Math Contest The integers —3, —2, —1, 0,

1, 2, and 3 are substituted into the

expression a” + ¢? + &/ + g.

a) What is the greatest possible value of
the expression?

b) What is the least possible value of the
expression?
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Chapter 4 Review

4.1 Investigate Non-Linear Relations, 4. The flight of an aircraft from Toronto to
pages 164-167 Montréal can be modelled by the relation
h = —2.5t* + 200t, where t is the time, in

1. Which scatter plot(s) could be modelled minutes, and h is the height, in metres,

using a curve instead of a line of best fit?

Explain. a) Graph the relation.
a) [yA b) [yk b) How long does it take to fly from Toronto
. S to Montréal?
° . [ ‘e ¢) What is the maximum height of the
‘e . aircraft? At what time does the aircraft
. i . reach this height?
0 > 0 >

4.3 Investigate Transformations of Quadratics,

2. A scientist tested the PLEIET  ages 174-179, and
strength of wood beams (m) (cm)
by securing beams of 10 033 4.4 Graph y = a(x - h)? + k, pages 180-188
various lengths and 1e 128 5. Sketch the graph of each parabola. Describe
placing a 500-kg mass at the transformation from the graph of y = x2.
the end of each beam. 0 21 a) y=x2—6
The table shows the 25 4.22 b) v —0.5x2
mean deflections, in 3.0 6.11 ) y = ~0.5x
centimetres. 35 8.17 Q y=(x~-2)?
a) Make a scatter plot of 4.0 10.52 d) y = —2x*
the data: Draw a curve 4.5 12.98 6. Copy and complete the table for each
of best fit. 5.0 16.72 parabola. Replace the heading for the
b) Describe the second column with the equation for the
relationship between the length of the parabola. Then, sketch each parabola.

beam and the deflection.
Property v=a(x-hy?+k

¢) Use your curve of best fit to predict the
. Vertex
deflection of a 6.0-m-long beam.

Axis of symmetry

Stretch or compression

4.2 Quadratic Relations, pages 168-173 factor relative to y = x2
3. Use finite differences to determine whether Direction of opening

each relation is linear, quadratic, or neither. Values x may take

a) y b) ¥ y <) B y Values y may take
2 | 18 -1 -2 -1 -6 b) y=2(x+3)?2+1
3 | 27 0 0 0| -3 1
4 | 38 1| 2 1] o 0 y= k-5r
5 51 2 10 2 3 d)y=—-(x+2)2+6
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4.5 Quadratic Relations of the Form
v =a(x-r)(x-s), pages 189-193
7. Sketch a graph of each quadratic. Label the
x-intercepts and the vertex.
a) y=—(x+5)x—7)
b) y=2(x —3)(x + 1)

8. The path of a football can be modelled by
the equation h = —0.0625d(d — 56), where
h represents the height, in metres, of the
football above the ground and d represents
the horizontal distance, in metres, of the
football from the player.

a) Sketch a graph of this relation.

b) At what horizontal distance does the
football land?

¢) At what horizontal distance does the
football reach its maximum height? What
is its maximum height?

4.6 Negative and Zero Exponents,
pages 194-201

9. Evaluate.

a) 772 b) 139 c) 10°°

d) (—34)° e) (—6)7! f) (-7)2
2 -3

g) 6° h) <—5>

10. Joan won a multi-million dollar lottery. She
decides to give $1 000 000 of her winnings

. . . 1
to charity. Her plan is to give 5 Or 271 to

charity in January, and then give half of the
remaining amount in February, half again in
March, and so on.

a) What fraction remains after 6 months?

b) What fraction remains after 12 months?

¢) Write each fraction as a power of 2 with
a negative exponent.

d) What amount is remaining at the end of
the year?

/" Chapter Problem Wrap-Up

a) Identify the values of x for which your
model is accurate.

b) Use your model to predict the total mass of
garbage in the landfill in 2020. Comment
on the accuracy of your prediction.

¢) Analyse how the equation and the graph
would change if this city instituted a
mandatory recycling program.

o

In Section 4.1, question 6, Section 4.2, question 7, and Section 4.4,
question 16, you used data from a landfill site to make a scatter plot, draw
a curve of best fit, test for a quadratic relation, and determine an equation.

d) A statistical analyst suggested that you
could use an exponential model of the
form y = 200 X b*, where x represents the
number of years after 2000. What
evidence could justify using this model?
Determine an appropriate value of b.

%
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Chapter 4 Practice Test

1. Sketch a graph of each parabola. Label the
coordinates of the vertex and the equation of
the axis of symmetry.

a) y=x*—-6
b) v = 2(x — 5)?

1
o y= —g(x+3)2+4

2. Sketch a graph of each relation. Label the
x-intercepts and the vertex.

a) y=(x—6)x+2)
b) y= —4(x — 1)(x — 9)

3. Determine an equation to represent each

parabola.
a) [TTvA
7
6 (3.6)
54
4
34
2
1 (5.2)
0] 12345678 %
\

4. Evaluate.
a) 49
b) 57!
0 (=3)7°

. ()
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5. The table shows the length of a spring under

a specific load.

Load (kg) Length (cm)

0 12.0
1 12,6
13.8
15.6
18.0
21.0
24.6

Al | Wl

a) Use finite differences to determine
whether this is a quadratic relation.

b) Make a scatter plot of the data. Draw a
curve of best fit.

¢) Use your curve of best fit to predict the
length of the spring under a load of 8 kg.

. Board-feet are used to measure the total

length, in feet, of boards that are 1 inch
thick and 1 foot wide that can be cut from
a tree to make lumber. You can use the
equation / = 0.011a* — 0.68a + 13.31

to estimate the number of hundreds of
board-feet available in a certain type of
tree, where I is the number of board-feet
and a is the age, in years, of the tree.

a) What is the approximate number of
board-feet available to be cut from a
40-year-old tree?

b) What is the approximate number of
board-feet available to be cut from a
75-year-old tree?

¢) Why does the number of board-feet
increase in a quadratic manner as a
tree ages?

d) Who would be interested in knowing this
type of information? Explain.



7. The St. Louis Gateway Arch in St. Louis,
Missouri, was built in 1965 and was
designed as a catenary, which is a curve
that approximates a parabola. The arch is
192 m wide and 192 m tall.

a) Sketch a graph of the arch that is
symmetrical about the y-axis.

b) Label the x-intercepts and the vertex.

¢) Determine an equation to model
the arch.

8. When a car is travelling at a given speed,
there is a minimum turn radius it can
safely make. A particular car’s minimum
radius can be calculated by r = 0.6s2,
where s is the speed, in kilometres per
hour, and ris the turning radius, in
metres. If the car uses tires with better
grip, how does this affect the equation?
Justify your response.

9. The maximum viewing distance on a clear
day is related to how high you are above
the surface of Earth. This relationship can

3
be approximated by the formula h = 20 d?,
where d is the maximum distance, in

kilometres, and h is your height, in metres,
above the ground.

a) How high do you need to be in order to
see a distance of 25 km?

b) How would the formula change if you
were standing on a 20-m cliff? -

11.

12.

10.

A volleyball’s height, h, in metres, above the
ground after ¢ seconds is modelled by the
relation h = —4.9¢* + 5t + 2.

a)
b)

Graph the relation.
What is the h-intercept? What does it
represent?

How long will it take the volleyball to hit
the ground?” What feature on the graph
models this? Explain your answer.

0

An ant colony has 5000 ants on July 1 and
doubles every year. This can be expressed as
N = 5000 X 2f, where N represents the
number of ants and ¢ represents time, in years.

a) Find the number of ants after 2, 3, 4, and
5 years.

b) What does t = 0 represent in this
situation? What does t = —2 represent?

¢) When were there 625 ants? Explain.

Use Technology The approximate cost

of operating a certain car at a constant
speed is given by the formula

C = 0.006(s — 50)% + 20, for 10 = s = 130,
where s is the speed, in kilometres per hour,
and C is the cost, in cents per kilometre.
Use a graphing calculator to compare the
operating costs, at different speeds, to those
of a second vehicle with formula

C = 0.008(s — 55)? + 15.

M Achievement Check
- 13,

a) Graph the following relations by
developing a table of values and plotting
points. Then, find the first and second
differences.

y = x* — 4x
y=x2—4x+5
y=x%—4x — 2

b) Examine each graph and use its

properties to write an equation in the

form y = (x — h)?> + k.

What conclusions can you make about

the relation y = x2 — 4x + ¢ for different

values of ¢?

0
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Multiply Polynomials

A rectangular garden measures 3 m by 5 m. If
each dimension is increased by the same amount
to expand the garden, how can you model the
area of the new garden using a polynomial?

¥ Investigate A -

How can you model the multiplication of polynomials?

[)1 Tools =i Method 1: Use Algebra Tiles

= algebra tiles 1. To show the product (2x)(3x),
use algebra tiles to model 2x
and 3x as the dimensions of a
rectangle. Then, fill in the
rectangle with tiles to find an
expression for the area. An
x2-tile has been placed to
begin the process. How many
x2-tiles are needed to fill in
the rectangle? What is the area of the rectangle?
What is the product (2x)(3x)?

2. To show the product (2x)(3x + 3), use algebra tiles to model 2x and
3x + 3 as the dimensions of a rectangle.

a) Use two x-tiles to form one dimension along the left side. Use
three x-tiles and three unit tiles to form the other dimension
along the top. Complete the area of the rectangle.

b) How many x*-tiles and x-tiles are needed? What is the
resulting product?
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3. Use algebra tiles to model the product (3x)(2x + 1).
What is the resulting product?

4. Use the same process to model the product of two binomials.
What is each resulting product?

a) (x+ 1)(x+ 2) b) (x + 2)(x + 4)
¢ (x+3)2x + 1) d) (2x + 3)(x + 1)

5. Reflect Consider your results from step 4.
a) Describe how you can use algebra tiles to multiply two binomials.

b) How are the terms in the resulting products related to the terms
of the two binomials? Write a general rule for multiplying two
binomials.

6. Use your rule to find each product.
a) (x + 3)(x + 8) b) (2x + 5)(x + 4)
) (4x + 7)(3x + 1)

Method 2: Use The Geometer's Sketchpad® [', Tools
For this activity, you will use unit X (horiz) - x (vert. = computer with The

1 (vert)  x°2
tiles, x-tiles (horizontal and vertical), I:I - I . Geometer's Sketchpad®

and x2-tiles. = Algebra Tiles.gsp

1. To show the product (2x)(3x), use virtual algebra tiles to model 2x
and 3x as the dimensions of a rectangle. Then, fill in the rectangle
with tiles to find an expression for the area.

e Click and hold the Custom Tool icon. Select x (vertical)
and place two tiles along the vertical line, as shown.

* Repeat for x (horizontal), placing three tiles along the
horizontal line, as shown.

¢ Repeat for x/2 (x2-tile) to complete the area of the rectangle.

© The Geometer's Sketchpad - [Algebra Tiles.gsp - Algebra Tiles] |ZH§|FZ|

File Edt Display Construct Transform Measure Graph  Window  Help
k. ml
.
s
A x=248

y=1.52
»,

X
I h
Intto  &lgebra Tiles | Example | | 4 | | » H

How many x2-tiles are needed? What is the area of the rectangle?
What is the product (2x)(3x)?
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< | Tools
= TI-89 calculator
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2. Model the product 2x(3x + 3) using virtual algebra tiles.

a) Place two x (vertical) tiles along the vertical line. Place three
x (horizontal) tiles and three unit tiles along the horizontal line.

b) Complete the area of the rectangle.

¢) How many x*-tiles and x-tiles are needed? What is the
resulting product?

3. Use virtual algebra tiles to illustrate the product 3x(2x + 1).
What is the resulting product?

4. Use the same process to model the product of two binomials.
What is each resulting product?

a) (x+ 1)(x+ 2) b) (x + 2)(x + 4)
¢ (x+ 3)2x + 1) d) (2x + 3)(x + 1)

5. Reflect Consider your results from step 4.

a) Describe how you can use virtual algebra tiles to multiply
two binomials.

b) How are the terms in the resulting products related to the
terms of the two binomials? Write a general rule for multiplying
two binomials.

6. Use your rule to find each binomial product.
a) (x + 3)(x + 8) b) (2x + 5)(x + 4)
¢ (4x + 7)(3x + 1)

Investigate B

How can you relate the distributive property to polynomial
multiplication?

Turn on the TI-89 calculator. If necessary, press the key to display
the computer algebra system (CAS) Home screen.

1. Clear the calculator’s memory.
* Press [F6] to display the Clean Up menu.
e Select 2:NewProb.
e Press Even),

2. Expand 2x(3x — 5). Toels|aTaebraltate nm-;errrﬁi-.lnIchnEn'u»m
e Press (r).
e Select 3:expand(.
e Type (2x)(3x — 5).
e Press () )Evrer),

What expression results? = NewPrab Done
expandC (2= {3x-522
MAIN RAD AUTO FUNC 1730 )




3. Apply the distributive
property. Multiply 2x by each

term in the binomial (3x — 5).

e Type (2x)(3x) + (2x)(—5).
e Press [Enrer),

What expression results?

Fir| Fir |F3=| F4~
Tools|A13cbra|Calc|Other Prﬁmll:l l:1-mn Up-

= NaewProb Done
L2 ICIR I+ 200 "5
MAIN RAD ALTO FUNC 1730

4. Compare your answers for steps 2 and 3. Describe the process
the calculator used to expand the expression 2x(3x — 5).

5. Use a CAS to expand each expression.

a) 2x(5x% — 3x + 1)
b) —3x%(2x% + 5x — 3)
o) 3xy(2x%y — 4xy?)
d) ax(bx — cy + d)

. Use a CAS to apply the distributive property to expand each

expression in step 5. Verify that the answers are the same.

7. Use a CAS to expand the
product of two binomials.
What is each resulting
product?

a) (x + 1)(x + 2)
b) (x + 2)(x + 4)
¢ (x+3)(2x + 1)
d) (2x + 3)(x + 1)

8. Use a CAS to apply the
distributive property to
expand each expression in
step 7. Multiply each term of
the first binomial by the
second binomial. Verify that
the answers are the same.

(FIz| _Fer [Fav|ra= | ]
Tools|A13cbra|Cale I!th-erPrﬁmll:lIﬂ-mn UF

= HewProb Done
expandl Cx+1 2 Cx+200
MAlN ERD AUTO FUMNC 1/30

Fi~| F&r |F3~| F4~ | FE Far
Tools|A13cbra|Calc|Other |FrImiD{Clean Ue

= NaewProb Done
expandl (I Cx+20 401 304200
MAIN RRAD ALTO FUNC 1730

. Reflect Consider your results from steps 7 and 8. How are the

terms in the resulting products related to the terms of the two
binomials? Write a general rule for multiplying two binomials.
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To enter exponents,

| use the key. For

example, to enter x2,

press 2.

| Technology Tip

To enter an expression

- containing variables

multiplied together, you
must use the key.
For example, to enter xy,

press (L J(x J(¥ ).



Example 1 Model a Binomial Product

n
Reasoning and Proving _ Model the binomial product (x + 2)(2x + 3).
Representing Selecting Tools
( /Problem Solving - SO|utiOI'I
Connecting Reflecting

Method 1: Use Algebra Tiles

Use algebra tiles to create a rectangle with width x + 2
and length 2x + 3.

Communicating

There are two x2-tiles,
seven x-tiles, and six
unit tiles.

The area of the rectangle is 2x? + 7x + 6.
(x +2)2x +3)=2x>+7x+6

Method 2: Use a Diagram

Draw a vertical segment of any length and label it x + 2 units. Divide
the segment into a section x units long and a section 2 units long.

Perpendicular to the top of the vertical segment, draw a horizontal
segment, 2x + 3 units long, divided into a section 2x units long and
a section 3 units long.

Complete the rectangle by drawing sides opposite x + 2 and 2x + 3.
Then, draw horizontal and vertical dashed segments from the section
marks to the opposite sides, as shown. Find the areas of the four
sections that make up the whole rectangle.

2x+3
2x 3

I
|

X X X 2X = 2X° XX 3=3x
1
X+2 :

S S
I

2 2 X 2x= 4x '2%x3=6
I

The binomial product (x + 2)(2x + 3) equals the sum of the four areas.
(x+2)2x+3)=2x2+3x+4x + 6
=2x2+7x+6
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Example 2 Use the Distributive Property

n
Find each binomial product.

a) (x + 2)(x + 5)
b) (x — 2)(x + 4)
c) 3x + 7)(x — 5)

Solution

a) To multiply two binomials, use the distributive property.
Then, simplify by collecting like terms.

(x + 2)(x + 5)

T S TS

= x(x) + x(5) + 2(x) + 2(5)
=x%2+ 5x + 2x + 10
=x2+ 7x + 10

b) (x— 2)(x + 4)

=x(x+4) — 2(x + 4)
=x2+4+4x —2x — 8
=x+2x—8

¢) Apply the distributive property mentally. Perform the
multiplications indicated by the upper arrows and then
the lower arrows. Then, simplify by collecting like terms.

e
(3x + 7)(x — 5)
N A

= 3x2 — 15x + 7x — 35
=3x2—8x — 35

You can find the product of two binomials by multiplying each term
in the first binomial by each term in the second binomial. If necessary,
simplify by collecting like terms.

~— c+d ——

@Bt = ac + ad + be + bd
N A

c d
:
a ac | ad
a+b :
______________
I
b bc ! bd
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itera((::y .
onnection

Expand, find the product,
and multiply all mean the
same thing.
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Example 3 Expand and Simplify

Expand and simplify.
a) —2(4x — 5)(7x — 6)
b) 2(x + 7)(x — 3) — (4x + 3)(2x — 1)

Solution

a) First, find the product of the binomials. Then, multiply by —2.

N 2
—2(4x — 5)(7x — 6)
N A

—2(28x% — 24x — 35x + 30)

/’é\i\x
= —2(28x% — 59x + 30)
= —56x% + 118x — 60

e

b) 2(x+ 7)(x—3)— (4x + 3)(2x — 1)
~ L Multiplying a
polynomial by -1
e produces the opposite
= 2(x% + 4x — 21) — 1(8x2 + 2x — 3) polynomial
= 2x2 + 8x — 42 — 8x? — 2x + 3 (18" + 2x - 3)

2 =-8x2-2x+3
= —6x° + 6x — 39

2(x%2 — 3x + 7x — 21) — (8x%2 — 4x + 6x — 3)
2(x% + 4x — 21) — (8x* + 2x — 3)

— Key Concepts

® You can model a binomial

product as the area of a

rectangle with the binomials
|
|

L [ [ [[] \
The area of the rectangle is 2x% + 7x + 6.
(x+2)2x+3)=2x2+7x+6

® You can find the product of two binomials by multiplying each term
in one binomial by each term in the other binomial. If necessary,
simplify by collecting like terms.

N
(x + 2)(2x + 3)
&

=2x2+4+ 3x+ 4x + 6
=2x2+7x+ 6




Communicate Your Understanding

@@ Explain how the algebra
tiles illustrate the product
(x + 1)(3x + 2).

@& Jason expands and simplifies (x + 3)(x + 7) in his head. He adds 3
and 7 to get 10x, and multiplies 3 and 7 to get 21. His final answer
is x2 + 10x + 21.

a) Explain Jason’s logic.
b) Would Jason’s method work when expanding (2x + 3)(5x + 6)?

If yes, explain why. If no, how should he adapt his method?

¢) Would this method work for negative constant terms? Explain.

@& Describe the steps you would use to expand (3x + 5)(2x — 9).

@@ Rolly uses an acronym to help him remember how to expand two
binomials. It is called the FOIL method, for First, Outside, Inside,
Last. What does this mean?

¥ Practise

For help with questions 1 and 2, see Example 1.

1. What binomial product does each model
illustrate?

a)

0

X 2 d) 2x

i ittty Y

2. Model each binomial product using algebra
tiles, virtual algebra tiles, or a diagram.

a) (2x + 1)(x + 1) b) (x + 4)(x + 2)
¢ (x+ 1)(x+ 5) d) (2x + 1)(3x + 2)

For help with questions 3 to 6, see Example 2.
3. Use the distributive property to find each
binomial product.
a) (x + 3)(x + 5) b) (x + 3)(x + 4)
o (y+2)y+4) d) (r+4)r+ 2)
& (n+7m+1) 6 (p+9p+9)
g) (w+ 7)(w + 8) h) (d + 3)(d + 11)

4. Use the distributive property to find each
binomial product.

a) (k — 3)(k — 5) b) (y —3)(y — 4)
0 (x—2)(x—4) d) (g —4)(g —2)
e j—-7G-1) f) (p—9)p—3)
g) (z — 7x)(z — 8x) h) (b — 3¢)(b — 11¢)
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5. Use the distributive property to find each 10. A square garden has side length x. One

binomial product. dimension is increased by 6 m and the
a) (x + 3)(x — 5) b) (v + 3)(v — 4) other is increased by 3 m.
o (c—2)(c+4) d) (w—4)(w+ 2) X 6
e) (m+7)m—1) 1) (y—9(y+3)
g) (x + 7y)(x —8y) h) (a + 6b)(a — 10b) X

6. Find each binomial product. ] 1
a) 2x +3)x+4) b)(y—3)5By—17)
0 (6c— 1)(3¢c +5) d) 7w — 2)2w + 1) a) Write an algebraic expression for

the area of the original garden.
e) (bm + 6)(5m — 6)
f) (v — 2)(2v + 2) b) Write an algebraic expression for
) Oy Y the area of the new garden.
g) (7d + 5¢c)(8d ~ 6c) ¢) Expand and simplify your area
h) (6q + 51)(7q — 121) expression from part b).
For help with questions 7 and 8, see Example 3. d) Find an expression that represents

the increase in area.
7. Expand and simplify.

a) 3(x — 5)(x + 6) b) —2(x — 7)(x — 9)
0 —(v+2)y—8) d) 2(k+ 3)k+7)
e) m(m — 3n)(m — 5n)

f) 2a(3a + 4b)(6a + 7b)

e) If x represents 12 m, find the increase
in area.

11. a) For each situation, begin with a square
field, measuring x metres by x metres.
Then, draw a diagram of the new field,
write an algebraic expression for its
area, and expand and simplify your
area expression.

8. Expand and simplify.
a) (x+4)x+6)+x—1)x+7)

b) (2x + 5)(3x = 7) + 2(4x + 9)(2x — 11) i) The length of one side is increased

) 3(6x — 2)(6x — 1) — (2x — 3)(5x + 6) by 10 m.

d) —(x — 2)(x = 3) + 2(3x + 5)(x + 4) ii) The length of one side is doubled.
e) (x +4) — (x — 4) iii) The length is increased by 5 m and
f) —5(3x — 1)(6x — 2) + 6(6x + 3)(5x — 2) the width is increased by 6 m.

b) Use Technology Use a CAS to verify
your answers to part a).

Connect and Apply
9. The predicted flight path of a 12. A parabola has equation y = (x + 3)(x — 1).
firework is defined by the relation a) Find the x-intercepts of
h = —-2(d — 3)(d — 15), where d is y=(x+ 3)(x— 1).

the horizontal distance, in metres,
from a safety wall, and h is the
height, in metres.

b) Expand and simplify the equation.

¢) Graph the result from part b). Verify

that the x-intercepts are the same.
a) Expand and simplify the relation.

b) Verify that the relation from part a) is akin(g .
equivalent to the original relation. Use onnections
both relations to determine the height of In Chapter 4, you worked with quadratic relations of the form
the firework if d represents 10 m. y=(x-nx-5s)
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13.

14.

15.

A rectangular prism has width
w centimetres, length 2 cm more than
its width, and height 2 cm.

a) Draw a diagram of the prism.
b) Express the volume as a product.

¢) Expand and simplify the volume
expression.

A cube has side length x. Each dimension
is increased by y.

a) Draw a diagram of the cube.

b) Write an algebraic expression for the
surface area of the original cube.

¢) Write an algebraic expression for the
surface area of the new cube.

d) Write an algebraic expression for the
difference in surface area. Expand
and simplify.

e) Write an algebraic expression for
the difference in volume. Expand
and simplify.

A scuba diver is drifting in a current of

0.3 m/s. If she swims with the current at
an additional speed of v metres per second,
the distance, d, in metres, that she travels
before running out of air can be modelled
by the relation d = 3000(v + 0.3)(1.0 — v).

a) Expand this relation.

b) If she swims at 0.2 m/s, how far can she
swim before running out of air?

¢) Use Technology Use a graphing
calculator or computer software to
investigate what swimming speed
would result in the maximum distance
before running out of air.

16.

Write an algebraic expression for the area
of each figure. Expand and simplify. Then,
find the area in another way to verify your
result.

a) b)

SZIT

xX+7

X+6

Extend
17. The number of hot dogs, n, sold by

18.

19.

20.

Wayne’s Wiener World on a given day is
modelled by n = 500 — 100p, where p is
the price, in dollars.

a) Solve this equation for p.

b) The revenue generated by hot dog sales
is R = np. Substitute your expression
for p from part a), and expand to obtain
an expression for the daily hot dog
revenue.

¢) Use Technology Use a CAS to verify
your answer to part b).

Determine an algebraic expression for
the number of shaded small squares in
the nth diagram. Test your expression
for two more diagrams.

u

Pose and solve a problem in which the
dimensions of a rectangular object are
written as binomials.

Math Contest When a positive integer n is
divided by 24, the remainder is 18. When
n is divided by 8 the remainder is

AO B 1 c2 D 4 €E 6
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Special Products

The patterns in tile floors, brick patios, and quilts
often repeat. Some quilts are made from square
pattern blocks of material that are stitched together.

The square pattern block shown starts with a

square that is enlarged with the addition of
rectangles to each of its dimensions until the
desired square dimensions are reached. If the side
length of the square pattern block is represented
by x + 3, what is an expression for its area?

¥ Investigate -

How can you use patterns to find special products?

A: Squaring Binomials

[,, Tools Method 1: Use Pencil and Paper
Optional 1. Use algebra tiles or a diagram to square the binomial.
= algebra tiles (x+3)2=(x+ 3)(x+ 3)

2. Expand and simplify.
a) (x + 3)? b) (x + 2)? o) (x — 6)?
d) (x — 4)? e) (2x + 5)? f) (3x — 1)?
g) (2x — 5y)? h) (4x + 7y)?

3. Consider each simplified expansion from step 2.

a) How is the first term in each trinomial related to the first term
in each binomial?

b) How is the last term in each trinomial related to the last term
in each binomial?

¢) How is the middle term in each trinomial related to the terms
in the binomial?

4. Reflect Write a rule for expanding and simplifying (a + b)? or
(a — b)

5. Use your rule to square each binomial.
a) (5x + 3y)? b) (7¢c — 4d)?
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Method 2: Use a Computer Algebra System (CAS)

1. Clear the calculator’s memory by selecting 2:NewProb
from the Clean Up menu.

. i Fir| Fer [Fa=| Fi= [ F& F&~ ]‘ 1
2. Use the Expand fu'IlCth.Il on Tools|A13cbra|Cale I!th-erPrﬁmll:lIﬂ-mn UF
each square of a binomial.

Record the results.

r
.° | Tools

m T|-89 calculator

a) (x + 1)? b) (x + 2)?
o (x + 3)? d) (x +4)? |= Expand[l:}cc + 1)2]
e) (x + 5)? w4 2w+ 1
wpandC (x+12"27
MAIN RAD AUTO FUNC 1/30

3. Compare the individual terms of the expansion to the binomial.
Describe any patterns you notice, including any for the signs of the
terms in the trinomial.

4. Use a CAS to expand each square of a binomial.
Record the results.

a) (2x + 2)? b) (2x + 3)?
) (2x — 4)? d) (2x — 5)?

5. Compare the individual terms of the expansion to the binomial.
Describe any patterns you notice. How has your description of
patterns changed compared to step 37

6. Use a CAS to expand each square of a binomial. Record the results.
a) (3a + 2)? b) (5m — 3)?
c) (4 + 2b)? d) (7 — 3z)?
e) (2x + 3y)?

7. Compare the individual terms of the expansion to the binomial.
Have the patterns you described in step 5 changed?

8. Reflect Write a rule for expanding each square of a binomial.
a) (a + b)?
b) (a — b)?

B: Product of a Sum and a Difference of Two Terms
Method 1: Use Pencil and Paper
1. Expand and simplify.
a) (x + 3)(x — 3)
b) (2y + 5)(2y — 5)
) (x —4)(x + 4)
d) Bk — 7)(8k+ 7)
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2. How are the two binomials in each multiplication in step 1 alike?
How are they different?

3. Consider each simplified expansion from step 1.

a) How is the first term related to the first terms of the two
binomials?

b) How is the last term related to the last terms of the two
binomials?

¢) Explain why there are only two terms in the simplified
expansion.

4. Reflect Write a rule for expanding and simplifying (a + b)(a — b).
Does your rule apply to (a — b)(a + b)? Explain.

5. Use your rule to find the product of each sum and difference
of two terms.

a) (2x + 3y)(2x — 3y)
b) (5m + 7)(5m — 7)

< | Tools Method 2: Use a CAS

= TI-89 calculator 1. Clear the calculator’s memory by selecting 2:NewProb from
the Clean Up menu.

2. Use the Expand function on each binomial product.

Record the results.

a) (x + 2)(x —2)

b) (x — 3)(x + 3)

¢ (2x — 1)(2x + 1)

d) (3x + 4)(3x — 4)

e) (
f) (

2x + 3y)(2x — 3y)
3m — 4n)(3m + 4n)

3. How are the two binomials in each multiplication in
step 2 alike? How are they different?

4. Consider each expansion from step 2.

a) How is the first term related to the first terms of the two
binomials?

b) How is the last term related to the last terms of the two
binomials?

¢) Explain why there are only two terms in the simplified
expansion.

5. Reflect Write a rule for expanding and simplifying (a + b)(a — b).
Does your rule apply to (a — b)(a + b)? Explain.
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While you can always use the distributive property to find the product

of two binomials, some pairs of binomials result in special products that

follow specific patterns.
Squaring Binomials

You can visualize squaring a binomial using algebra tiles or a diagram.

Surrounding the x? region, there are two regions of 3x, which combine to

give 6x, and a region defined by 3 X 3, or 9, giving x? + 6x + 9.

C T xr3—
\

X X2 E 3x
x+3 :

D aeE. | VT

PP 3 3x 9
- '

(x +3)2%=(x+ 3)(x+ 3)
x2 + 3x + 3x + 32
x2+2(3x)+9

=x*+6x+9

Alternatively, you can use the patterns for squaring a binomial. Square
the first term, find twice the product of the terms, and square the last
term. The middle term is added when you square a sum and subtracted
when you square a difference.

(a + b)2 = a% + 2ab + b2 or (a — b)?2 = a®> — 2ab + b?
The resulting products are called perfect square trinomials .

Product of a Sum and a Difference

When you multiply the sum and the difference of two terms, there are
only two terms in the simplified expansion. There is no middle term
because the other two products have a sum of zero.

= x* — 3x + 3x — 32
=x*-9

(x + 3)(x — 3)

To find the product of the sum and the difference of two terms, use the
pattern. Find the product of the first terms and the product of the
second terms.

(@ + b)la — b) = a* — b? | can change the order of the binomial
factors and get the same result.
(a-b)(a+ b)=a®-b?

This happens because | can multiply two
numbers or expressions in either order.

The resulting product,
a* — b?, is called a
difference of squares.

perfect square
trinomial

= 3 trinomial of the form
@+ 2ab+ b%or
a? - 2ab + b? that is the
result of squaring a
binomial

Literaccy .
onnections;

When you change the
operation between the two
terms of a binomial, the
two forms are called
conjugates. x + 3 and

X - 3 are conjugates.

difference of squares

= an expression of the form
a? - b? that involves the
subtraction of two squares
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Example 1 Apply Special Product Patterns

Expand and simplify.
a) (x + 4)? b) (k — 5)2

¢) (By + 7x)?

d) (g — 11)(q + 11) e) (4m + 3n)(4m — 3n)

Solution

a) (a+ b)?2=da%+ 2ab + b?

(x +4)* = (x)? + 2(x)(4) + (4)?
=x2+ 8x + 16
b) (a — b)? = a® — 2ab + b?

(k — 5)* = (k)* — 2(K)(5) + (5)*
= k* — 10k + 25

) (a + b)?2 = a? + 2ab + b?

(By + 7x)? = (3y)? + 2(3y)(7x) + (7x)?

= 9y2 + 42xy + 49x?

d) (a— b)la+ b)=a*— b?
(g — 11)(g + 11) = (g)* — (11)?
=q*— 121

e) (a + b)a—b) =a?*— b?
(4m + 3n)(4m — 3n) = (4m)? — (3n)?
= 16m? — 9n?

Example 2 Helicopter Pad

Use the appropriate pattern
for squaring a binomial.

Use the appropriate pattern
for squaring a binomial.

Use the appropriate pattern
for squaring a binomial.

Use the pattern for the product
of a sum and a difference.

Use the pattern for the product
of a sum and a difference.

The radius of a circular helicopter landing pad is increased by 3 m.

a) Find a simplified expression for the area of the new circle.

b) Find a simplified expression for the increase in area.

Solution

a) Area of the original circle = mr?

Area of the larger circle = m(r + 3)2

| can use the appropriate
pattern for squaring a —
binomial.

w[(r)? + 2(r)(3) + (3)%]
w(r? + 6r + 9)
wr? + 6mr + 97

b) Increase in area = (area of larger circle) — (area of original circle)

= 67r + 9m

(r? + 6mr + 9m) — (wr?)



— Key Concepts

= When squaring a binomial, you add the two equal middle
terms after expansion.

(a + b)2 =a?+ 2ab + b?and (a — b)? = a®> — 2ab + b?

= When you multiply the sum and the difference of two terms,
the two middle terms are opposites, so they add to zero.

(a + b)a—b) =a?®— b?

Communicate Your Understanding

@D Explain when the middle term is positive and when it is
negative when you are squaring a binomial.

@@ Describe the steps you would use to expand and simplify
each product.

a) (x—2)2 b) (x—2)(x+2)

Practise

6. Expand and simplify.
a) (w—v)(w+v)

y + 6x)(y — 6x)

7g — 3h)(7g + 3h)

1. Draw a diagram to illustrate each product.
a) (x + 5)? b) (x + 6)?
) (x + a)? d) (ax + b)?

) (
For help with questions 2 to 6, see Example 1. ) (
(

b) (3m — n)(3m + n)
d) (3x + 4y)(3x — 4y)

Verify your answers

and the simplified
e same answer.

f) 9x — 8y)(9x + 8y)
2. Expand and simplify. ¥ ¥
3) (x+5) b) (y+ 4P g (wt6) Connect and Apply
2 2 2
d) (k+7) €) (m +11) f) (c+10) 7. Expand and simplify.
g (g+ 9?2 h) (x+20)° using one of three methods:
3. Expand and simplify. * Check that substituting x = 2 into the
a) (x—5?2 b) (z—3) 0 (x— 9)2 orlgmeq expression
&1 o (v_12° ) (b 1000 expansion yields th
) , , e Check that graphing both the original
g (n—2)* h) (m-6) expression and the simplified expansion
4. Expand and simplify. using a graphing calculator yields only

one graph.

a) (x+3y)%2 b) (2x —y)*? ¢ (5¢ + 2d)?

¢ Check that using a CAS to expand the

d) (3a — 4b)?e) (9k + 2m)? f) (4u — 5v)?
5. Expand and simplify. a) (x + 4)(x — 4)
a) v+ 1)(v—1) b) (a — 1)(a + 1) ) (x + 8)?
(y +5)(y — 5) d) (x — 7)(x+7) ) (x + 11)(x — 11)
) (e —9)e+9) f) (z+ 6)(z— 6) g (x —7)
) ( (

Xx+12)x —12)  h) (y— 3)(y + 3)

original expression yields the same answer.

b) (x — 8)?
) (x —10)(x + 10)
) (x + 12)2
(

) x — 30)(x + 30)
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For help with questions 8 and 9, see Example 2.
8.

10.

11.

12.

The radius, r, of a circle has been
increased by k. Both r and k are measured
in the same units. Write a formula for the
area of the new circle. Expand and

simplify.

. Each dimension of a square playground is

increased by 5 m.
a) Draw a diagram of the situation.

b) Find a simplified algebraic expression
for the area of the new playground.

¢) Find a simplified algebraic expression
for the increase in area.

A parabola has

equation y = (x + 2)2.

a) Identify the
coordinates of the
vertex.

b) Expand and
simplify the
equation.

¢) Verify that the coordinates of the vertex
satisfy the equation from part b).

A square has side length 3x. One
dimension is increased by 2y and
the other is decreased by 2y.

a) Find an algebraic expression for the
area of the resulting rectangle. Expand.

b) Find an algebraic expression for the
change in area. Expand.

¢) Calculate the area of the rectangle and
change in area if x represents 8 cm and
y represents 5 cm.

Use two methods to determine an algebraic

expression to represent the area of the figure.

Verify that they are equivalent expressions.

X+2
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13.

14.

15.

Chapter Problem A pedestal for trophies is
to be made from three layers, each in the
shape of a square-based prism. All three
layers are the same height, x, in
centimetres, but each base length is 3 cm
less than that of the layer immediately
below.

2x+5

2x+5

a) Write algebraic expressions for the side
and top surface areas of each prism
used to make the pedestal.

b) Write an algebraic expression for
the exposed top surface area of the
bottom layer of the pedestal. Expand
and simplify.

¢) Write an algebraic expression for
the exposed top surface area of the
middle layer of the pedestal. Expand
and simplify.

An interesting way to multiply 19 X 21 is
(20 — 1)(20 + 1)

=202 — 1
=400 — 1
= 399

Use this method to calculate each product.
a) 31 X 29

b) 59 X 61

€) 99 X 101

d) 71 X 69

Explain how to adapt the method in
question 14 to multiply 32 X 28. Then, use
your method to multiply each product.

a) 76 X 84
b) 35 X 25
) 104 X 96
d) 77 X 83



16.

17.

A stone is dropped from a height of 10 m.
Its height as it falls can be approximated
by the relation h = —5¢* + 10, where ¢ is
the time, in seconds, and h is the height,
in metres.

a) A delay of 3 s would cause the graph to
shift 3 units to the right. Sketch a graph
of this relation and of the relation after
a 3-s delay.

b) Rewrite the relation to represent a delay
of 3 s.

¢) Expand the new relation and simplify.

Instead of film, a digital camera has an
image sensor that converts light into
electrical charges. The image sensor in
most digital cameras is a charge coupled
device (CCD). The CCD for an 8-megapixel
digital camera measures 3264 pixels by
2448 pixels. A new model of CCD
increases each dimension by x pixels.

a) Write an expression for the number of
pixels in the new CCD, and expand.

b) If x represents 1000 pixels, what is the
resolution of the new CCD, in
megapixels?

18. a) Use algebra tiles

C‘cl)nnectiorns

Mega is a prefix in the S| system of units for 10, or
1 000 000. For example, T megapixel equals one
million pixels.

j Achievement Check

Reasoning and Proving

— ~
Representing Selecting Tools

or a diagram to
expand (a + b)Z Connecting

Problem Solving

Reflecting

-

Communicating

b) Use a diagram to
expand (a + b + ¢)2

¢) The length and width of a rectangle are
represented by x + 2 and 9 — 4x. If x
must be an integer, what are the possible
values for the area of the rectangle?

Extend
19. Expand and simplify. Use a CAS to verify

your answers.
a) (x —2)*

b) (2x + 3)(x — 5)(4x + 7)
¢) (2x* + 5x + 3)?

d) (5x — 2)°

. The kinetic energy, E, in joules, of a

moving object is given by the formula
1
E = Emvz, where m is the mass, in

kilograms, of the object, and v is its speed,
in metres per second.

a) Find an algebraic expression for the
difference in kinetic energy of two objects
with a difference in speed of 5 m/s.

b) Find an algebraic expression for the
difference in kinetic energy of two
objects with a difference in speed of
X metres per second.

¢) Expand each expression and simplify.

. The sum of the cubes of the first n natural

numbers can be found using the formula
n’(n + 1)?
4
a) Verify that this is true for the first five
natural numbers.

b) Show that the right side of the formula
can also be expressed in the form

nn + 1)72
Rk

1P+2+3%+ ... +n*=
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Common Factors

During a performance at a sea-life park, a dolphin
jumps out of the water. Its height, h, in metres,
above the water after ¢ seconds can be approximated
by the relation h = 10x — 5x2%. This relation can
also be written as h = 5x(2 — x), because the terms
in the polynomial 10x — 5x* have a common factor
of 5x.

[,, Tools How can you use a model to find factors of a polynomial?

= algebra tiles 1. To factor 2x + 4, use algebra tiles to create a rectangular area

whose length and width represent the factors of the polynomial.

a) Arrange two x-tiles and four unit tiles to form a rectangle with
area 2x + 4. Then, place tiles along the left side and top to find
the length and width of the rectangle. One dimension has been
done for you. |

b) Write an equation for the area as a R am
product of the length and width. .

2. Repeat step 1 for 6x + 18. How many
different rectangles can you find?

3. Use algebra tiles to find the factors of
x? + 2x. Express the area as a product
of the length and width.

4. Use algebra tiles to factor 2x? + 4x. How many different rectangles
can you find? Write an area statement for each one.

5. Use algebra tiles to factor each expression, if possible.
If it is not possible, explain why.

a) 3x + 3 b) 4x + 10 c) x? + 4x
d) 2x2 + 6x e) 2x + 5 f) 4x2 + 10x

6. Reflect Explain how you can express a polynomial as
a product of factors.
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Investigate B

How can you use the greatest common factor (GCF) to factor a
polynomial?
Method 1: Use Pencil and Paper

1. Find the GCF for each set of numbers by first expressing each
number as a product of prime factors.

a) 12 and 8 b) 15 and 25
c) 4,10, and 6 d) 6, 18, and 24

2. a) Find the GCF of 12 and 9.

b) Write each number as a product of two factors, where the
first factor is the GCF. What operation did you use to obtain
the second factor?

3. Find the GCF of each pair of terms.
a) 7% and 72 b) 5% and 5%
¢) x?and x d) x3 and x*

4. a) Find the GCF of x% and x*.

b) Write each term as a product of two factors, where the first
factor is the GCF. What operation did you use to obtain the
second factor?

5. Find the GCF of the polynomial 2x* + 4x by first expressing
each term as a product.
2x2 =2 X x X x
4x = 2 X 2 Xx
Multiply the common factors to calculate the GCF.
a) What is the GCF of 2x? + 4x?

b) Rewrite the polynomial as the sum of products. Express
each term as a product of two factors, where the first factor
is the GCF. Use division to determine the second factor of
each term.

¢) Write the polynomial as a product of two factors, where the
first factor is the GCF. What polynomial is the second factor?

d) Verify your factors from part c) by expanding.

6. Repeat step 5 for each polynomial.
a) 3x% + 6x b) 2x? + 8x
Q) 4y + 10y? d) 7y + 1472

7. Reflect Explain how to factor a polynomial using the GCF.
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,
.° | Tools

= T1-89 calculator
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Method 2: Use a Computer Algebra System (CAS)

1.

10.

Clear the calculator’s memory by selecting 2:NewProb from the
Clean Up menu.

. Factor each expression. Press (2 ). Select 2:factor(. Type the

expression, and then press (1 )&v=). Record the results.
a) 2x + 2 b) 2x + 4 Q) 2x + 6
d) 2x + 8 e) 2x + 10

. Consider the pairs of factors from step 2. How are they the same?

How are they different? Provide a reason for your answers.

. Use a CAS to factor each polynomial. Record the results.

a) 3x2+6x+9 b) 3x2+ 12x + 15

. a) Look at the coefficients of the terms of each polynomial

in step 4. What is the GCF?

b) Look at the terms in the second factor from step 4. Since the
first factor is the GCF of the polynomial, what operation
provides the coefficients of the terms in the second factor?

. a) Use a CAS to factor Fir| Fer |Fa=| F4=] FE F&-
Tools|A13cbra|Calc|Other |FrImiD{Clean Ue

6x2 + 9x + 24. Record
the result.

b) What is the GCF of the
polynomial 6x? + 9x + 247
¢) Use a CAS to divide the

GCF into each term of (B2 B+ De ) S B 2GS
6X2 + 9x + 24, as ShOWH. MAlN RAD AUTO FUNC 0/20
Does the result match the second factor from part a)?

. Use a CAS to factor each polynomial. Record the results.

a) 2x? + 4x b) 2x% + 8x

. @) Look at the coefficients of the terms of each polynomial in step

7. What is the GCF? Look at the variable parts. What is the GCF?

b) The first factor of each result from step 7 is the GCF of the
polynomial. How is it related to your answers for part a)?

¢) Look at the terms in the second factor from step 7. Since
the first factor is the GCF of the polynomial, what operation
provides the terms in the second factor?

. a) Use a CAS to factor 6x? + 15x. Record the result.

b) What is the GCF of the polynomial 6x? + 15x?

¢) Use a CAS to divide the GCF into each term of 6x2 + 15x. Does
the result match the second factor from part a)?

Reflect Explain how to factor a polynomial using the GCF.




A polynomial is factored when it is written as a product of two or more
polynomials. Factoring a polynomial is the reverse process of expanding.
To factor a polynomial:

e Find the GCF of the terms.

e Write the GCF as the first factor outside a set of brackets.

e Divide each term by the GCF, writing the result inside the brackets.

Example 1 Use a Model

Use algebra tiles to factor x* + 3x. . III
Solution
The polynomial x? + 3x can be represented by L 11 1]
a rectangle with area x? + 3x. The width of the
rectangle is x and the length is x + 3. The
dimensions of the rectangle are the factors of
the polynomial.
x2 4+ 3x = x(x + 3)
Example 2 Monomial Common Factor
Factor fully, if possible.
a) 6x + 3 b) 8x? — 7x
c) 25k5 + 15k% d) 21c*d® — 28c%d® + 7cd®

e) 5:5)° + 7usz?

Solution

a) The GCF of the coefficients, 6 and 3, is 3.
There is no GCF of the variable parts.
Therefore, the GCF of the polynomial is 3.
Divide each term by 3.

6x 3
6x +3=3|\—+—
3 3

3(2x + 1)

b) There is no common factor of the coefficients.
The GCF of the variable parts, x? and x, is x.
Therefore, the GCF of the polynomial is x.
Divide each term by x.

8x>  7x
8x2 —7x=x|———
X X

= x(8x — 7)
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Apply the
exponent laws.
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¢) The GCF of the coefficients, 25 and 15, is 5.

The GCF of the variable parts, k® and k*, is k*. When | compare

Therefore, the GCF of the polynomial is 5k*. the exponents, the

Divide each term by 5k*. GCF of the variable
4 parts is the

25k°® + 15k* = 5k* (2555 + 155]§1> variable with the

least exponent.
= 5k*(5k% + 3)

.. | can check my answer b
d) The GCF of the coefficients, 21, —28, 0 !

. expanding.
and 7, is 7.
The GCF of the variable parts, c*d®, 7cd*(3C - 4cd? + 1)
c*d® and cd?, is cd® - 2R = 2B ¢ 7

Therefore, the GCF of the polynomial is 7cd?.
Divide each term by 7cd® mentally.
21c*d® — 28c2d® + 7cd® = 7cd?(3¢® — 4cd? + 1)

e) Since the GCF of the terms of the
polynomial 5x5y3 + 7w5z?% is 1, it is not factorable.

Example 3 Binomial Common Factor

Factor.
a) 3x(y + 1) + 7z(y + 1)
b) 2x(x — 3) — 5(x — 3)
Solution

a) Think of (y + 1) as one factor.
The GCF is the binomial (y + 1).

Divide each term by (y + 1) mentally. Write the GCF first.
3x(y + 1) + 7z(y + 1) Collect the 3x + 72)
= (y + 1)(3x + 72) in the second set of
brackets.

b) Think of (x — 3) as one factor.
The GCF is the binomial (x — 3).
Divide each term by (x — 3) mentally.
2x(x — 3) — 5(x — 3)
= (x — 3)(2x — 5)

Often there is no common factor for all the terms in a polynomial, but
some of the terms have a common factor. A process of factoring by
grouping can sometimes be used with these polynomials. This process
involves factoring groups of terms first, instead of factoring the entire
polynomial.



Example 4 Factor by Grouping
[

Factor.
a) ax + ay + 2x + 2y
b) 9x2 + 15x + 3x + 5

Solution

a) Group terms with a common factor. Factor the GCF from each
grouping. Then, remove the binomial common factor.

ax + ay + 2x + 2y or ax + ay + 2x + 2y
= (ax + ay) + (2x + 2y) = (ax + 2x) + (ay + 2y)
=alx+y) + 2(x+y) =x(a + 2) + yla + 2)
= (x + y)la + 2) = (a + 2)(x + y)
b) 9x?+ 15x+ 3x + 5 or 9x% + 15x + 3x + 5

(9x2 + 15x) + (3x + 5) (9x% + 3x) + (15x + 5)
3x(3x + 5x) + 1(3x + 5) 3x(3x + 1) + 5(3x + 1)
= (3x + 5)(3x + 1) = (3x + 1)(3x + 5)

— Key Concepts

m Factoring a polynomial is the opposite of expanding a polynomial.

Factoring —
x2 + 3x = x(x + 3)
~—Expanding —

m To find the GCF of a polynomial, find the GCF of the coefficients,
and then find the GCF of the variable parts.

m To factor a polynomial, remove the GCF as the first factor, and then
divide each term by the GCF to obtain the second factor.
8x2y? — 12x%y = 4x?y(2y? — 3x?)

® For polynomials with more than one variable, the GCF of the
variable parts is the product of the common bases with the least
exponent.
The GCF of 2x3y*z% + 4x2y?z3 is 2x%y*z?.

®= A common factor is not necessarily a monomial.
a(x + 2) + b(x + 2) has a binomial common factor of (x + 2).

m To factor by grouping, factor groups of two terms with a common
factor to produce a binomial common factor.
bx + 3x + by + 3y = (bx + 3x) + (by + 3y)
=x(b + 3) + y(b + 3)
= (b + 3)x +y)
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Communicate Your Understanding

@@ Explain how the diagram illustrates the
factoring of a polynomial.

@& Each of the following is an example of a
common error when factoring. Describe each
error and make the appropriate correction.

a) 35x% — 5x = 5x(7x — 0)
b) 4y° + 7y% = 4y%*(y + 7)
) 16kK°m? — 8k*m = 4k’m(4km — 2)

d) 9a°b® + 6a*b* = 3ab(3a®b* + 2ab?)

@® Describe how you would factor each polynomial.

a) 3c(d —5) — 8(d — 5)

b) 10x* — 14xy — 15x + 21y

Practise

1. Find the GCF of each pair of terms.

b) 6ab and —8ac

d) k* and k7

f) —12y%? and —15y*

a) 2x and 3x
¢) x?and x3

e) 3m? and 5m

For help with question 2, see Example 1.

2. Use algebra tiles or a diagram to illustrate
the factoring of each polynomial.

a) x? + 5x b) 3x% + 6x
c) 6x2 + 4x

For help with questions 3 and 4, see Example 2.

3. Factor fully, if possible.

a) 15w + 25z b) 3a — 11b

€) 17ca — 8cd d) 9y — 8y°

e) 12b* + 18b? f) 4g° —8g+ 6

g) 7h + 3m — 5k h) 2n® + 12n* — 6n®

. Factor fully, if possible.
a) 14x%y + 16xy° b) 10k®°m? — 6k*?m?
¢ 8s*y + 1183 d) 66c¢*de? — 22c¢%de?
e) 7gh + 2mn — 13pq
f) 5fg® — 25fg + 20f°g
g) 27r%s®> — 18rs?> — 36rs®
h) 4n%p® + 10n*p? — 12np?
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For help with question 5, see Example 3.

5. Factor, if possible.

a) 3x(x + 8) + 5(x + 8)
b) a(b + 1) + 9¢(b + 1)
¢ 2y(x — 5) + 4(x + 5)
d) 4s(r + u) — t(r + u)

For help with question 6, see Example 4.

6. Factor by grouping.

a) mx + my + 2x + 2y

b) x2 +3x +2x + 6

€) ay* + 3ay + 4y + 12

d) 6x>+ 9x —2x — 3

e) 16v2 — 12v — 12v + 9

Connect and Apply

7. a) Write a polynomial with two terms that

has a GCF of 6.

b) Write a polynomial with three terms
that has a GCF of x.

¢) Write a polynomial with two terms that
has a GCF of 5y2.

d) Write a polynomial with three terms
that has a GCF of 2a*b®.



8. The formula for the perimeter of a

10.

11.

12.

rectangle is P = 2/ + 2w.

a) Write the formula in factored form.

b) If / represents 15 cm and w represents
9 cm, find the perimeter using both the

original and the factored forms. What
do you notice? Explain why this is so.

. The formula for the surface area of a

cylinder is SA = 2wr? + 27rh.
a) Write the formula in factored form.

b) If r represents 3 cm and h represents
8 cm, find the surface area using both
the original and the factored forms.
What do you notice? Explain why this
is so.

A rectangle has area given by the
expression 6x* + 9x. The length and width
can be found by factoring the expression.

Find all possible expressions for the length
and width.

Binomial factors can differ by a factor of
—1. An example is 7 — yand y — 7, since
7 — y can be rewritten as —1(y — 7). Use
this fact to factor each expression.

a) 5x(7 — y) + 4y — 7)
b) 5y(x — 1) + 2(1 — x)

Chapter Problem
The base length of
each square-based
prism in the X
pedestal design is

3 cm less than that
of the layer
immediately below.

2x+5

2x+5

a) Write an algebraic expression for the
total of the top surface areas of the three
prisms used to make the pedestal.

b) Expand and simplify.

¢) Factor the resulting expression from
part b).

13.

Write an expression, in fully factored form,
for each of the shaded regions.

a)

4y 2y 4x

8x

b)

Extend

14.

15.

16.

17.

Factor the quadratic relation y = 2x? — 3x
to find the x-intercepts.

Factor each polynomial using a fraction as
one of the common factors. Explain how
this can simplify the operations when the
values of the variables are known.

1 3

2
- + -
a) X'+ oy
2 1
b) —a® — —ab
3 3
1 1 1
¢ —K'm®— —km® + —k*m?
6 2 3
Math Contest If 3a + 8b = 12, then what
is the value of 15a + 40b?
A 36
B 48
C 60
D 84
E 180
Math Contest Show that the sum of the

squares of any five consecutive integers is
divisible by 5.
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quadratic expression

= a second-degree
polynomial

= 4x2+ 20 and
x2+7x+10are
quadratic expressions

e
.* | Tools
m algebra tiles
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Factor Quadratic Expressions of
the Form x2 + bx + ¢

A water garden combines a pond
with aquatic plants and often
ornamental fish, such as koi, to
add visual appeal to the landscape.
The area of a rectangular water
garden can be represented by the
quadratic expression x* + 5x + 6.
To find the length and the width
of the rectangle, you can write the
trinomial as the product of two
binomials.

w Investigate A -

How can you use a model to factor quadratic expressions of the
form x2 + bx + ¢?

1. To factor x* + 5x + 6, use algebra tiles to create a rectangular area
whose length and width represent the factors of the trinomial.

a) Arrange one x?-tile, five x-tiles, and six
unit tiles to form a rectangle with area
x? + 5x + 6. Place tiles along the left
side and top to find the length and
width of the rectangle. One dimension
has been done for you.

b) Write the equation for the trinomial as a
product of the binomial dimensions.

2. Repeat step 1 for each trinomial.
a) x2+6x+5 b) x? + 3x + 2
¢ x*+4x+ 3 d) x* +6x+ 8

3. Each trinomial in steps 1 and 2 is of the form x? + bx + c.
What do you notice about b and ¢ and the binomial factors
for each trinomial? Describe the relationship.

4. Test your conclusions from step 3 on each trinomial. Use
algebra tiles to check your answer.

a) x2+7x+6 b) x? + 8x + 12

5. Reflect Describe a process for finding the factors of a quadratic
expression of the form x* + bx + c.




Investigate B

How can you use patterns to factor quadratic expressions of the
form x2 + bx + ¢?
A: Positive Values of band ¢

1. Expand and simplify each product. Try to apply the distributive
property mentally.

a) (x + 4)(x + 3)
b) (x + 1)(x + 5)
) (x + 7)(x + 8)

2. The result of expanding each binomial product of the form
(x + 1)(x + s) in step 1 is a trinomial of the form x* + bx + c.
Describe how you calculated b and ¢ using the values of r and s.

3. Use the patterns from step 2 to reverse the process. Write each
trinomial of the form x? + bx + ¢ as a binomial product of the
form (x + r)(x + s).

a) x2+6x+8 b) x*2 + 7x + 10
) x2+ 9x + 20 d) x? + 10x + 21

4. Reflect Describe a process for factoring quadratic expressions
of the form x* + bx + c.

B: Negative Values of b and/or ¢

1. Expand and simplify each product. Try to apply the distributive
property mentally.

a) (x —3)(x—2) b) (x — 1)(x — 5)
) (x— 1)(x + 5) d) (x + 3)(x — 8)

2. The result of expanding each binomial product of the
form (x + r)(x + s) in step 1 is a trinomial of the form
x? + bx + c.

a) Describe how you determined the signs of the values of b
and ¢ when both values of r and s were negative.

b) Describe how you determined the signs of the values of b
and ¢ when only one of the values of r and s was negative.

3. Use your process to factor each trinomial.
a) x2 —7x + 10 b) x2+4x —5
) x2—-4x—5 d) x2 — 3x — 10

4. Reflect How does your process for factoring quadratic expressions
of the form x? + bx + ¢ change when the values of b and/or ¢ are
negative?
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By finding the dimensions of a rectangle whose

area is a quadratic expression, you are reversing Area is
the process of expanding two binomials that you XTS xP+bx+c
learned in Section 5.1. This process is called

factoring. X+r

Another way to factor a quadratic expression of the form x* + bx + cis
to study the patterns from multiplying two binomials.

ey R
X+ nx+s)=x2+sx+rx+rs
N =x2 4 1x 4 sx + 18
=x24+(r+ s)x +rs

Therefore, x2 + bx + ¢ = (x + r)(x + s), wherer+ s=bandr X s = c.

In general, you will factor over the integers, meaning that the values of r
and s are integers only.

Many quadratic expressions, such as x* + 3x + 5, cannot be factored
over the integers. No two integers have a product of 5 and a sum of 3.

Example 1 Factor Quadratic Expressions

N
Factor, if possible.
a) x2 + 7x + 12 b) x>+ 4x + 6
c) x> — 29x + 28 d) x>+ 3x — 18

e) x> — 4x — 21

Solution
a) Forx? + 7x + 12, b = 7 and Factors of 12 |  Product Sum
¢ = 12. Use a table to find 112 12 13
two integers whose product '
2,6 12 8

is 12 and whose sum is 7. In

order to have a positive 3.4 12 7

product and a positive sum,
both numbers must be positive.

Therefore, ris 3 and s is 4.
x2+ 7x + 12 = (x + 3)(x + 4)

b) For x> + 4x + 6, b = 4 and

Factors of 6 Product Sum
c = 6.
1,6 6 7
Since no two integers have a 2,3 6 5
product of 6 and sum of 4,
x2 + 4x + 6 cannot be | need to find two positive
factored over the integers. integers whose product is 6

and whose sum is 4.




¢) For x> — 29x + 28, b = —29 Factors of 28 | Product Sum I need to find two

and ¢ = 28. -1,-28 28 -29 integers whose product is
28 and whose sum is

-2 -14 28 -16 -29. To have a positive
-4,-7 28 -11 product and a negative
sum, both numbers must
. . be negative.
Therefore, ris —1 and s is —28.
x2 —29x + 28 = (x — 1)(x — 28)
d) For x%2+ 3x — 18, b = 3 and Factors of -18 Product Sum | need to find two
c = —18. - - B integers whose product is
1.-18 8 7 -18 and whose sum is 3.
-1,18 -18 17 To have a negative
2 _g _18 _7 product and a positive
sum, one number must be
-2,9 -18 / negative and the other
3,-6 -18 -3 positive.
-3,6 -18 3
Therefore, ris —3 and s is 6.
x2+3x— 18 =(x+ 6)(x — 3)
2 _ _ - _
e) Forx* —4x — 21, b= —4 Factorsof-21 = Product Sum I need to find two
and ¢ = —21. i i
1,-21 _21 _20 integers whose pl’Odl.JCt is
-21 and whose sum is
-1.21 -21 20 -4, To have a negative
3,-7 21 _4 product and a negative
37 1 2 sum, one number must be
- - negative and the other

. . positive.
Therefore, ris 3 and sis —7.

x2—4x—-21=(x+3)x—7)

Example 2 Dimensions of a Water Garden

a) Determine binomials that represent the dimensions
of the rectangular water garden. Area is
] i ) ) X2+ 5x + 6.
b) Determine the dimensions if x represents 1 m.
Solution

a) Factor the quadratic expression for the area. Find two integers
whose product is 6 and whose sum is 5. The integers are 2 and 3.
x2+5x+6=(x+2)(x+ 3)

The dimensions can be represented by x + 2 and x + 3.
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b) Substitute x = 1 into x + 2 and x + 3.
1+2=3
1+3=4
The water garden has dimensions of 3 m by 4 m.

— Key Concepts

m To factor a quadratic expression of the form x* + bx + ¢, first
find two integers whose product is ¢ and whose sum is b.
—For x? + 12x + 27, find two integers whose product is 27

and whose sum is 12. The integers are 3 and 9.
— Express the quadratic expression as a product,

x2+ bx+ c=(x+ r)(x+ s).

X2+ 12x + 27 = (x + 3)(x + 9)

m Not all quadratic expressions of the form x* + bx + ¢ can be factored
over the integers.

Communicate Your Understanding
@D Describe how to use algebra tiles to factor x* + 8x + 7.

@ Explain the steps you would use to factor y* — 6y — 40.

@ Explain why k* + 5k — 9 cannot be factored over the integers.

M Practise

1. lllustrate the factoring of each trinomial For help with questions 3 to 5, see Example 1.
using algebra tiles or a diagram. 3. Factor, if possible.
a) X"+ dx +3 b) X+ 7x + 10 a) x2 + 7x + 10 b) 2 + 12j + 27
c) x2+6x + 8 d) x2+4x + 4 O K +5k+4 d) p? + 9p + 12
2. Find two integers with the given product e) w?+ 11w + 25 f) d*+ 10d + 24
and sum.

4. Factor, if possible.
a) product = 45, sum = 14

a) m> — 7m + 10 b) x2 —5x + 7
b) product = 6, sum = —5

¢ v*—5y+4 d) r2 — 16r + 64
¢) product = —10, sum = 3

e) w? — 9w + 24 f) ¢ —10q +9

d) product = —20, sum = —8
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5. Factor, if possible.

a) a> — 3a— 10 b) s2 + 35 — 10

) d>—8d—9 d £+7f—6
e) g2 —5g— 14 f) r2+2r—6
g) x* + x — 42 h) b2 — 2b — 4

Connect and Apply
For help with question 6, see Example 2.

6. Determine binomials that represent the

length and width of each rectangle. Then,
determine the dimensions of the rectangle

if x represents 15 cm.

a b
) ) Area is

Area is X2 - 15x + 50.

X2+ 18x + 80.

7. Factor completely by first removing the
greatest common factor (GCF).

a) 3x2 + 12x + 9

b) 2d? — 22d + 56
¢) 5z% + 40z + 60
d) 45> — 8s — 32

e) bx? + 10bx — 24b
f) x3 + 18x% + 72x

8. Determine two values of b so that each
expression can be factored.

a) x2+ bx + 12 b) x2 — bx + 4
) x2?—bx—8 d) x2 + bx — 10

9. Determine two values of ¢ so that each
expression can be factored.

a) x2+6x+c b) x> - x+c¢

) x2—8x—c¢ d) x2+2x —c

10. Expand each pair of binomials. Compare
the answers.
a) (x + 1)(x + 3) and (x + y)(x + 3y)

b) (x + 4)(x — 6) and (x + 4y)(x — 6y)

¢ (x — 2)(x + 9)and (x — 2y)(x + 9y)

d) (x — 6)(x —9) and (x — 6y)(x — 9y)

11.

12.

14.

Factor. How does the additional variable

change your thinking?

a) a® + 11ab + 24b?

b) k¥ — 11km + 18m?

¢ ¢+ 4cd — 21d?

d) x2 — 6xy — 16y?

a) Make up an example of a quadratic
expression that cannot be factored.

b) Explain why it cannot be factored.

. A parabola has equation y = x? — 4x — 12.

a) Factor the right side of the equation.
b) Identify the x-intercepts of the parabola.
¢) Find the equation of the axis of

symmetry, find the vertex, and draw

the graph.

The height of a ball thrown from the top of
a building can be approximated by the
formula h = =52 + 15t + 20, where t is
the time, in seconds, and h is the height,
in metres.

a) Write the formula in factored form.
Hint: Remove the GCF first.

b) How can you use the factors to find
when the ball lands on the ground?

Extend

15.

16.

17.

a) Explain how x* + 9x% + 20 and
x? + 9x + 20 are alike. How are
they different?

b) Factor x* + 9x% + 20.

Refer to question 15. Factor.
a) x*+ 11x% + 30

b) x* — 7x%y? + 12y?

) xb—3x3 —54

d) 3(x — 5)% + 27(x — 5) — 66

Math Contest

a) Expand (x + 2)3.

b) Factor x3 + 9x% + 27x + 27.

¢) Factor 8a® + 60a%b + 150ab? + 125b°.
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Factor Quadratic Expressions of
the Form ax? + bx + ¢

The Ontario Summer Games are held every two years in
even-numbered years to provide sports competition for youth
between the ages of 11 and 22. At the Games, approximately
2500 athletes from across the province compete in 19 sports.

Beach volleyball is one of the sports on the Games program. It

is played by two teams of two players on a sand court with area
given by 3x?* + 10x + 3. Algebraic expressions for the dimensions
of the court can be found by factoring the trinomial expression.

¥ Investigate -

[a Tools How can you use a model to factor quadratic expressions of the
= algebra tiles form ax? + bx + c?

1. Use algebra tiles to form a rectangle to model the product
(2x + 1)(x + 2).

2. Arrange the algebra tiles representing the trinomial 2x? + 5x + 3 to
form a rectangle. Identify the binomials that represent the length
and width of the rectangle.

3. Repeat step 2 for each trinomial.
a) 3x% + 5x + 2 b) 4x> + 8x + 3

4. Each trinomial represents the area of a rectangle. Draw
diagrams and identify the binomials that represent the
length and width of the rectangle.

a) 2x% + 5x + 2 b) 5x% + 8x + 3

5. Reflect Describe how to use algebra tiles to factor a
quadratic trinomial of the form ax? + bx + c.

6. Reflect Can you see a way to factor trinomials of the form
ax? + bx + ¢ without using algebra tiles? If so, describe it.
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When you expand two binomials, you add the two middle terms.

(2x + 3)(8x + 4) = 6x2 + 8x + 9x + 12
N = x4+ 17x + 12

Notice the following patterns. - 344 -
8+9=17and 8 X 9 =6 X 12 3x 4
You can use these patterns and the E
method of factoring by grouping 2x |
to factor trinomials of the form 2x+3 6x° 18x
ax? + bx + ¢. Work in reverse by :
replacing the middle term with :
two terms whose integer 3 9x 5_12
coefficients have a product of a X ¢
and a sum of b.
Example 1 Break up the Middle Term
[
Factor, if possible. Literac
a) 3x2 + 8x + 4 C‘c’)nnections
b) 3x2 + 2x + 4 Since break up and
decompose mean the same
€) 6x* — 5x + 1 thing, the method of
breaking up the middle
Solution term is sometimes referred
a) For 3x2 + 8x + 4,a=3,b = 8,and ¢ = 4, to as the decomposftion
. i . method.
Use a table to find two integers whose product is 3 X 4, or 12, and

whose sum is 8. In order to have a positive product and a positive
sum, both integers must be positive.

Factors of 12 Product Sum
1,12 12 13
2,6 12 8
3.4 12 7

Since the integers 2 and 6 satisfy this product and sum,
break up 8x into 2x + 6x. Then, factor by grouping.
3x% + 8x + 4
= 3x2 + 2x + 6x + 4
= (3x% + 2x) + (6x + 4)
= x(3x + 2) + 2(3x + 2)
= (3x + 2)(x + 2)
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b) For 3x> + 2x + 4, a = 3, Factorsof 12 = Product Sum
b= 2,and c = 4. 1,12 12 13

Since there is no pair of

_ . 2,6 12 8
integers that satisfy these

3,4 12 7

conditions, 3x% + 2x + 4 is not

factorable over the integers. _ _
| need to find two integers whose

productis 3 X 4, or 12, and
whose sum is 2. Since the product
and the sum are positive, | need
two positive integers.

¢) For 6x* — 5x + 1, a = 6, Factorsof 6 = Product Sum
b= -5,and ¢ = 1. 16 6 7
Since the integers —2 and
—3 satisfy this product and 23 ° -

sum, break up —5x into
—2x — 3x. Then, factor by
grouping.

6x2 — 5x + 1
=6x? —2x —3x +1
= (6x2 — 2x) + (—3x + 1)
=2x(3x — 1) — 1(3x — 1)
=(3x —1)2x — 1)

| need to find two integers whose
productis 6 X 1, or 6, and whose
sum is -5. Since the product is
positive and the sum is negative, |
need two negative integers.

Example 2 Trinomials With Two Variables

[
Factor 10x? — 3xy — 4y*.
Solution
2 _ A2 4 —
For 10x 3xy — 4y%, a = 10, Factors of -40 Product Sum
b= —3,and ¢ = —4.
1,-40 -40 -39
| need to find two integers 2, ~20 ~40 -8
whose product is 10 X (-4), or 4,-10 -40 -6
-40, and whose sum is -3. The 5 -8 —40 -3
integers 5 and -8 work.
-1,40 -40 39
-2,20 -40 18
-4,10 -40 6
-5,8 -40 3
10x? — 3xy — 4y*
= 10x? + 5xy — 8xy — 4y? Break up -3xy into 5xy - 8xy.
= (10x? + 5xy) + (—8xy — 4y?) Factor by grouping.
= 5x(2x + y) — 4y(2x + y)
(2x + y)(5x — 4y)
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Example 3 Remove a Common Factor

Factor 16x% + 26x — 12.

Solution
First, remove the greatest common factor (GCF), and then proceed
as before.
The GCF of the polynomial Factors of -48 = Product Sum
) B .
16x% + 26x — 12 is 2. 21,48 48 47
16x? + 26x — 12 — s =
= 2(8x2 + 13x — 6) - _
-3, 16 -48 13
To factor 8x2 + 13x - 6, | need -4,12 -48 8
to find tyvo integers whose 6.8 _48 >
product is 8 X (-6), or -48, and
whose sum is 13. The integers 1,-48 -48 -47
-3 and 16 work. 2, -24 -48 _22
3,-16 -48 -13
4,-12 -48 -8
6, -8 -48 -2

16x% + 26x — 12 = 2(8x% + 13x — 6)
= 2(8x% — 3x + 16x — 6) Break up 13xinto -3x + 16x.
2[(8x? — 3x) + (16x — 6)] Factor by grouping.
2[x(8x — 3) + 2(8x — 3)]
2[(8x — 3)(x + 2)]
= 2(8x — 3)(x + 2)

— Key Concepts
m Always look for a common factor first when factoring a trinomial.
m To factor ax? + bx + ¢, find two integers whose product is a X ¢

and whose sum is b. Then, break up the middle term and factor
by grouping.

m Not all quadratic expressions of the form ax* + bx + ¢ can be
factored over the integers.

Communicate Your Understanding

@D When you use algebra tiles to factor a trinomial, why do you need
to be able to form a rectangle with the tiles?

@D When factored, 2x2 + 9x + 9 can be written as (2x + 3)(x + 3).
Can it also be written as (x + 3)(2x + 3)? Justify your answer
using words and a diagram.

@ Describe how you would factor 5x* + 18x + 9.
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Practise
1. Use algebra tiles or a diagram to factor
each trinomial.
a) 2x2+ 5x + 3
b) 3x2 + 7x + 4
c) 6x>+5x +1
d) 6x2 + 11x + 4

For help with questions 2 to 4, see Example 1.

2. Factor, if possible.
a) 2x2+ 7x + 5
b) 6y% + 19y + 8
¢ 4k + 15k + 9
d) 3m? + 10m + 8
e) 10w? + 15w + 3
f) 12¢> + 17q + 6

3. Factor, if possible.
a) 4x2 — 11x + 6
b) 5n> —11n + 6
) 6¢>—3c+1
d) 6> —7a +1
e) 9b> — 24b + 7
f) 15k — 19k + 6

4. Factor, if possible.
a) 3y +4y—7
b) 2m? + 3m — 9
c) 8k* —6k—5
d) 122 +y—1
e) 9x%2 — 15x — 4
f) 5h% — 14h — 3

For help with question 5, see Example 2.

5. Factor.
a) 3x? + 7xy + 2y?
b) 6m? + 13mn + 2n?
¢ 2p? — 11pq + 5¢*
d) 6¢% — 7cd — 10d?
e) 9x? — 9xy — 4y?
f) 6d% + de — 262
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For help with question 6, see Example 3.

6. Factor.
a) 8k* — 16k + 6
b) 9p%* + 15p — 6
¢) 6m? — 14m — 12
d) 10x* + 15x — 10
e) 10r? — 22r + 4
f) 8y* — 22y + 12

Connect and Apply

7. Factor. Then, substitute x = 2 into both
forms. Are the results the same? Explain.

a) 4x> + 12x + 5
b) 7x*> — 23x + 6
c¢) 15x%> — 2x — 8
d) 8x% + 14x — 4
e) 6x2 — 19x + 15
f) 5x2+ 18x + 9

8. FFind two values of n so that each trinomial

can be factored over the integers.
a) x>+ nx + 16

b) 3y + ny + 25

¢) 6a® + nab + 7b?

9. Find two values of k so that each trinomial

can be factored over the integers.
a) 36m? + 8m + k
b) 18y* — 42y + k
¢) kp? — 72pq + 164>
10. Describe the steps in determining

whether you can factor ax* + bx + ¢
over the integers.

11. Explain why it is easier to factor
ax? + bx + cif a and c are prime
numbers.



12. A rectangle has area defined by 15. The total revenue from sales of ski

6x? + 13x — 8. jackets is modelled by the expression
720 + 4x — 2x%. Revenue is also calculated
Areais as the product of the number of jackets
6x°+ 13x - 8. . . .
sold and the price per jacket. Determine

a) Factor to find algebraic expressions for expressions for the number sold and the

the length and width of the rectangle. price per jacket. Hint: As the price

. increases, the number sold decreases.
b) If x represents 10 cm, determine the

perimeter and area of the rectangle.

13. The height, h, in metres, of a toy rocket at
any time, t, in seconds, during its flight
can be estimated using the formula
h = —5t* + 23t + 10. Write the formula
in factored form and determine when the
rocket will fall to the ground.

— Achievement Check Reasoning and Proving

— o
Representing Selecting Tools

14. Use Technology The range, r, in
kilometres, of an airplane with full tanks at

a power setting of p revolutions per minute  16.a) Factor ( _
(RPM) can be modelled by the relation : 5x* + 11x + 2. Problem Solvine )

_ 9 . . . . Connecting Reflecting
r = —0.0008p* + 3.2p — 2400. . b) Write a quadratic -

Communicating

trinomial that
cannot be factored over the integers.
Explain how you know.

¢) The area of a square is 81 — 72x + 16x2.
If x must be a positive integer, what is
: the least possible measure for the
] perimeter of the square?

Extend

17. Factor.
a) 5x* + 18x2 + 9
b) 7x* — 13x%y? + 6y*
) 6x5 + 13x3y® — 8y

d) 10m® — 7m®n? — 12n*

a) Use a computer algebra system to factor 18. Factor.
the trinomial. a) 2(x+aP+3x+a+1
b) Describe the set of values that p may b) 2(x — b)> + 5(x — b) + 2

take for this model.

¢) Determine what value of p results in the
maximum range.

19. a) A shape has area defined by
A = 8x? + 10x — 7. Identify the shape(s).

b) A solid has volume defined by
V = 4x® — 12x%y + 9xy?. Identify
the type of solid.
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Factor a Perfect Square Trinomial
and a Difference of Squares

One of the sponsors for the 1
school yearbook has asked X
that the area of the art in

Y
their advertisement be GO — Ka rt
increased by the same Raci ng

amount on all sides. The
expression for the area of
the enlarged art is given by
4x% 4+ 12x + 9, which is a
perfect square trinomial.

In Section 5.2, you learned

that some polynomial

products can be expanded
using special patterns.
Similarly, you can factor
polynomials that are perfect
square trinomials or differences
of squares using special patterns.

Investigate A

How can you use patterns to factor a difference of squares?

Method 1: Use Pencil and Paper

1. Expand and simplify or use the pattern for the product of
the sum and the difference of two terms from Section 5.2.

a) (x+ 1)(x—1) b) (y + 2)(y — 2)
¢) (3c —10)(3c +10) d) (2m — 4)(2m + 4)

2. How are the two binomials being multiplied in step 1 alike?
How are they different?

3. Consider each simplified expansion from step 1.

a) How is the first term related to the first terms of the two
binomials?

b) How is the last term related to the last terms of the two
binomials?

4. Reflect Each resulting product in step 1 is a difference of squares.
Explain how you can identify a difference of squares.
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5. Confirm that each polynomial is a difference of squares. Then,
use the reverse process to factor each. Check by expanding and

simplifying.
a) x2 — 25 b) y* — 36
¢) 16k® — 49 d) 25n% — 144

6. Reflect Write a rule for factoring a difference of squares.

7. Use your rule to factor 100y? — 49x2. Check by expanding
and simplifying.
Method 2: Use a Computer Algebra System (CAS) [', Tools

1. Clear the calculator’s memory by selecting 2:NewProb from = TI-89 calculator
the Clean Up menu.

2. Use the Factor function on each ((Fi=1 Fer [Fa-] Fa= | F& To-
. Tools|A13cbra|Calc]Dther |Fr3mi0|Clean Ue

polynomial. Record the results.
a) x2 — 81
b) yv* — 64

2 _
) 25d 36 u f“auv:,’r..-:ur*l::«:2 = Bl:[
d) 16k* — 121 [x=9):(x+9)

factor(x™2-212

e) 144b2 - 25k2 MH RAD AUTO FLUNC 120
f) 4n? — 49p?

3. Reflect Each polynomial in step 2 is a difference of squares.
Explain how you can identify a difference of squares.

4. Consider each pair of binomial factors from step 2.
a) How are they alike? How are they different?

b) How are the first terms of the factors related to the first
term of the polynomial?

¢) How are the last terms of the factors related to the last
term of the polynomial?

5. Reflect Write a rule for factoring a difference of squares.

Investigate B

How can you use patterns to factor a perfect square trinomial?

Method 1: Use Pencil and Paper

1. Expand and simplify or use the pattern for squaring a binomial
from Section 5.2.

a) (x + 3)2 b) (v — 5)2 q (k+ 7)
d) (2h + 3)? e) (3b — 5)2
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"+ | Tools
= TI-89 calculator
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2. Consider each simplified expansion from step 1.
a) How is the first term in each trinomial related to the first
term in each binomial?
b) How is the last term in each trinomial related to the last
term in each binomial?

¢) How is the middle term in each trinomial related to the
terms in the binomial?

3. Reflect Each resulting product in step 1 is a perfect square
trinomial. Explain how you can identify a perfect square
trinomial.

4. Confirm that each polynomial is a perfect square trinomial.
Then, use the reverse process to factor each. Check by
expanding and simplifying.

a) x% + 12x + 36 b) y2 — 6y + 9
¢) 4k® + 20k + 25 d) 9k? — 24k + 16

5. Reflect Write a rule for factoring perfect square trinomials.

6. Test your rule by factoring x2 + 14x + 49. Check by expanding

and simplifying.

Method 2: Use a CAS

1. Clear the calculator’s memory by selecting 2:NewProb from
the Clean Up menu.

2. Use the Factor function on each polynomial. Record the

results.

a) x2 + 8x + 16 b) y2 — 10y + 25
¢) 4k? — 20k + 25 d) 9K? + 24k + 16
e) 25t2 + 30t + 9 f) 1622 —8z+ 1

3. Consider each resulting square of a binomial from step 2.

a) How is the first term of the binomial related to the first
term of the trinomial?

b) How is the last term of the binomial related to the last term

of the trinomial?

¢) How are the terms of the binomial related to the middle
term of the trinomial?

4. Reflect Each polynomial in step 2 is a perfect square
trinomial. Explain how you can identify a perfect square
trinomial.

5. Reflect Write a rule for factoring perfect square trinomials.



In Section 5.2, you saw that (a + b)(a — b) = a®* — b?. You can factor a
difference of squares as a> — b? = (a + b)(a — b).

You also saw that (a + b)?2 = a? + 2ab + b? and
(a — b)? = a* — 2ab + b% You can factor a perfect square
trinomial as a® + 2ab + b% = (a + b)? or a*> — 2ab + b? = (a — b)%

Example 1 Difference of Squares

[ |
Factor.
a) x> — 100 b) 98a? — 450b?
Solution
a) a —b*=(a+ b)a—b) Use the pattern for a difference of squares.

x2 — 100 = (x)? — 102
= (x + 10)(x — 10)

b) 98a% — 450b% = 2(49a? — 225b?%) Remove the greatest common factor.
2[(7a)* — (15b)?]

2(7a + 15b)(7a — 15b) Factor the difference of squares.

Example 2 Perfect Square Trinomials

Verify that each trinomial is a perfect square. Then, factor.
a) x> +6x+9
b) x> — 12x + 36

Solution

a) Since x* = (x)? and 9 = 32, the first and last terms are perfect squares.
Since 6x = 2(x)(3), the middle term is twice the product of the
square roots of the first and last terms.

Therefore, x? + 6x + 9 is a perfect square trinomial.

a® + 2ab + b?> = (a + b)? Use the appropriate perfect
x2 4+ 6x + 9 = (x)%2 + 2(x)(3) + 32 square trinomial pattern.
= (x + 3)2

b) Since x? = (x)? and 36 = 62, the first and last terms are

; The middle term of the
pertect squares.

trinomial is -12x, so a

Twice the product of these square roots is 2(x)(6) = 12x. difference has been
Therefore, x> — 12x + 36 is a perfect square trinomial. squared.
a® — 2ab + b? = (a — b)? Use the appropriate perfect
x2 —12x + 36 = (x)2 — 2(x)(6) + 62 square trinomial pattern.
= (x — 6)2
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Example 3 More Complex Perfect Square Trinomials

n
Verify that each trinomial is a perfect square. Then, factor.

a) 4x? + 28x + 49
b) 25k* — 60km + 36m?

Solution

a) Since 4x? = (2x)? and 49 = 72, the first and last terms are
perfect squares.
Since 28x = 2(2x)(7), the middle term is twice the product
of the square roots of the first and last terms.
Therefore, 4x* + 28x + 49 is a perfect square trinomial.
4x% 4+ 28x + 49 = (2x)? + 2(2x)(7) + 72
= (2x + 7)?

The middle term of the b) Since 25k?* = (5k)? and 36m? = (6m)?, the first and last terms

trinomial is ~60km, so are perfect squares.

a difference has been Twice the product of these square roots is 2(5k)(6m) = 60km.

squared. Therefore, 25k* — 60km + 36m? is a perfect square trinomial.
25k% — 60km + 36m? = (5k)2 — 2(5k)(6m) + (6m)?

= (5k — 6m)?

Example 4 Area of a Region

a) Find an algebraic expression y
for the area of the shaded region.

b) Write the area expression in E:}

T 3 + 8
factored form. x

Solution

a) The area of the shaded region is the
difference in the areas of the two squares.
Area = (3x + 8)2 — (x — 2)2

b) Method 1: Expand, Then Factor
(3x + 8)2 — (x — 2)?

= Ox2 + 48x + 64 — (x2 — 4x + 4)

= Ox2 + 48x + 64 — x> + 4x — 4

= 8x% + 52x + 60

= 4(2x% + 13x + 15)

= 4(2x%* + 10x + 3x + 15)
[(2x% + 10x) + (3x + 15)]
[2x(x + 5) + 3(x + 5)]
[
(

(x + 5)(2x + 3)]

4
4
4
4(x + 5)(2x + 3)
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Method 2: Factor as a Difference of Squares
This is a difference of squares, a*> — b?, with a = (3x + 8)
and b = (x — 2).
(3x + 8)%2 — (x — 2)?
= [(Bx + 8) + (x — 2)][(3x + 8) — (x — 2)]
=0Bx+8+x—2)3x+8—x+2)
= (4x + 6)(2x + 10)
= 2(2x + 3)[2(x + 5)]
= 4(2x + 3)(x + 5)

— Key Concepts

m Always look for a common factor first when factoring a trinomial.
® You can factor a difference of squares as a> — b? = (a + b)(a — b).

® You can factor a perfect square trinomial as
a? + 2ab + b?2 = (a + b)? or a®> — 2ab + b?> = (a — b)%.

Communicate Your Understanding

@D Use words and diagrams to explain why x? + 9 cannot be factored
over the integers.

@ When her classmate showed Barbara the first step in Example 3b),
25k* — 60km + 36m? = (5k)? — 2(5k)(6m) + (6m)?, Barbara asked,
“Where did the 2 come from?” Answer Barbara’s question.

Practise
For help with questions 1 and 2, see Example 1. For help with question 3, see Example 2.

1. Factor. 3. Verify that each trinomial is a perfect
a) x2 — 16 b) % — 100 square. Then, factor.
¢) 9k% — 36 d) 4a% — 121 a) x2+ 12x + 36 b) k> + 18k + 81
e) 36w? — 49 f) 144p2 -1 c) yz —6y+9 d) m?> — 14m + 49
g) 16n2 — 25 h) 100g2 — 81 E) x2 + 20x + 100 f) 64 — 16r + r?

2. Factor. For help with question 4, see Example 3.
a) m? — 49n? b) h? — 25d* 4. Verify that each trinomial is a perfect
¢) 100 — 9¢? d) 169a* — 49b? square. Then, factor.
e) 25x2 — 36y2 f) 16¢2 — 9d2 a) 4c¢2 + 12c + 9 b) 16k*> — 8k + 1
g) 162 — 852 h) 75h% — 27g2 C) 25x% + 70x + 49 d) gyZ - 30y + 25

e) 100c? — 180c + 81 f) 25 + 80y + 6412
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Connect and Apply
5. Each of the following is not factorable

over the integers. Why not?
a) 9x? — 16y

b) 36a* + 107a + 81

¢) 10w? — 70wz + 49z2

d) 25n% + 36m?

. Factor fully, if possible.
a) 4x% + 28xy + 49y?

b) 9k> — 24km + 16m?>
€) 25p? + 60pq + 144q>
d) 9y? — 7x?

e) 2a®> — 28ab + 98b?

f) 196n% — 144m?

g) 25x? + 70xy + 14y?
h) 100/2 — 120fg + 36g2
i) 400p® — 900pq?

For help with question 7, see Example 4.

7. a) Find an algebraic expression for
the area of the shaded region.

b) Write the area expression in
factored form.

+ 1 + 2x+5

8. Determine all values of b so that

each trinomial is a perfect square.
a) y* + by + 121

b) 4x? + bx + 25

¢) 9n? + bnp + 49p?

d) w? + 10w+ b

e) 81m? — 90m + b

f) 16x* — 88xy + b?y?
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10.

11.

12.

13.

14.

. Determine two values of k so that

each trinomial can be factored as a
difference of squares.

a) m? — kn?

b) kx? — 9

€) 49¢® — k

Factor, if possible.

a) 9a’b? — 24abcd + 16c%d?
b) 225 — (x + 5)?

) (3¢ + 2)?2 — (3¢ — 2)?

d) 4x> + 26x + 9

The area of an unknown shape is
represented by 9x? + 30x + 25. If x must
be an integer, what shape(s) could this
figure be?

A box is in the shape of a rectangular
prism. Its volume is given as x3 — 2x% + x.

a) Determine algebraic expressions
for the dimensions.

b) Describe the faces of the box.

Chapter Problem In
Section 5.3, question
12, you found an
algebraic expression X
for the total of the
top surface areas of 2xX+5
the three prisms 2x+5

used to make the pedestal.

a) Write algebraic expressions for the
exposed top surface areas of the middle
and bottom layers of the pedestal.

b) Factor each expression from part a).

¢) Compare the expressions for the
exposed surface areas when x represents
5 cm.

The radius of a circle has been decreased
by a certain amount. Its area is now given
as wr? — 14mr + 49w, where r was the
original radius, in centimetres.

a) What was the decrease in radius?

b) What was the decrease in area?



15.

16.

17.

18.

Is x* — 1 the same as (x — 1)?? Explain
using words and/or diagrams.

A parabola has equation y = x* — 4x + 4.
Rewrite the equation in factored form to
find the coordinates of the vertex.

Factor to evaluate each difference.

a) 152 — 112
b) 372 — 272
¢) 982 — 972
d) 282 — 222

The first three diagrams in a pattern
are shown.

a) Use a table to develop a formula to
represent the number of shaded small
squares in the nth diagram.

b) Write your formula in factored form.

¢) Calculate the number of shaded small
squares in the 10th diagram using both
versions of your formula.

d) Which version is easier to use? Why?

Extend

19.

20.

A three-dimensional figure has volume
given as 4mx3 + 20mx? + 25mx. What
shape(s) could this figure be, and what
are its dimensions?

Factor.

a) (x —4)2— 16

b) (x +1)2+ 2(x+ 1)+ 1
€) 25x* — 9y*

d) k* — 8k* + 16

e) a® + 20a® + 100

A 4
R
81 625

21.

22.

23.

24.

25.

26.

Find all values of k so that each trinomial
can be factored as a perfect square over
the integers.

a) 81x* + kx% + 16
b) 4y* + ky?z? + 25z*

Use Technology
a) Use a CAS to factor each expression:
x2 -1
x3—1
xt—1
X0 —1

b) Look for a pattern in the factors. Which
factored form does not appear to follow
the pattern? Use a CAS to expand the
last two factors of this factored form.
Note what happens.

¢) Use your pattern to predict the result of
factoring x® — 1 into two factors. Check
your prediction using a CAS. If
necessary, expand factors.

Math Contest

a) Show that x® — 8 = (x — 2)(x? + 2x + 4).
b) Factor m® — 64.

¢) Factor 27y3 — 12525.

Math Contest

a) Show that
a® + 1000 = (a + 10)(a® — 10a + 100).

b) Factor k% + 216¢°.
¢) Factor 343q*? + 729r%.

Math Contest
a) Expand (a + b)*.

b) Factor.
81x* — 216x3y + 216x2y? — 96xy° + 16y*

Math Contest If o> + b?> = 15 and ab = 3,
then the value of (a — b)? is

A 21
18
12
9

m O A @
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Chapter 5 Review

5.1 Multiply Polynomials, pages 210-219 5.3 Common Factors, pages 228-235
1. Use the distributive property to find each 8. Use algebra tiles or a diagram to illustrate
binomial product. the factoring of each polynomial.
a) (x +5)(x + 8) b) (x — 1)(x — 4) a) x? + 9x b) 3x2 + x
¢ (x + 3y)(x — 6y) d) (5a — 6b)(2a + 9b) 9. Factor.
2. Expand and simplify. a) 12y + 24z b) 11xy — 9xz
a) —(k+2)k—-7) ¢ c¢*+ 3c d) 4k — 8K®

b) w(w — 7v)(w — 3v)

¢) 7x(7x + 3y)(3x + 9y)

d y+1y+8)+(y—8y+1)

e) —4(2x — 6)(4x — 5) + 3(11x + 7)(11x — 4)

10. Factor by grouping.
a) 4m?> + 12m + 3m + 9
b) 9k? — 6k + 6k — 4
) 8x2 + 16x — 5x — 10

3. Write an algebraic d) 16x2 — 12xy — 12xy + 9y?
expression to represent X _ _
the area of the figure. g 11. Factor, if possible.
Expand and simplify. 7 a) 8m* — 16m + 4
b) 18¢® + 24c% — 8¢ + 6
X ¢) 15m? — 22mn + 66mn?

d) ax’z — az® + axz

5.2 Special Products, pages 220-227 ) )
12. A rectangle has area given by the expression

4. Draw a diagram to illustrate each product. 10x? + 5x. The length and width can be
a) (x +4) b) (a + 2)? found by factoring the expression. Find all
. . possible expressions for the length and
5. Expand and simplify. width

a) (x + 6)? b) (k + 8)2 o (p+ 7)?
d) (r— 2)? e) (e — 9)? f) (g — 20)?
5.4 Factor Quadratic Expressions of the Form

6. Expand and simplify. X2 + bx + ¢, pages 236-241

+ - —~ +
a) (b +6)(b—6) b) (a = 7)a+7) 13. Illustrate the factoring of each trinomial
q (y+12)y - 12) d) (x = 15)(x + 15) using algebra tiles or a diagram.
e) (e — 10)(e + 10) f) (x + 6)(x — 6) a) x2 + 9x + 14
7. Expand and simplify. b) x* + 11x + 18
a) (v + 4x)? ¢ x!+4x + 4
b) (7m — n)* 14. Factor.
0 (2¢c + 9d) a) ¢ — 17c + 72 b) x? — 8x + 15
d) —2(5x + 7y)(5x — 7y) ¢ 72— 14z + 33 d) X2 + 3x — 10
e) (3a — 8c¢)(3a + 8¢) e) x>+ 8x — 9 f) x2—2x— 8

f) —(5x — 8y)(5x + 8y)
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15. A parabola has equation y = x* — 3x — 18.
a) Factor the right side of the equation.
b) Identify the x-intercepts of the parabola.

¢) Find the equation of the axis of symmetry,
find the vertex, and draw the graph.

5.5 Factor Quadratic Expressions of the Form
ax? + bx + ¢, pages 242-249
16. Factor. Use a diagram, if needed.
a) 2x2+7x + 6 b) 6y + 29y + 9
¢) 6a% — 23a + 15 d) 4b> —5b + 1
e) 12m? + 20m — 8  f) 14k* — 31k — 10

17. Factor, if possible.
a) 8x%2 + 2xy — 15y*>  b) 5¢% — 4ed + 9d?
¢) 12m? + 13mn + 3n? d) 2w? — 9wx — 8x2
e) 24x* + 6xy — 9y? f) 9g> + 4g — 10

18. A rectangle has

area defined by Area is

8x%+2x-15.

8x2 + 2x — 15.

a) Factor to find algebraic expressions for
the length and width of the rectangle.

b) If x represents 12 cm, determine the
perimeter and the area of the rectangle.

5.6 Factor a Perfect Square Trinomial and a
Difference of Squares, pages 248-255

19. Factor.
a) x2 — 49 b) y2 — 121
¢) 4k? -9 d) 16 — 144a>
e) 9In? — 25x2 f) 1 - 81p?

20. Verify that each trinomial is a perfect
square. Then, factor.

a) x% + 14x + 49
b) k> + 8k + 16
¢ y*— 10y + 25
d) 25y* — 70y + 49
e) 36¢ — 108c + 81
f) 121 + 176y + 64y

21. Determine all values of k so that each
trinomial is a perfect square.

a) 25y2 + ky + 144
b) 9x? — 42x + k

22. Factor, if possible.
a) 9w?x? — 24wxyz + 16y2z2
b) 625 — (y — 5)2
€) 144a* — 499b*
d) 25x% + 30x + 4

/" Chapter Problem Wrap-Up

In Section 5.2, question 13, you wrote algebraic expressions for the exposed X

top surface areas of the middle and bottom layers of the pedestal. In
Section 5.6, question 13, you factored algebraic expressions for the exposed

top surface areas of the middle and bottom layers of the pedestal. X

a) Consider your resulting expressions from Section 5.2. Factor these

expressions.

2x+5
2x+5

b) Were the results the same as those from Section 5.67 Explain.

¢) Calculate the total volume of wood that will be used in building the pedestal, if x
represents 5 cm and if x represents 10 cm. Compare the results.

d) When you doubled the value of x in part c¢), did the volumes double? Why or why not?

J
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1. What binomial product does each diagram

illustrate?

a)

b)

. Simplify.
a) 4x%(3x — 5y + 8z)
b) 3m(6m? — 5m + 4) — (4m® — 8m? + 9)

. Expand and simplify.

a) (y+5)y+9)

b) (4x — 7)(3x + 2)

o) (6k + 1)(6k — 1)

d) (w - 8)?

e) (4c + 5d)?

f) 2(x — 4)(x — 7) — 5(8x — 9)(8x + 9)

. The minimum stopping distance, after a
delay of 1 s, for a particular car is

modelled by the formula d = 0.006(s + 1)?,

where d represents the stopping distance,
in metres, and s represents the initial
speed, in kilometres per hour.

a) Expand and simplify the formula.

b) Compare the results in both versions of
the formula for an initial speed of
60 km/h.
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10.

Chapter 5 Practice Test

5.

Factor.

a) 9d%?* + 6d°e

b) 15p?qr® — 25p®q*r + 5pqr
c) 5(x + 6) — 2(x + 6)

d) 16x*> + 8x — 6x — 3

. @) Find an algebraic expression for the

surface area of the square-based prism.

X

3x+4

3x+4
b) Expand and simplify your expression
from part a).

¢) Factor the resulting expression from
part b).

. Factor.

a) x2+ 11x + 24
b) y* — 15y + 56
¢) n>—n—90
d) x? — 14x + 49
e) h? — 100

f) d> + 16d + 64

. Factor.

a) 3k* + 12km — 36m?
b) 8y* + 19y + 6

) Iw? — 24w+ 7

d) 25a% + 60a + 36

e) 121w? — 144

f) 10x? — 7xy — 6y?

. Explain how to determine whether or not

you can factor 9x> — 10x + 18 over the
integers.

The area of a rectangle is given as
x* + 13x — 30.

a) Determine polynomials that represent
the length and width of the rectangle.

b) What is the smallest integer value of x
for which this area expression makes
sense?



11. Determine all values of k so that each
trinomial is a perfect square.

a) 36x% + kx + 121
b) 49d? — 56d + k
¢) 25x% — 60xy + ky?
d) ka? + 30ab + 9b?

12. a) Write an algebraic expression for the

area of the shaded region.

xX+5

L Ix-5

x+9

x+9
b) Write the area expression in factored
form.

¢) Substitute x = 7 into both forms. Are
the results the same? Why?

13. A parabola has equation y = 2(x + 6)? — 2.

a) Expand and simplify to write the
equation in the form y = ax? + bx + c.

b) Factor your equation from part a).

¢) Do the three equations represent the
same parabola? Justify your response.

14. The volume of a rectangular prism is given

as 9x% — 30x% + 25x.

a) Determine algebraic expressions for the
dimensions.

b) Describe the faces of the prism.

15. Determine two values of k so that each

trinomial can be factored as a difference
of squares.

a) km? — 25
b) 16d? — k
) a® — kb?

16. Factor to evaluate each difference.

a)
b)
<)

17.

342 — 312
1272 — 1262
522 — 482

The first three diagrams in a pattern are

shown.

a)

b)

0

d)

e)

Write a formula for the total number of
small squares in the nth diagram.

Write a formula for the number of
shaded small squares in the nth
diagram.

Write a formula for the number of
unshaded small squares in the nth
diagram.

Write your formula from part c) in
factored form.

Show that both forms of the formula
give the same results for the 15th
diagram.

B Achievement Check

18. a)

b)

0

Find all values of b so that x* + bx + 10
can be factored over the integers.

Find all values of b so that 4y + by + 5
can be factored over the integers.

Write an algebraic expression for the
shaded area. Then, write the expression
in factored form.

X+2

X+ 1 3
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Maxima and Minima

How can the owner of a snowboard rental business use mathematics to
maximize sales or minimize cost? What dimensions of a rectangular
field provide the greatest area? Questions like these are answered
by finding the maximum or minimum point of a quadratic
relation, which occurs at the vertex.

If a relation is of the form y = a(x — h)? + k, then
the vertex is (h, k). However, if a relation is of the
form y = ax? + bx + ¢, the coordinates of the
vertex are not so obvious. In this section, you will

learn how to express y = ax? + bx + c¢ in the form

y = alx — h)? + k.

¥ Investigate -

How can you model the process of creating a perfect square?

r
.° | Tools
= algebra tiles

1. Consider the quadratic expression x* + 6x + 9.
= graphing calculator a) Show that the expression is a perfect square using algebra tiles.
b) Factor the expression as a perfect square.

2. Repeat step 1 using the quadratic expression x? + 4x + 4.

3. Consider the quadratic ...
expression x? + 6x + 5.
a) Describe how algebra
tiles have been used

to create a perfect
square using the first
two terms.

b) Explain how the L] |_|,|:,|: ==.
relation y = x2 + 6x + 5 EEE 0
relates to
y=(x+3)?—

¢) Use a graphing
calculator to compare = -----
the graphs of
y=x*+6x+5
and y = (x + 3)? — 4.
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4. Consider the quadratic expression x* + 4x + 3.

a) As in step 3, use algebra tiles or a diagram to create a perfect
square using the first two terms.

b) Explain how the relation y = x> + 4x + 3 relates to
y=(x+2)?—1.

¢) Use a graphing calculator to compare the graphs of
y=x*+4x+ 3and y = (x + 2)% — 1.

5. Reflect Illustrate and explain how to use algebra tiles to
rewrite the quadratic relation y = x* + 2x + 7 in the form
y=(x—h)?+ k.

completing

The process of completing the square involves changing the first two
the square

terms of a quadratic relation of the form y = ax?> + bx + c into a

perfect square while maintaining the balance of the original relation. = aprocess for expressing

v =ax?+ bx+ cin the
form y =a(x - h)2 + k

Example 1 Complete the Square

n
a) Rewrite y = x* + 8x + 5 in the form y = a(x — h)? + k.

b) Write the coordinates of the vertex of the parabola.

¢) Sketch a graph of the relation. Label the vertex, the axis of
symmetry, and two other points.

Solution

a) Method 1: Use Algebra Tiles
Create a perfect square using the first two terms in the quadratic
expression x? + 8x + 5.

Arrange one x-tile and eight x-tiles so

that the side lengths are equal. Place
the five unit tiles to the side.

To complete the perfect
square, you need to add
16 unit tiles.

In order to preserve the
original quadratic
expression, you must also
add 16 negative unit tiles.

L eeeN
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24 8x 45 = 4)? — 11 [
x% + 8x + (x + 4) =
-
-

Complete the square and

collect the unit tiles.

Remove zero pairs.
N
.
N
L

EEEN
0]

The relation y = x2 + 8x + 5 in the form y = a(x — h)? + ks
y=(x + 4)? - 11.

Method 2: Use Algebraic Symbols
Rewrite the relation in the form y = a(x — h)* + k by completing

the square.
y=x*+8x+5
=(x2+8x)+5 Group the first two terms.

= (x2 + 8x + 42 — 42) + 5 To make a perfect square trinomial inside the
brackets, add the square of half of 8, or 42,
To balance the equation, also subtract 42.
= (x?2 + 8x + 42) — 42 + 5 Take -42 outside the brackets.
=(x+4)2%—-16+5 Factor the perfect square trinomial and
simplify.
= (x + 4)* — 11
The relation y = x> + 8x + 5 in the form y = a(x — h)? + ks
y = (x + 4)2 — 11.

b) The vertex is (h, k), or (—4, —11).

¢) The equation of the axis of symmetry is x = —4.

To find another point on the graph, [ ]

let x take any value. g
Looking at the Let x = 0. = yEX+H4) -1
x-coordinate of this y= 02+ 8(0)+5 5 41(0;5)
point, | know that it is =5 B | N
Ir?gcs;[ii ?hl;n;isi :thhe Therefore, (0, 5) is a point on the _a\ + 2 118 X
symmetry. So, its parabola. \ [
partner is located Due to symmetry, another point is \ 8
4 U”its_ to the left of the partner to this, (-8, 5). Vo
the axis of symmetry Plot the three points and let -4-11) "
and has the same points and complete Y

y-coordinate. the sketch.
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Example 2 Find a Maximum or a Minimum

Find the maximum or minimum point of the parabola with equation
y = 2x* + 12x + 11.

Solution

Method 1: Complete the Square

When the coefficient of the x2-term is not 1, the first step is
to factor the coefficient of x% from the first two terms. Then,
complete the square within the brackets.

y = 2x%+12x + 11
=2(x% + 6x) + 11 Factor 2 from the first two terms to make

the coefficient of the x2-term 1.

2(x2 + 6x + 32 —3%2) + 11 To make a perfect square trinomial inside
the brackets, add the square of half of 6, or

32, Subtract the same value to balance the

equation.

= 2(x2 + 6x + 3%2) — 2(3%) + 11  Take -32 outside of the brackets by
multiplying by 2.

=2(x+3)2—-18 + 11 Factor the perfect square trinomial and
simplify.

2(x + 3)2 -7

The equation y = 2(x + 3)? — 7 is of the form y = a(x — h)? + k.
The vertex is (—3, —7). It is a minimum point, since a is positive.

Method 2: Use a Graphing Calculator

Enter the equation using (- ). -
Press and select 6:ZStandard.

You can see that the parabola has a minimum.
This is because the coefficient of x? is positive.

Use the Minimum operation of a graphing

calculator to find the coordinates of the vertex.

* Press [CALC] to display the CALCULATE
menu, and select 3:minimum.

® Move the cursor to the left of the vertex and
press @) he-¢.999998 fv=-7

* Move the cursor to the right of the vertex and

press Ever),
* Move the cursor close to the vertex and press Eved).

The calculator will give you the approximate ordered
pair that best represents the minimum point of the graph.

The minimum point is (—3, —7).

| Technology Tip

The TI-83 Plus or TI-84 Plus
graphing calculator

| displays cursor coordinates

as eight-character
numbers, which may
include a negative sign.
When Float is selected in
the MODE settings, X and
Y are displayed with a
maximum accuracy of
eight digits. Since the
Minimum and Maximum
operations are only
calculated to an accuracy
of 1 x 1075 or 0.000 01,
the result displayed on the
graphing calculator screen
may not be accurate to all
eight displayed digits.
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Example 3 Path of a Ball

The path of a ball is modelled by the equation y = —x? + 2x + 3,
where x is the horizontal distance, in metres, from a fence and y
is the height, in metres, above the ground.

a) What is the maximum height of the ball, and at what horizontal
distance does it occur?

b) Sketch a graph to represent the path of the ball.

Solution

a)y=—-x2+2x+3

=—1(x2 —2x) + 3

= —1(x* — 2x + (—1)* — (-1)%) + 3

=—-1(x2—-2x+ (—1)%) - (—1)(—1)* + 3

=-1(x—-1)?2+1+3

=—(x—1)?+4

Factor -1 from the first two
terms.

To complete the square
inside the brackets, add the
square of half of -2, or
(=1)2. Subtract the same
value to balance the
equation.

Take —(-1)2 outside the
brackets by multiplying

by -1.

Factor the perfect square
trinomial and simplify.

The equation y = —(x — 1)? + 4 is of the form y = a(x — h)? + k.
The vertex is (1, 4). It is a maximum point since a is negative.

The maximum height of the ball is 4 m after it has been thrown a

horizontal distance of 1 m.

b) The vertex is (1, 4).
When x = 0,y = 3.

By symmetry, the partner point

to (0, 3) is (2, 3).

(1:4)

(¢, 3)

y=-xX+2x+3

N 4

| can use these three
points to graph the
path of the ball. The
parabola will not go
below the x-axis
because the height of
the ball is always
positive.



Example 4 Maximize Revenue

Alex runs a snowboard rental business that charges $12 per snowboard
and averages 36 rentals per day. She discovers that for each $0.50
decrease in price, her business rents out two additional snowboards
per day. At what price can Alex maximize her revenue?

Solution

Let R represent the total revenue, in dollars.
Let x represent the number of $0.50 decreases in price.

Then, the price, in dollars, can be calculated as 12 — 0.5x
and the number of rentals can be calculated as 36 + 2x.

Revenue is the product of the price and the number rented.
R = (12 — 0.5x)(36 + 2x)

To find the maximum revenue, expand the quadratic relation,
and then complete the square.
R = (12 — 0.5x)(36 + 2x)

= 432 + 6x — x2 Lcirr: ;.ISE tec?:glog% tt(? graph

oth forms of the relation,

—x er bx + 432 R=(12 - 0.5x)(36 + 2x) and
—1(x* — 6x) + 432 = _(x - 3)2 + 441, and verify
—1(x%2 — 6x + (—3)%2 — (—3)?) + 432 that they are equivalent.
—1(x? — 6x + (—3)2) — (—1)(—3)% + 432

= —1(x — 3)> + 9 + 432

= —(x — 3)* + 441
The relation reaches a maximum value of 441 when x = 3.

There should be three price reductions of $0.50 to maximize
the revenue.
12 — 0.5(3) = 10.50

A price of $10.50 maximizes Alex’s revenue.

— Key Concepts

® You can rewrite a quadratic relation of the form y = ax* + bx + ¢
in the form y = a(x — h)* + k by completing the square.

m For a quadratic relation in the form y = a(x — h)? + k, the vertex,
(h, k), represents the maximum or minimum point of the parabola.
The vertex is a minimum point when a > 0 and a maximum point
when a < 0.

® Completing the square allows you to find the maximum or minimum
point of a quadratic relation of the form y = ax? + bx + c algebraically.

® You can use a graphing calculator to find the maximum or
minimum point by using the Maximum or Minimum operation
on the graph of the quadratic relation.
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Communicate Your Understanding

@@ Describe the steps needed to complete the square for each relation.
a) y=x+ 10x + 15
b)y=—-2x2—-4x—5

@& Identify the vertex of each relation in question C1. How do you
know whether it is a maximum or a minimum point?

@ Explain how to graph an equation of the form y = a(x — h)* + k.

Practise
For help with questions 1 to 6, see Example 1.

1. Use algebra tiles to rewrite each relation in
the form y = a(x — h)? + k by completing
the square.

a) y=x*+2x+5
b) y=x*+4x+7
 y=x*+6x+3

2. Determine the value of ¢ that makes each
expression a perfect square.

a) x2+6x +c b) x* + 14x + ¢
¢ x2—-12x+ ¢ d) x2 — 10x + ¢
e) x?+2x+c f) x2 —80x + ¢

3. Rewrite each relation in the form
y = alx — h)* + k by completing
the square.

a) y=x*+6x—1
b) y=x>+2x+7
0 y=x%+10x + 20
d) y=x*+2x-1
e) y=x—-6x—-14

fy y=x*—-8x—-2
g) v=x*—12x + 8

4. Find the vertex of each quadratic
relation by completing the square.

a) y=x%+6x+ 2

b) y = x% + 12x + 30
¢ y=x*—8x+ 13
d) y=x*—-6x+ 17
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5. Match each graph with the
appropriate equation.

VA
B 12

A
=

a) y=(x—52+1
b) y=(x-1)?*+4
y=kx+12+4
dy=Kx+5?2-1
6. Find the vertex of each parabola. Sketch

the graph, labelling the vertex, the axis
of symmetry, and two other points.

a) y=x%+ 10x + 20
b) y = x> — 16x + 60

For help with questions 7 to 9, see Example 2.
7. Rewrite each relation in the form
y = alx — h)* + k by completing
the square.
a) y = —x2 + 80x — 100
b) y=-x*-6x+4
¢) y=3x%+ 90x + 50
d) y = 2x? — 16x + 15
e) y=—7x>+ 14x — 3



8. Find the maximum or minimum point of

each parabola by completing the square.
a) y=—x*—-10x — 9

b) vy = —x* + 14x — 50

0 y=2x%+ 120x + 75

d) y=3x2 — 24x + 10

e) y = —5x% — 200x — 120

9. Use Technology Use a graphing calculator

to find the maximum or minimum
point of each parabola, rounded to the
nearest tenth.
a) y=x*+6x-1
b) v = 0.2x2 — 1.5x + 6.3
¢ y=—1.6x%+ 4.3x — 5.2
1 1 1
d y= §x2—§x+5
e) y=—57x% + 91x — 13
f) v = 144x% + 25x + 14

For help with questions 10 and 11, see
Example 3.

10. Find the vertex of each parabola.
Sketch the graph, and label the vertex
and two other points.

a) y=-x2—-2x—-6

b) y = 4x? + 24x + 41
€) yv=5x?— 30x + 41
d) y=—-3x> + 12x — 13
e) y=2x>+8x + 3

11. Find the vertex of each parabola. Sketch
the graph, and label the vertex and two
other points.

a) y=—-2x> - 3x + 7
b) y = 3x% — 9x + 11
¢ y=-—x*+8x—10
d) y=4x? — 16x + 11
e) y = —5x% — 30x — 48

Connect and Apply

12.

[M] Did You Know?

Galileo was a mathematics professor at the University of Pisa,
in Italy. At the beginning of the 17th century, he discovered
the connection between quadratic equations and acceleration.

The path of a ball is modelled by the
equation y = —x? + 4x + 1, where x is the
horizontal distance, in metres, travelled
and y is the height, in metres, of the ball
above the ground. What is the maximum
height of the ball, and at what horizontal
distance does it occur?

. Use Technology A football is kicked at

an angle of 30° to the ground, at an initial
speed of 20 m/s, from a height of 1 m. Two
quadratic relations can be used to model
the height, in metres, above the ground:

With respect to time, ¢, in seconds, the
height is given by h = —4.9¢* + 10t + 1.

With respect to the horizontal distance, x,
in metres, the height is given by
h = —0.0163x* + 0.5774x + 1.

Use a graphing calculator to verify that
the maximum height is the same with
both models.

At what time and horizontal distance
does the maximum height occur?

14. A diver dives from the 3-m board at a

15.

swimming pool. Her height, y, in metres,
above the water in terms of her horizontal
distance, x, in metres, from the end of the
board is given by y = —x? + 2x + 3. What
is the diver’s maximum height?

The cost, in dollars, of operating a
machine per day is given by the formula

C = 2t* — 84t + 1025, where t is the time,
in hours, the machine operates. What is
the minimum cost of running the machine?
For how many hours must the machine
run to reach this minimum cost?
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For help with question 16, see Example 4.

16.

17.

18.

An artisan can sell 120 garden ornaments

per week at $4 per ornament. For each

$0.50 decrease in price, he can sell 20

more ornaments.

a) Determine algebraic expressions for
the price of a garden ornament and
the number of ornaments sold.

b) Write an equation for the revenue
using your expressions from part a).

¢) Use your equation from part b) to
find what price the artisan should
charge to maximize revenue.

d) Use Technology Graph both forms
of the relation from parts b) and c)
to verify that they are equivalent.

Find the maximum or minimum point of
each parabola by completing the square.

a) y=1.5x2+6x—7

b) y=—-0.1x> — 2x + 1

¢ y=0.3x* + 3x

d) y = —1.25x% + 5x

e) y = 0.5x2 — 6x + 12

f) y=-0.02x2 — 0.6x — 9

Chapter Problem A manufacturer decides
to build a half-pipe with a parabolic cross
section modelled by the relation

y = 0.2x2 — 1.6x + 4.2, where x is the
horizontal distance, in metres, from the
platform, and y is the height, in metres,
above the ground.

YA
y=0.2x%-16x+4.2

VS

-0 ground X
\

/

Complete the square to find the depth
of the half-pipe.
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19.

20.

21.

22.

Find the two missing values (b, ¢, and/or h)
in each equation.

a) x>+ 8x + ¢ = (x + h)?
b) x2 + bx + 36 = (x + h)?
¢ x*+bx+c=(x—5)?2+2

The drag on a small aircraft is made up
of induced drag from the wings as they
produce lift and parasitic drag from the
airframe. Over a limited speed range,
the drag, d, in newtons, produced by a
speed, v, in kilometres per hour, can
be modelled by the quadratic relation
d = 0.15v* — 9v + 195. Determine the
speed that results in minimum drag.

Fred fires a toy spring from the top of a
metre stick toward a cardboard box 4 m
away and 1 m tall. The spring follows

a path modelled by the relation

y = —x% + 10x — 21. The ceiling of the
room is 3.5 m above the point at which
the spring is launched. Can the spring hit
the box without hitting the ceiling first?

ceiling
35m
metre
stick \\
floor 4m

Use Technology Studies show that
employees on an assembly line become
more efficient as their level of training
goes up. In one company, the number of
products, P, produced per day, at a level
of training of t hours, follows the quadratic
model P = —0.375% + 10.25t — 8, for

0 =t = 18. Use a graphing calculator to
determine what level of training will give
the maximum productivity, rounded to the
nearest tenth.



23. A pipe cleaner is 20 cm long. It is bent into 26. A parabola has a y-intercept of 5 and
a rectangle. Use a quadratic model to contains the points (2, —3) and (-1, 12).
determine the dimensions that give the What are the coordinates of the vertex?

maximum area.
27. Verify that the x-coordinate of the vertex of

a parabola of the form y = ax? + bx + c s
b

C2a’

28. Math Contest The maximum area for an
equilateral triangle inscribed in a circle of

V3

3
radius R is R?. Determine the side

length of the triangle.

24. A field is bounded on one side by a river.
The field is to be enclosed on three sides
by a fence, to create a rectangular
enclosure. The total length of fence to be
used is 200 m. Use a quadratic model to
determine the dimensions of the enclosure

29. Math Contest Two names from four
friends, Jane, Farhad, Sonia, and Mehta,
are drawn from a hat for two tickets to a
concert. What is the probability that Jane
and Farhad go to the concert together?

2 1
of maximum area. A 3 B 5
C 1 D 1
Extend 4 6
25. Use Technology A projectile is propelled e L
upward at various angles from the ground 12
(known as angles of elevation), with initial
heights of the projectiles with the angles Kasner coined the word googol to mean
of elevation shown in the table. a really big number.
1 googol = 10190
Angle of Elevation Equation 10001000 jg equivalent to
2o’ h=-49t?+ 342t A 1000 googols B 3000 googols
30° h=-491% + 5.00t C 30 googols D googol®®
o = _ 2
40 49t° + 6.43t € g00g01g00g01
50° = -49t2 + 7.66t
60° h=_491 + 866t [T] Did You Know?
70° h=-4.9t2 + 940t The founders of the Internet search engine Google intended

to use googol as their name. However, investors misspelled
the name on a cheque.
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quadratic equation

= an equation in the form
ax?+ bx + c=0, where g,
b, and c are real numbers
anda#0

274 MHR - Chapter 6

Solve Quadratic Equations

The flight path of a toy rocket,
a ball, or any projectile can be
predicted using a quadratic
model. This model can also be
used to determine when and
where a projectile will land. For
example, the path of a stone
thrown into a ravine is modelled
by the quadratic relation
y = —x% + 5x + 84, where x is
the distance, in metres, it travels
horizontally and y is the height,
in metres, above the river at the
bottom of the ravine. You can
solve for x using a variety of
methods, including factoring a
quadratic equation .

Investigate

How can factoring help you solve a quadratic equation?
1. If the product of two numbers is zero, what must be true about

one or both of the numbers?

2. If a X b = 0, what must be true about the value of a or the value of
b or both?

3. How do steps 1 and 2 relate to solving the equation (x — 3)(x + 5) = 0?

4. a) Solve the equation (x — 3)(x + 5) = 0.

b) Explain why your solutions cause the left side of the equation
to equal zero.

5. Use your method to solve each equation.
a) (x+2)x+9)=0 b) (2x + 5)(3x —4) =0

6. a) How is the equation x* + 6x + 8 = 0 different from those in steps
3 to 57 Describe the extra steps needed to solve the equation.

b) Solve the equation.

7. Reflect Describe how you can use factoring to solve
a quadratic equation.



Example 1 Solve by Factoring

C‘cl)nnections
Solve for x. Check your answers by substitution. T ,
0 solve an equation
a)x*+9x+14=0 means to find the values
b) 2x2 + 5x = 0 of the variable that make

the statement true. This is
also called finding the
roots of the equation.

c) 6x2 — x =15

Solution
a)x2+9x+14 =0
x+7)x+2)=0 Factor the left side.
X+7=0 or XxX+2=0 One factor or the other must
X = -7 or xX=-2 equal zero.
Check.
Forx = —7:
LS. =x%2+9x + 14 RS.=0
=(-7)2+9(-7) + 14
=49 — 63 + 14
=0
L.S. = R.S.
For x = —2:
L.S. = x> + 9x + 14 R.S. =0
=(—-2)2+9(—2) + 14
=4 —18 + 14
=0
L.S. = R.S.
The solutions, or roots, are —7 and —2. root (of an equation)
= the value of the variable
b) 2x* +5x =0 that makes an equation
x(2x +5)=0 Remove the common factor. true
x=20 or 2x+5=0 One factor or the other must .
= the same as the solution of
2x = —5 equal zero. an equation
.5
2
5 .
The roots are 0 and — 5 The check of these roots is left to the
reader.
) 6x% — x = 15
6x>2 —x—15=0 Write in the form ax2 + bx + ¢ = 0.
6x2 —10x + 9x — 15 =0 To factor the left side, break up the
2x(3x —5)+3(B3x—5)=0 middle term and factor by grouping.
Bx —5)2x+3)=0 To factor 6x2 - x - 15,
3x—=5=0 o 2x+3=0 One factor or the other must Lvrgzz';f;:jdzvzsi;ntegers
3x =5 or 2x = —3 equal zero. 6 x (~15), or -90, and
X = g oT X = —% whose sum is -1. The

integers =10 and 9 work.
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Check.

5
Forsz: Forx = ——
L.S. = R.S. =15 L.S. = 6x2 — x R.S. =15
( ) : ) - ()
= — =6 — — —
3 2 2
o(5) 3 (2)+3
4 2
50 5 27 3
= — — — = — 4+ —
3 3 2 2
=15 =15
L.S. = R.S. L.S. = R.S.
5 3
The roots are — and — —.
3 2

Example 2 Path of a Stone

The path of a stone thrown into a
ravine is modelled by the quadratic
relation y = —x? + 5x + 84, where x
represents the distance, in metres,
travelled horizontally and y represents
the height, in metres, above the surface
of the river at the bottom of the ravine.
How far does the stone travel
horizontally before it hits the water?

Solution
When the stone hits the water, its height is 0 m. So, let y = 0.

—x2+5x+84=0
—x?  5x 84 0 o ] )
—t— + — = — Divide both sides of the equation by —1.
-1 -1 -1 -1
x2—5x—84=0

(x+7)x—12)=0
x+7=0 o x—12=0
x = —7 or x =12

Since x represents a distance, it cannot be negative. So, reject the root —7.
Check x = 12.
LS. = —x% + 5x + 84 RS. =0
—(12)% + 5(12) + 84
—144 + 60 + 84
=0

Factor the left side.
One factor or the other must equal zero.

L.S. =R.S.
The stone travelled 12 m horizontally before it hit the water.




Example 3 Dimensions of a Rectangle

A rectangle has dimensions 3x + 1 and 2x — 5.
Its area is 1150 cm?2. What are its dimensions?

3x+1

2x-5

Solution

Method 1: Use Pencil and Paper
Substitute the area and expressions for the dimensions into the
formula A = 1 X w.
1150 = (3x + 1)(2x — 5)
1150 = 6x2 — 13x — 5 Expand and simplify the right
side.
6x2 — 13x — 1155 = 0 Write in the form
ax?+bx+c=0.
6x2 — 90x + 77x — 1155 = 0 Factor the left side.
6x(x —15) + 77(x —15) =0
(x — 15)(6x + 77) = 0
XxX—15=0 or 6x+77=0 One factor or the other must

77
x =15 or x = —— equal zero.

77
Since the dimensions cannot be negative, reject the solution — re

Check x = 15.

Find the dimensions of the rectangle.
3x +1 2x — 5

=3(15) + 1 =2(15) = 5

= 46 =25

Check that these dimensions give an area of 1150 cm?.
46 X 25 = 1150
Therefore, the dimensions of the rectangle are 46 cm by 25 cm.

Method 2: Use a Computer Algebra System (CAS)

In the Home screen, use the Expand function with the area
equation (3x + 1)(2x — 5) = 1150.

Fi~| F&r |F3~| F4~ | FE Far
Tools|A13cbra|Calc|Other |FrImiD{Clean Ue

= HewProb Done
#expand((3-x+ 1) (2-%x—35)1=p
6 %° - 13- %x-5=1150

EARD AUTO FUNC /30
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Express the equation in the form ax* + bx + ¢ = 0.

Use the up cursor key to highlight the expanded form. Press (¢ )(1)
for [COPY]. Cursor down to the command line. Press (¢ )(esc) for
[PASTE]. Put brackets around the equation and subtract 1150.

Press Enrer),

COPY and PASTE the new form of the equation into the command
line. Cursor to the beginning of the equation. Press (2 ). Select
2:factor(. At the end of the command line, press () )Ev=r).

Fir| Fér |F3=| F4~ | FE FE~ |
Tools|A13cbralCale I!th-erPrﬁmll:lIﬂ-mn g
B xS la = a=

n(6-%2-13-%x-5=1150) - 11p
6-%°-13-%-1155=0

» factor(6 %2 - 13-% — 1155 =#
(3 - 15)(6-% +77) = 0

factor ek 2—13%x—1155=0>
MAIN EAD AUTO FLNC 430

Note the two factors. The second
factor results in a negative
solution, and is rejected.
Therefore, x = 15 is the solution.

To check the solution, type the original equation, followed
by the such that symbol, (I ), and then x = 15. Press &),

Toaz|18ebraltate nfﬁ';errrii-.lnIc1anﬁn'Upﬁ
£ x4 =13 x-1155=0

» factor 6 %2 - 13- % - 1155 :p
(x-15)(6-x+77)=0

= (3ox+1)(2 x—-9)=1150 | =xp
true

CIuw+1 00 24=52=11501x=15

MAIN EARD AUTO FUNC E/Z0

Note that the CAS returns a value
of true.

Next, calculate the dimensions of the rectangle.
Type 3x + 1 | x = 15 and press Ever).
Type 2x — 5 | x = 15 and press Ever).

Fi~| F&r |F3~| F4~ | FE Far
Tools|A13cbra|Calc|Other |FrImiD|Clean U

BT b s o e e
BT+ 1)-(2% - 5) = 11508 | =p

true
"3-x+1|x=15 46
"2-x—-5|x=15 25
MAIN EAD AUTO FUNC 730

Check that these dimensions give an area of 1150 cm?.

46 X 25 = 1150

Therefore, the dimensions of the rectangle are 46 cm by 25 cm.



— Key Concepts

m If two factors have a product of zero, then one or both of the factors
must equal zero.

® A quadratic equation has degree two and has a single unknown.
For example, x> + 2x — 3 = 0 is a quadratic equation.

® Some quadratic equations can be solved by factoring.

m To solve a quadratic equation by factoring, first write the equation
in the form ax? + bx + ¢ = 0, and then factor the left side. Next, set
each factor equal to zero, and solve for the unknown.

For example,
x2+2x=3
x2+2x—-3=0
x+3)(x—1)=0
x+3=0 or x—1=0
x=—-3 or x=1

m The solutions to a quadratic equation are also known as the roots of
the equation.

Communicate Your Understanding
@@ When you are factoring to solve a quadratic equation such as
x? + 2x — 3 = 0, the right side needs to be equal to zero. Why?
@ Describe how you would solve each quadratic equation by factoring.
a)3x2+12x+9=0
b) 2x2 — 11x = —15

Practise

For help with questions 1 to 5, see Example 1. 2. Solve and check.

1. Solve. a) x2+8x+12=0
a) (x+5)x+2)=0 b) h?+9h +18 =0
b) x —3)(x+4) =0 ¢ m*+3m=0
0 x—1Dx—-7)=0 d) w2 —- 18w+ 56 =0
d) x(x+9)=0 e) x?—-2x=0
e) 2x +3)x—5)=0 f) ¢2—17¢+30=0
f) 2x—1)Bx+4)=0 g) n?+9n—22=0
g) Bx—5)4x—-3)=0 h) y> — 11y =0
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3. Solve.

a) 3x2+28x+9=0
b) 4k* + 19k + 15 =0
¢ 8y — 22y + 15
d) 16b2 —1 =0

e) 10m? + 30m = 0
f) 4x2 —12x+9=0

. Solve.

a) x2+5x=—4

b) 8¢ + 15 = —¢?
) k?=13k— 12
d) b2 +1=-2b

e) m? = 300 — 20m
f) y?=7y

. Solve.

a) 2m?>=—-7m— 6
b) 9x2=x+ 8

€ 4y* — 12y = -9
d) -5 =2p — 16p?
e) 12m? = 10 — 37m
f) 3w? + 22w = —7

For help with questions 6 and 7, see Example 2.
6. Solve.

a) —x2—10x — 16 =0
b) 3{2 + 24t + 45 =0
¢) 6d>+15d=—9
d) —10g® + 32g=6

Connect and Apply

7. A basketball is tossed from the top of a 3-m
wall. The path of the basketball is defined
by the relation y = —x? + 2x + 3, where

x represents the horizontal distance
travelled, in metres, and y represents the
height, in metres, above the ground. How
far has the basketball travelled horizontally
when it lands on the ground?
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For help with question 8, see Example 3.

8.

10.

11.

12.

13.

14.

A rectangle has dimensions x + 10 and
2x — 3. Determine the value of x that
gives an area of 54 cm?.

x+10

2x-3

. Write a quadratic equation in factored

form for each situation.
a) The roots of the equation are 5 and 4.

b) The roots of the equation are —2 and 3.

a) Write a quadratic equation in the
form ax? + bx + ¢ = 0 with roots
of 6 and —7.

b) What would happen to the roots if
you multiplied both sides of the
equation in part a) by 37 Explain.

2
Write a quadratic equation with roots of 3
4
and 5 in the form ax* + bx + ¢ = 0,

where a, b, and c are integers.

a) Create an example of a quadratic
equation that can be factored and
solved with integer solutions.

b) Create an example of a quadratic
equation that can be factored and
solved with non-integer solutions.

Create an example of a quadratic equation
that cannot be solved by factoring. Explain
why it cannot be factored.

The hypotenuse of a right triangle
measures 29 cm. One leg is 1 cm shorter
than the other. What are the lengths of
the legs?



15. For the equation 3n? = 15n, Chris
suggested dividing both sides by 3n,
leaving n = 5. Are there any other values
that satisfy this equation? What is wrong
with Chris’s method? What is a more
appropriate method?

16. The sum of the first n even natural
numbers can be found using the formula
S=n(n+ 1).

a) Verify the formula for n = 1 and n = 2.

b) What is the sum of the first five even
natural numbers?

¢) The sum of the first n even natural
numbers is 306. What is the value of n?

17. At the Mini Market, as the price of milk
drops, sales increase. On an average day, a
4-1 bag of milk costs $3.90, and the store
sells an average of 120 bags. For each $0.10
reduction in price of a 4-L bag, sales
increase by 20 bags per day. The price and
value of sales can be modelled as follows,
where n is the number of $0.10 price
reductions.

Price, in dollars: 3.90 — 0.10n

Number of bags: 120 + 20n

The total revenue is the product of the
price and the number of bags sold. Find

how many price reductions will result
in revenue of $700.

[M] Did You Know?

According to the Canadian Dairy Information Centre, in
2005 the per capita consumption of fluid milk in Canada
was 84.00 L. Fluid milk includes 3.25%, 2%, 1%, skim,
chocolate, and buttermilk.

For the same year, Finland had the greatest per capita retail
milk consumption, 116.99 L, while China had the least, 2.55 L.

j Achievement Check

18.

The length of _Reasoning and Proving
the base of a NG st Lok
rectangular prism ( Problem Solving
is 2 m greater than connecﬁ
the width, and the \communicaﬁng/
height of the prism is 15 m.

Reflecting

a) Write an algebraic expression for the
volume of the rectangular prism.
Express the relation in the form
y =alx — h)? + k.

b) If the volume of the prism is 2145 m?,
write an equation to model the situation.

¢) Solve the equation by factoring. What
are the dimensions of the base of the
rectangular prism?

d) Make up a similar problem. Trade
with a partner and solve each other’s
problem.

Extend

19.

20.

21.

The length of a rectangular plot of land is
7 m greater than its width. The diagonal
is 8 m greater than the width of the plot
of land. What are the dimensions of the
plot of land?

Ralph is opening a BMX bike repair shop.
His accountant models his profit, P, with
the equation P = 1125(t — 1)? — 4500,
where t is the number of years of
operation. During the first 5 years of
operation, when is Ralph’s shop predicted
to make a loss? a profit?

a) Solve the equation y? + 3y + 2 = 0.
How is the equation y? + 3yx + 2x2 = 0
related?

b) Solve for y in terms of x.
i) y2+3yx +2x2=0
i) 572 — 6yx — 8x2 =10

i) L% — Sox + = 0
A
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Graph Quadratics Using the
Xx-Intercepts

In Chapter 4, you graphed quadratic
relations of the form y = a(x — r)(x — s)
by using the x-intercepts. In this section,
you will use x-intercepts to graph
parabolas with equations of the form

y = ax?® + bx + c. With these skills, you
will be able to calculate, for example,
the width of an arch or the time it takes
for a projectile to land on the ground.

¥ Investigate A -

How can you use factoring to graph a quadratic relation?

1. Compare the information you can get from quadratic relations
of the form y = ax? + bx + ¢, y = (ax + b)(cx + d), and
y = alx — h)? + k. Which form is easiest to use for finding
the vertex? the x-intercepts? the y-intercept?

2. Consider the quadratic relation y = (x — 2)(x + 4).

a) Explain how you would find the x-intercepts. Find and plot
the x-intercepts.

b) How can you find the x-coordinate of the vertex?
Explain why this method is appropriate.

¢) Find the x-coordinate of the vertex. Then, calculate
the y-coordinate.

d) Plot the vertex and sketch the graph of the quadratic relation.

3. For each relation, find the x-intercepts, the equation of the axis of
symmetry, and the coordinates of the vertex. Use the information
to sketch the graph.

a) y=(x+5)x+1) b)y=2(2x— 1)(2x + 3)

4. How would you find the x-intercepts and graph the following
quadratic relations?

a) y=x2+3x—-10 b)y=6x2—-17x+5

5. Reflect Summarize your findings about how to use factoring
to graph a quadratic relation of the form y = ax? + bx + c.




Investigate B

How are the x-intercepts of a quadratic relation related to the roots [o Tools

of the corresponding quadratic equation? = TI-83 Plus or TI-84 Plus

. raphing calculator
1. a) Graph the relation y = x> — 3x — 4 as Y1. Press and select graphing caicu

6:ZStandard.

b) Find the zeros of the relation.
* Press [CALC] to display the CALCULATE menu, and
select 2:zero.
* Move the cursor to the left of one x-intercept and press Ever).
* Move the cursor to the right of the x-intercept and press Evrer).
* Move the cursor closer to the x-intercept and press Ever).

The calculator will give you the approximate ordered pair that
best represents the location of the x-intercept. Repeat for the
other x-intercept.

¢) What is the y-coordinate of each zero?

2. For the quadratic relation y = x? — 3x — 4, the corresponding
quadratic equation is x> — 3x — 4 = 0.

a) For which points on the graph of y = x* — 3x — 4 are the
x-coordinates roots of x? — 3x — 4 = 07 Explain.

b) How can you use these points to write the factors of the
corresponding quadratic equation?

¢) Graph the factors as Y2 and Y3. Explain Plotl Plotz Flok®

why the graphs of the lines pass through :3;5&1;3}{—4
the x-intercepts of the graph of the :xig:“;_“
quadratic relation. \$5=
~YB=
d) Graph the product of the factors as Y4. sWe=

Does a fourth graph appear in the
window? What conclusion can you make?

3. Use the graphs to connect the values of factors to the quadratic
relation.
a) Find the values of the factors at x = 1. Verify that their
product lies on the quadratic.
¢ Press [CALC], select 1:value, type 1, and press Eved).
e Use the up and down cursor keys to move from one graph
to another.

b) Use the procedure in part a) to examine the values of the factors
at the x-intercepts, x = —1 and x = 4. Do both factors have a
value of 0 at the x-intercepts? Explain.
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4. Will a constant factor affect the graph of the (WIHDOW
min= -

quadratic relation? Cmax=10
a) Graph y = 2(x + 1)(x — 4) as Y5. Use the ﬁﬁ?}-,:l—m

window settings shown. 322{;%5
b) How is this graph different from that of Ares=1

y = (x + 1)(x — 4)? How is it similar?

5. Reflect Explain how the x-intercepts, or zeros, of a quadratic
relation are related to the corresponding quadratic equation.

Many quadratic relations of the form y = ax? + bx + ¢ can be factored
to find the x-intercepts. By the definition of the x-intercepts, y = 0.
For any product to equal zero, one or both of the factors must equal
zero. For this reason, the x-intercepts are also known as the zeros of
the quadratic relation.

For example, for the relation y = (x — 2)(x + 5), the zeros occur when
y=0.If (x — 2)(x + 5) = 0, then eitherx —2 =0o0rx + 5 = 0.

You can solve for x. Either x = 2 or x = —5.

Example 1 Use Factoring to Graph a Quadratic Relation
[

Find the x-intercepts and the coordinates of the vertex. Then, sketch
each parabola.

aAy=x*+8x+7
b)y=2x>—-x—6
y=-x*+6x—9

Solution

a) To find the x-intercepts, factor and solve the corresponding
quadratic equation by letting y = 0.
y=x>+8x+7
0=x%+8x+7
0=(x+1)x+7)
x+1=0 or x+7=0
x=-1 or x= =7
The x-intercepts are —1 and —7.
Due to the symmetric property of a parabola, the x-coordinate
of the vertex is on the axis of symmetry that passes through the
midpoint of the line segment connecting the x-intercepts.

-1+ (=7
2

X =

= —4




To find the y-coordinate of the
vertex, substitute x = —4 into
the equation of the parabola.

y=x2+8x+7

= (—4)?+8(—-4)+7
16 — 32 + 7
= -9

The coordinates of the vertex
are (—4, —9).

b) Factor and solve the corresponding quadratic equation.

y=2x*—-x—6
0=2x2-x—-6

0=2x2+3x—4x — 6
0=x(2x+ 3) — 2(2x + 3)
0=(2x+ 3)(x — 2)
2x+3=0 or X — 2
3
X=——  or X
2

3
The x-intercepts are — 5 and 2.

Now, find the x-coordinate of the vertex.

3
-Z+2
2

Il
DN
Y
N
~_

N
|
N
|
(@)}

21
16 4
_1_2_48
8 8 8
49

- -2

The coordinates of the vertex

(1 49)
are \ —,——— ).
4 8

To factor 2x2 - x - 6, | need
to find two integers whose
product is 2 x (-6), or =12,
and whose sum is -1. These
integers are 3 and -4.
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¢) Factor and solve the corresponding quadratic equation.
y=-x*+6x—-9
0=-x*+6x—9
0=—(x%—-6x+9)
0= —(x—3)2
There is a single x-intercept at x = 3. Because of symmetry, all
points except the vertex have a partner. Since this point has no
partner, it is the vertex. Therefore, the coordinates of the vertex
are (3, 0).

Find two more points on the parabola.

After | factor out -1, the
expression inside the brackets
is a perfect square trinomial.

| can choose any value

for x, but x = 0 is easy
Let x = 0. Then y = —9. to calculate.

The partner point to (0, —9) is (6, —9).
Plot the three points and complete

the sketch. I know that the axis of
symmetry is a vertical line
YA passing through the vertex. So,

by comparing the x-coordinates
of (0, -9) and the vertex (3, 0),
| know that (0, -9) is located

3 units to the left of the axis of
symmetry. Then, its partner is
located 3 units to the right of
the axis of symmetry and has
the same y-coordinate.

In Example 1, you looked at parabolas with two x-intercepts or one
x-intercept. You will investigate parabolas with no x-intercepts in
Section 6.4.

Example 2 Find an Equation From a Graph
B

Write an equation in the form vA
y = ax? + bx + c for the parabola shown.
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Solution

Since the x-intercepts are —2 and 4, the equation has the form
y = alx + 2)(x — 4).

To find a, substitute (x, y) = (2, 16).
16 = a(2 + 2)(2 — 4)

16 = —8a

—2=a

y=—2(x + 2)(x — 4)
= —2(x* — 2x — 8)

= —2x% + 4x + 16

Example 3 Design an Arch

To commemorate the 100th anniversary of the Newtonville Fair, an
entrance arch will be built. The design engineer uses the equation

h = —d? + 16 to model the arch, where h is the height, in metres,
above the ground and d is the horizontal distance, in metres, from the
centre of the arch.

a) How wide and how tall is the arch?
b) For what values of d is the relation valid? Explain.

¢) If a width of 2.5 m is needed per line-up at the entrance,
how many line-ups can there be?

Solution
The expression inside
a) h=—-d*+ 16 the brackets is a
0= —(d* — 16) difference of squares.

0=—(d—4)(d+4)
The d-intercepts are 4 and —4, which
are symmetric about the h-axis.

The arch is 8 m wide at its base.

Atd = 0, h = 16. The arch is 16 m
tall at the centre.

b) The relation is valid for —4 = d = 4. Negative values of d
represent distances on the opposite side of the axis of symmetry
of those on the positive side.

€)8+25=3.2
The entrance arch could accommodate three line-ups.
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— Key Concepts

® The x-intercepts of some quadratic relations in the form
y = ax? + bx + c can be found by factoring.

® A quadratic relation can be graphed by using its x-intercepts.

For example, to find the x-intercepts of the quadratic relation
y = x* — 2x — 3, factor and solve the corresponding quadratic
equation by letting y = 0.

x)—-2x—3=0
(x=38)x+1)=0
x—3=0 or x+1=0

x =3 or x=-1

Since the roots of x> — 2x — 3 = 0 are 3 and —1, the x-intercepts of
y =x*— 2x — 3 are 3 and —1.

m The x-intercepts, or zeros, of a quadratic relation y = ax? + bx + ¢
are the solutions to ax? + bx + ¢ = 0.

m The x-coordinate of the vertex is on the axis of symmetry, which
passes through the midpoint of the line segment connecting the
x-intercepts. Substitute this value into the quadratic relation to find
the y-coordinate of the vertex.

m When the x-intercepts and one other point are known, the
information can be substituted into y = a(x — r)(x — s) to
find an equation representing the relation.

Communicate Your Understanding

Describe the steps involved in finding the x-intercepts of the
parabola with equation y = x* — 3x — 70.

@& Explain why you can find the x-coordinate of the vertex of a
quadratic relation by using the midpoint of the line segment
connecting the x-intercepts.

Practise
For help with questions 1 to 5, see Example 1. 2. Find the x-intercepts.
1. Find the x-intercepts. a) y=4x*+20x + 9
a) y=x>+5x+6 b) y = 8x? — 6x
b) y=x%— 11x + 28 € y=6x2—-11x -7
¢ yv=x*+9x d) y=5x>+6x—8
d) y=x*+5x — 24 e) y=3x>—-13x + 4
e) y=x>—-2x—-38 f) y=4x%2 - 20x + 25

f) y=x*+9x — 36
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3. Find the x-intercepts and the vertex of 7. Write an equation, in the form

each parabola. Then, sketch its graph. y = ax? + bx + ¢, to represent
a) y=x%+ 9x + 14 each parabola.
b) y=x>*—-6x+38 a) A
) y=-x*—4x+5 4
d) y = —x* — 5x <O (20 >
)y | -Bl-4fo]l 4 X
4. Find the x-intercepts and the vertex of \ [ 4
each parabola. Then, sketch its graph. | .
) y=xt-9 SEL Y
b) y=—x*+10x — 9 \ ]/ 2
¢ y=x*—-12x + 36 6
d) y=16 — x* Y
5. Find the zeros and the vertex of each b) YA
parabola. Then, sketch its graph. Check 33) 4
your results with a graphing calculator. R
— 2
a) y=2x"+ 15x + 7 w50/ (-1.0) -
b) y = 12x?> — 16x + 5 6/ 4l -2 x
) y=-8x2—-13x + 6 / \c’\
d) y=8x*+17x + 9 4
e) y=16x* — 24x + 9 | |\
f) y=—4x* —18x — 8 | \
' 2
For help with questions 6 and 7, see
Example 2. o) VA
6. Write an equation, in the form 8 (6,6)
y = ax? + bx + ¢, to represent 4 / \
each parabola. o) 6/0)_
a) VA 40 4 X
/ ] \
8 i \
A 365 ry Y
__ (0 \(6 0 | d Tk VA
4ol 14 \8 12 x \ 8 /
ol \ /
b \| /
) 4 £40) G0/
\ 4 / Ao ¥ 8 x
£40 60/ Ne|
8 Alo] [ 4/ 8 X -~
\ / gf (1.-6)
L\ | -.‘//
(t=5) Y
Y
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Connect and Apply
For help with question 8, see Example 3.

8. The parabolic cross section of a metal
garage is modelled by the relation
h = —d? + 4, where h is the height, in
metres, above the ground and d is the
horizontal distance, in metres, from the
centre of the garage.

a) How wide and how tall is the garage?

b) Sketch a graph to represent the cross
section.

¢) For what values of d is the relation
valid? Explain.

9. The path of a toy rocket is defined by the
relation y = —3x% + 11x + 4, where x is
the horizontal distance, in metres,
travelled and y is the height, in metres,
above the ground.

a) Determine the zeros of the relation.

b) For what values of x is the relation
valid?

¢) How far has the rocket travelled
horizontally when it lands on the
ground?

d) What is the maximum height of the

rocket above the ground, to the nearest

hundredth of a metre?

10. A parabolic arch supports a bridge.
The arch is 200 m wide at its base
and 4 m tall in the middle.

a) Show this information on a graph
by placing the vertex on the y-axis
so that the x-axis represents the base
of the arch.

b) How high is a point on the arch that
is 20 m horizontally from one end?

11. A parabola has vertex (—3, 7), and one
x-intercept is —11. Find the other
x-intercept and the y-intercept.
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12.

13.

14.

15.

The path of a kicked ball can be defined by
1 1

the equation h = — —d* + L ﬁ,
35 35 35

where h is its height, in metres, above the
ground and d is the horizontal distance,
in metres.

a) Find the d-intercepts.

b) Sketch a graph of this relation.

¢) For what values of d is this relation
valid? Explain.

d) At what height was the ball kicked?

e) How far had the ball travelled when it
landed on the ground?

The paved surface of a road has a parabolic
cross section, so that rainwater flows off
the surface to the edges. The cross section
of the road can be modelled as

d=— iW2 + iW, where d is the depth,
125 25

in metres, of the road relative to the gravel
base, and w is the width, in metres, from
one curb.

a) Sketch a graph of this relation.

b) For what values of w is this relation
valid? Explain.

¢) How wide is the road?

d) How high does the road rise from the
gravel base?

Explain what must be true for a parabola
to have only one x-intercept.

Find the value(s) of n so that each quadratic
relation has only one zero. Then, sketch
its graph.

a) y=x%+nx+ 25

b) y=-—x*+nx—9

¢ y=16x* —8x + n



16. In a science competition, two teams of 18. a) The parabolas shown do not have any

students each design a machine to catapult x-intercepts. Use your knowledge of

a marble horizontally as far as possible, transformations to create an example of

from a height of 3 m. The following an equation that could be represented

equations represent the paths of the by each parabola.

marbles for the teams, where x is the vA

horizontal distance, in metres, and y is the A

height, in metres, above the ground.

The Marble Heads: y = —x? + 2x + 3

The XY Team: y = —2x? + x + 3 YA

a) Which team’s marble travels farther? < 0 > < 0 >
How much farther? \

b) At what horizontal distance are both
marbles at the same height? B v

. , o o
¢) Which team’s marble flies higher? b) Explain how you know that the

equations for these parabolas cannot

Extend be factored.

17. The cross section of the roof of an airplane 19. A parabola has equation y = 4x2 + x + c.
hangar is parabolic. Its profile can be One x-intercept is —3. What is the value

1 ?

defined by the equation y = — ﬁxz + 50, of ¢!
where y is the height, in metres, above the 20. Sketch. the graph of y = .Xz."’ 4. ATG: there
ground and x is the width, in metres, from any x-intercepts? Use this information to
the centre of the building. A Bombardier explain why a* + b? cannot be factored.

Canadair CRJ-700 jet airplane has a
wingspan of 23.24 m.

21. Math Contest Solve for x.
a) 3% —12(3%) + 27 =0
b) 22¢ — 3(2*3) + 128 = 0

22. Math Contest

a) In a family of three children, determine
the probability that there are exactly
two boys.

b) John is one of three children. What is
the probability that there are exactly
two boys in John's family?

¢) Explain the similarities or differences in

a) How many CRJ-700s can fit side by your answers to parts a) and b).
side inside the hangar?

b) If you assume that the wings are 2 m
above the floor of the hangar, does
your answer in part a) change?
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The Quadratic Formula

Quadratic equations that can be factored are fairly simple to solve.

But what about quadratics that cannot be factored? The Greek
mathematicians Euclid (300 BCE) and Pythagoras (500 BCE) both derived
geometric solutions to a quadratic equation. A general solution for

quadratic equations, using numbers, was vA c

derived in about 700 AD by the Hindu A 4

mathematician Brahmagupta. The general i

formula used today was derived in about

B 0
v9]

1100 AD by another Hindu mathematician, I\ §

Bhaskara. He was also the first to

A
=Y

I
~
o
S

recognize that any positive number has

i

two square roots, one positive and one

negative.

@

For each parabola shown, how many real

roots does the related quadratic equation Y

have?

¥ Investigate A -

[,, Tools How can you use the process of completing the square to solve
= grid paper quadratic equations?

1. Graph the relation y = x> — 9. How many x-intercepts are there?

2. a) Solve the equation x* — 9 = 0 by isolating x? first.
b) How many roots are there?

¢) How do the roots relate to the graph in step 1?

3. a) Graph the relation y = (x + 2)% — 9. How many x-intercepts
are there?

b) Solve the equation (x + 2)% — 9 = 0 by isolating the perfect
square, (x + 2)2, then taking the square root of both sides, and
finally solving for x. Remember that there are two square roots.

¢) How many roots are there? How do the roots relate to the graph
in part a)?
4. a) Solve the equation x> + 10x + 16 = 0 by first completing
the square.

b) Describe the steps you used to solve for x.

292 MHR - Chapter 6



5. Reflect Would the method you used to solve the quadratic

equation in step 4 work for any quadratic equation? Explain.

6. Use your method to solve each quadratic equation.

a) 3x2+ 30x + 48 =0
b) 5x2 — 20x — 52 =0

¥ Investigate B -

How can you use completing the square to derive a formula for
solving quadratic equations?

By completing the square, you can develop a formula that can be
used to solve any quadratic equation. Copy the calculations in the
table. Describe the steps in the example and how they relate to the

development of the quadratic formula .

Example Quadratic Formula
2x2+5x+1=0

5 1
2 —_ —_=
X +2x+2 0

oo (-G

2o |
XT37*\ 76
5 V7
X+> =%
4 4
5 Vi7
X=-T+%
4% 4
5+\77
X2y

axt+bx+c=0

b c
X+=x+—==0
a” a

b b2 b\2\ ¢
2 4 — ) - — —_=
(X +aX+(Za> <Za>)+a 0

b b2 b\ ¢
2 4 — —_— | — —_=
(X +aX+(20)) (Za) +a 0

PCA G
X" 2a 4¢° a

0

by B aac_
X' 2aq 4 4a°

, by _ bP-4ac _
X" 2a 42

L by _ P-4
X"2a) T T4z

0

quadratic formula

= 3 formula for determining
the roots of a quadratic
equation of the form
ax2+bx+c=0,a%#0

-b*\/b?-4ac
2a

mXxX=
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| Technology Tip
When a graphing calculator

displays a result such as

| -1€E-12, it represents a
number in scientific
notation.

-16-12=-1x 10712
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Example 1 Real Roots

Use the quadratic formula to solve each quadratic equation. Where
necessary, round to the nearest hundredth.
Verify graphically using technology.

a)2x2+9x+6=0
b) 4x?> — 12x = —9

Solution

a) For2x? +9x + 6 =0,a=2,b=9,and c = 6.

-b ; Vb?-4ac

X =

2a
79 V9% — 4(2)(6)
2(2)
_ -9 ; m
4
-9 ; \/g

4

-9+ V33 -9 — V33
The exact roots are B E— and —

You can also express the answers as approximate roots.

— \/ —9 —\/ C-HT (332024
x= 9tVva __9-V33 -. 5135593384
4 4 (-9-IL333074
-3, 62614P662
= —0.81 = —3.69

The approximate roots are —0.81 and —3.69,
to the nearest hundredth.

Use the Zero operation of a graphing calculator to verify
that the roots are the zeros of the related quadratic relation
y = 2x% + 9x + 6.

f f

T ] T ]
#=-.01Z593 V=0 #=-Z.686444 IV=-iE-i2




4x? —12x + 9 =0

-b ; Vb? - 4ac

For4x? —12x +9=0,a=4,b= —12,and ¢ = 9.

b) First, write 4x2 — 12x = —9 in the form ax? + bx + ¢ = 0.

| can see that the trinomial on
the left side of the equation is
a perfect square, so | could

X 2a have solved by factoring.
_ —(12) 5 V(12 - 4(4)(9)
B 2(4)
12 144 — 144
8
12 ; \/6
8
_ 12
8
_ 3
2
1 3 ZRF)
The I‘OOt 18 E or 1.5. ¥=1.4899809 |¢=q

When the x-intercepts are known, you can find the x-coordinate of
the vertex by finding the midpoint of the line segment connecting

the x-intercepts.

Use the two x-intercepts from the quadratic formula.

—b + \/b2—4ac+ -b — Vb — 4ac

2a 2a
X =
2
The square root expressions have a
—b+ Vb?> — 4ac — b — Vb? - 4ac zeros?Jm a
2a
= 5 Vb2 - 4ac- Vb2 - 4ac=0
—2b
3 2a YA : \
_ —2b :
= e |
b . | s
— _ < O T >
2a : X
1
1
The x-coordinate of the vertex is — 2a" '
a
Y

This also gives the equation of the axis of

symmetry, x = — —
y Y 20"

—b—Vb2—4ac ) (b+ b - 4ac 0
2a
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Example 2 Use the Quadratic Formula to Sketch a Parabola

Find the x-intercepts, the vertex, and the equation of the axis of
symmetry of the quadratic relation y = —5x% + 8x — 3. Sketch the
parabola.

Solution

To find the x-intercepts, let y = 0 and use the
quadratic formula to solve the quadratic equation.

For —5x2 +8x —3=0,a= —5,b=8,and ¢ = —3.

~ —=b; VDP*— 4ac
x= 2a
-8 ; V8% - 4(-5)(—3)
- 2(—5)
=8 ; V64— 60
a —-10
=83 \/4
- -10
=8 ; 2
- -10
Therefore,
—8 — 2 —8 + 2
X=——— o X= —
—10 —10
=1 = 3 or 0.6
5
The x-intercepts are 0.6 and 1.
To find the x-coordinate of the vertex, use x = — ZL)G'
B 8
T 209
_ 8
~ -10
| can check this one 4 YA | y=155x°+8x=3
mentally. The = 5 or 0.8 0.5+ 08, '0.2)
x-coordinate of the B g -
e e Substitute x = 0.8 into y = —5x% + 8x — 3| -05.0 X
isst_eizzecrizggtgng to find the y-coordinate of the vertex. -0.5-
and 1. s 0.8, T V= —5(0.8)% + 8(0.8) — 3 [4
=-32+64—3
= 0.2 -1.5-
The coordinates of the vertex are (0.8, 0.2).
The axis of symmetry has equation T°]
x = 0.8.
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Example 3 Connect a Parabola and No Real Roots
3

A parabola has equation y = (x — 2)? + 3.
a) State the coordinates of the vertex, the equation of the axis of
symmetry, and the direction of opening.
b) Determine the x-intercepts. Verify using the quadratic formula.

) Sketch the parabola.

Solution

a) The vertex is (2, 3). The equation of the axis of symmetry
is x = 2. The parabola opens upward, since a is positive.

b) Since the vertex of the parabola is above the x-axis and it
opens upward, it has no x-intercepts. This can be verified
using the quadratic formula after expanding and simplifying
the original equation.
y=Kx-2P%+3

=x2—4x+4+3

=x*—4x+7
Let y = 0 and use the quadratic formula with a = 1, b = —4,
and ¢ = 7.
o -b ;3 VbB? - 4ac
2a
C—(-4) 5 V(4P - 4)()
2(1)
_4; V16— 28
B 2
4 V-12
2

Since the square root of a negative number is not a real number,
there are no real roots.
Therefore, the parabola has no x-intercepts.

¢) Let x = 0. A second point L
on the curve is (0, 7).

Looking at the x-coordinate of
this point, | know that it is 0.7) 4,7)
located 2 units to the left of
the axis of symmetry. So, its
partner is located 2 units to the ] v=(x12)°+3
right of the axis of symmetry

and has the same y-coordinate.

A

Then, due to symmetry, the partner -2
point on the parabola is (4, 7).
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Example 4 Path of a Basketball

The path of a basketball
after it is thrown from a
height of 1.5 m above the
ground is given by the
equation

h = —0.25d% + 2d + 1.5,
where h is the height, in
metres, and d is the
horizontal distance, in
metres.

a) How far has the ball
travelled horizontally,
to the nearest tenth
of a metre, when it
lands on the ground?

b) Find the horizontal
distance when the
basketball is at a
height of 4.5 m above
the ground.

Solution

a) When the basketball lands on the ground, the height is 0 m.
Let h = 0.
For —0.25d* + 2d + 1.5 = 0, a = —0.25, b = 2, and ¢ = 1.5.
-b ; Vb? - 4ac
2a
-2 5 V2% — 4(-0.25)(1.5)
2(—0.25)

-2 V4a+15

—0.5 et o e e G
N/T = - 6984157598
~2; V55 ¢ -2-TE5.5307-B.5
—0.5 8. 69041576
So,d= —0.7 ord = 8.7.

Since d represents distance, it must be

positive.

The basketball has travelled a horizontal distance of about
8.7 m when it lands on the ground.

d:




b) Let h = 4.5. | need to express the
—0.25d* + 2d + 1.5 = 4.5 equation in the form
-0.25d*+2d-3=0 ax? + bx+c=0.

For —0.25d*+2d —3=0,a= —0.25,b=2,and ¢ = —3.

-b ; VbB?— 4ac

d=
2a

-2 5 V2% — 4(-0.25)(-3)
N 2(—0.25)
—2; Va-3

—0.5 {-Z+1)- 8.5

-2; V1 ¢-2-13/-8.5
T —05

-2 ;1
R

So,d=2o0ord=6.

The basketball will be at a height of 4.5 m twice along its parabolic
path: on the way up at a horizontal distance of 2 m and on the way
down at a horizontal distance of 6 m.

— Key Concepts

m A quadratic equation of the form ax* + bx + ¢ = 0, a # 0, can be

—b ; Vb? - 4ac

2a

solved for x using the quadratic formula x =

b
m The x-coordinate of the vertex of a parabola is — —, and the

equation of the axis of symmetry is x = ——

2a’
Solving Quadratic Equations: ax2 + bx + c=0
When It Can
Method Comments
Be Used

graphing always | The solutions will not always be exact: this is best

used only when an approximate answer is needed.
factoring sometimes |Use when ¢ = 0 or when factors are easily found.
completing the always | This is best used for equations of the form
square X2 + bx + ¢ = 0, where b is an even number.

quadratic formula always | This method always gives exact solutions, but in
some cases the other methods are easier to use.

computer algebra always Use the solve (or factor) function of
system (CAS) the CAS.
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Communicate Your Understanding
@D Jan calculated the x-intercepts of a quadratic relation as
-2; V5
8
a) What are the individual x-intercepts?

X =

b) Describe how to use the x-intercepts to find the equation
of the axis of symmetry.

After using the quadratic formula, explain how you would
know if a quadratic equation has
a) two real roots
b) one real root

¢) no real roots

Practise

For help with questions 1 and 2, see Example 1. For help with questions 3 to 5, see Examples 2

1. Use the quadratic formula to solve each and 3.

equation. Express answers as exact roots.
a) 7x*+24x+9=0

b) 2x2 +4x —7 =0

€ 4x? —12x+9=0

d) 2x2 — 7x = —4

e) 3x2+5x=1

f) 16x% + 24x = —9

3. Find the x-intercepts, the vertex, and the
equation of the axis of symmetry of each
quadratic relation. Then, sketch the
parabola.

a) y=5x% — 14x — 3
b) y = 2x? — 5x — 12
¢ yv=x%+10x + 25
d) y=9x% — 24x + 16

. Use Technology Use the quadratic formula
to solve. Express your answers as exact
roots and as approximate roots, rounded to
the nearest hundredth. Verify graphically
with technology.

a) 3x2+ 14x+5=0
b) 8x2 +12x+1 =0
€ 4x2 —7x—1=0
d) 10x2 —45x — 7 =0
e) 5x2+16x—2=0
f) —6x2+17x+5=0
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e y=x*—-2x+3
f) y=-x2-3x—3

. For each quadratic relation, state the

coordinates of the vertex and the direction
of opening. Then, determine how many
x-intercepts the relation has.

a) y=(x—3)?%+2
b) y=-(x—-2)2+4
Q v=2(x+4)2-5
d y=—-2(x+3)?2-1
e) y= (x — 5)?

. Verify the number of x-intercepts for

each relation in question 4 by using the
quadratic formula to find the x-intercepts.



Connect and Apply
For help with question 6, see Example 4.

6. The path of a soccer ball after it is

kicked from a height of 0.5 m above

the ground is given by the equation

h = —-0.1d*> + d + 0.5, where h is the
height, in metres, above the ground and
d is the horizontal distance, in metres.

a) How far has the soccer ball travelled
horizontally, to the nearest tenth of a
metre, when it lands on the ground?

b) Find the horizontal distance when the
soccer ball is at a height of 2.6 m above
the ground.

. A ball is thrown upward at an initial
velocity of 8.4 m/s, from a height of

1.5 m above the ground. The height of

the ball, in metres, above the ground, after
t seconds, is modelled by the equation

h = —4.91* + 8.4t + 1.5.

a) After how many seconds does the ball
land on the ground? Round your answer
to the nearest tenth of a second.

b) What is the maximum height, to the
nearest metre, that the ball reaches?

. Write an equation of a parabola, in the form
y = alx — h)* + k, satisfying each description.
Then, write each relation in the form

y = ax* + bx + c. Use graphing technology
or the quadratic formula to verify that your
equation satisfies the description.

a) two x-intercepts
b) one x-intercept

€) no x-intercept

. Solve. Round answers to the nearest
hundredth, where necessary.

a) 7x2 —12x =9

b) 4x? = 12 — 13x

€) 4x*=2.8x + 4.8

d) x(3x —8) =—1

e) (x —3)2%=-2(x+3)

f) (x+3)2=(2x+5)2x —5)

10.

11.

12.

The shape of the Humber River pedestrian
bridge in Toronto can be modelled by

the equation y = —0.0044x% + 21.3. All
measurements are in metres. Determine
the length of the bridge and the maximum
height above the ground, to the nearest
tenth of a metre.

A toy rocket is launched from a 3-m
platform, at 8.1 m/s. The height of the
rocket is modelled by the equation

h = —4.9t2 + 8.1t + 3, where h is the
height, in metres, above the ground
and t is the time, in seconds.

a) After how many seconds will the
rocket rise to a height of 6 m above
the ground? Round your answer to
the nearest hundredth.

b) When does the rocket fall again to a
height of 6 m above the ground?

¢) Use your answers from parts a) and b)
to determine when the rocket reached
its maximum height above the ground.

Chapter Problem The platforms on the
ends of the half-pipe are at the same
height.

YA

y=02x%-16x+4.2
s
W 2

0 ground X
Y

a) How wide is the half-pipe?

b) How far would a skater have travelled
horizontally after a drop of 2 m? Round
to the nearest hundredth of a metre.
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13. A shopping mall entrance contains a Extend
parabolic arch, modelled by the equation

16. Find a quadratic equation with each pair of
h = —0.5(d — 8)? + 32, where h is the 4 4 P

height, in metres, above the floor and d is roots.
the distance, in metres, from one end of a) x = 14 ; V140
the arch. How wide is the arch at its base? 4
14. The fuel flowing to the engine of a b) x = —11; Vi14S
small aircraft can be modelled by 6
a quadratic equation over a limited 17. Points are drawn on a circle.

range of speeds using the relation

f = 0.0048v? — 0.96v + 64, where f
represents the flow of fuel, in litres
per hour, and v represents speed, in
kilometres per hour.

a) Show that this quadratic relation v

has no v-intercepts.

a) If there are three points, how many
line segments can be drawn joining
any two points?

b) Determine the speed that minimizes
fuel flow.

j Achievement Check
1 5. The parks Reasoning and Proving

b) What if there are four points? five
points? six points?

. Representing Selecting Tools ¢) If there are n points, how many line
department is e
. _ segments can be drawn joining any
planning a new _ Problem solving two Doints?
ﬂower bed Outside Connecting Reflecting p ’
city hall. It will be S Communicating— d) How many points are needed in order
rectangular with dimensions 9 m by 6 m. to have at least 1000 line segments?

The flower bed will be surrounded by a
path of constant width with the same area
as the flower bed. Calculate the perimeter
of the outside of the path.

18. When b? — 4ac = 0, there is only one real
root. Give an example showing why this
is so.

19. Math Contest Find the points of
intersection of x? + y? = 16 and
y = x? — 9, and sketch a graph.

20. Math Contest What are the different
possibilities for the number of points of
intersection for a circle and a parabola?
For each case, give an equation for the
circle and for the parabola.

21. Math Contest Show that the roots of
a) Set up a quadratic equation to model

1 . .
the question. x=1+ . are negative reciprocals. The

b) Use the quadratic formula to solve the
problem.

: ¢) Use Technology Check your solution golden ratio.
i using a CAS or a graphing calculator.

s 1.
positive root of x = 1 + < s called the
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22. Math Contest A continued fraction is a
1

fraction of the form a +

bt —

1
c+

a) Evaluate the continued fraction

1
2+ ——

1
3+

4+ =

b) Evaluate the infinite continued
1

fraction 1 +
14—

1+ —
1+ p

_Makirlg .
onnections

d+ P

23. Math Contest In 1202, Leonardo of Pisa

24,

(1175—1250), better known as Fibonacci,
published a book called Liber Abaci. In it,
he showed a sequence of numbers now
called the Fibonacci sequence: 1, 1, 2, 3, 5,
8,13, 21, ....

a) Find the next three terms and a
formation rule for this sequence.

b) Examine the ratios of successive
terms of the Fibonacci sequence

(n + 1)th term ) )
—————— . Conjecture a possible
nth term

1000th term

value for the ratio .
999th term

Math Contest Solve the system of
equations.

a—b+c=0

a—-c+d=1

at+2b+2d=0

b—d=3

A mind map can provide a mental picture of how many of the concepts you have learned about
quadratics in Chapters 4, 5, and 6 are connected. One is started here. Make a larger version for
yourself. Complete the shaded parts and add any other details that help you.

Quadratic Relations

Ay=ax?+bx+c
a > 0 means
a < 0 means
cis the

A

VA

Quadratic Equations
ax?+bx+c=0
If the quadratic expression factors:
e ax-nx-s)=0

2 zeros are at

By=a(x-hyZ+k
a means the same as in form A
(h, k) is the

Cy=ax-n(x-s)
a means the same as in form A
rand s are the

/

\

X-intercepts<szeros«sroots

xy

e a(x-t?2=0 perfectsquare
1zeroatt

e g(x-p)(x + p) =0 difference of squares
roots are
axis of symmetry is

If no easy factors are found:
e complete the square to get form B
¢ use the quadratic formula

if no real roots exist, then parabola
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Solve Problems Using Quadratic
Equations

In this chapter, you have learned a variety of
methods for solving quadratic equations: graphing,
factoring, completing the square, and the quadratic
formula. You have applied these skills to solve
problems related to situations that can be modelled
by quadratic relations, such as paths of projectiles,
shapes of parabolic structures, measurement
problems involving area, and maximizing revenue.

Learning to use the most appropriate method in a
given situation is an important step in becoming a
good problem solver.

Example 1 Model the Path of a Toy Rocket

n
! . 1 .
Aeasoning and Proving The formula h = — —gt? + vt + h, can be used to model the height of
Representing Selecting Tools 2 0 0
Sroblem Saving a projectile, where g is acceleration due to gravity, which is 9.8 m/s?
connecing Reflecting on Earth, v, is the initial vertical velocity, in metres per second, and
_— h, is the initial height, in metres.
Communicating
a) Create a model for the height (time of maximum height,
hA Maximum height)
of a toy rocket launched :
upward at 60 m/s from the initial height —- =-35gt° + vt + hy
top of a 3-m platform. /’
unneeded ¢
b) How long would the rocket part of \(
take to fall to Earth, rounded ~ parabola _ ground
to the nearest hundredth ofa 0 f t level
second? time when object

¢) What is the maximum height hits the ground

of the rocket, rounded to the nearest metre?

d) Over what time interval is the height of the toy rocket greater
than 150 m? Round to the nearest hundredth of a second.
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S

olution

1
a) Use the formula h = — Egt2 + v,t + h, with g = 9.8,
v, = 60, and h, = 3.

1
h = —5(9.8)152 + 60t + 3

= —4.92 + 60t + 3

b) Method 1: Use Pencil and Paper

0

Let h = 0 and apply the quadratic formula.
For —4.9t* + 60t + 3 = 0, a = —4.9, b = 60, and ¢ = 3.

- —-b ; Vb*— 4ac
2a
—60 ; V602 — 4(—4.9)(3)
- 2(—4.9)
60 ; /3600 1568 Eéﬁ.gumese.anx
= o8 - @497974839
: géeg—nsesa.anx
_ —60 ; \/3658.8 ©T12.294569544
—-9.8

So,t= —0.05 or t = 12.29.

Since t represents the time after the rocket was launched, ¢t > 0.
Therefore, reject the root t = —0.05.

It would take about 12.29 s for the rocket to fall to Earth.

Method 2: Use a Graphing Calculator

Graph the relation h = —4.9¢> + 60t + 3 NIﬁE‘EE_
using the window settings shown. Ema:lﬁéd»
=cl=
Then, use the Zero operation of the ﬁminfz'%
graphing calculator to find the vgg}fzza
t-intercept farthest to the right. Ares=1

It would take about 12.29 s for the
rocket to fall to Earth.

Z&Fo
H=1z.294895 ¥=-

Method 1: Use Pencil and Paper

b
The t-coordinate of the vertex can be found using t = — 2a
60
t=——"—=
2(—4.9)
=6.12
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d)

Substitute 6.12 for t into h = —4.9t* + 60t + 3.
h = —-4.9(6.12)* + 60(6.12) + 3
= 187
The rocket reached a maximum height of about 187 m.

Method 2: Use a Graphing Calculator

Use the Maximum operation of a graphing
calculator to find the coordinates of the
vertex.

The rocket reached a maximum height of

Haximum
about 187 m. HeB.d2e4qd  VS1BB.BPE4P

Method 1: Use Pencil and Paper

Let h = 150 and then express the equation in the form

ax?+ bx + c=0.

—4.9f% + 60t + 3 = 150

—4.9t> + 60t — 147 =0

Use the quadratic formula with a = —4.9, b = 60, and ¢ = —147.

,_ b Vb* - 4ac
2a
—60 ; V602 — 4(—4.9)(—147)
B 2(—4.9)
_ —60 ; V3600 — 2881.2 {TEBHI (718,877
(o T2
_ 700 g\gm %8 3 asazesvas

So,t=3.39 ort = 8.86.
Therefore, the height of the toy rocket is greater
than 150 m from about 3.39 s to 8.86 s.

Method 2: Use a Graphing Calculator

Let h = 150. Graph both the original relation

h = —4.9x%> + 60x + 3 and h = 150. Use the Intersect
operation of a graphing calculator to find the t-coordinates
of the points of intersection.

el i
]

IntersectionA'; IntersectionA';
n=3.7B66B92 Y=1E0 n=H.B5Bz0E? Y=iF

Therefore, the height of the toy rocket is greater
than 150 m from about 3.39 s to 8.86 s.




Example 2 Width of a Path

A rectangular park measures 100 m by 60 m. A path of constant width
is to be paved around the perimeter. The mayor wants to be sure that
the path does not reduce the area of grass by more than 10%. What is
the maximum allowable width of the path, rounded to the nearest
tenth of a metre?

Solution

Let x represent the width of the path. I X
Write and solve an equation to find x.
The dimensions of the park inside the 60m f~—> -~
path are 100 — 2x by 60 — 2x.
The original area is 100 X 60, or 6000 m?. IX
The minimum new area is 90% X 6000, or 100m
5400 m?.
(100 — 2x)(60 — 2x) = 5400
6000 — 200x — 120x + 4x> = 5400 Expand the left side.

4x? — 320x + 6000 = 5400 Simplify.
4x%2 — 320x + 600 =0 Write in the form ax2 + bx + ¢ = 0.
x2 —80x + 150 =0 Divide both sides by 4 to simplify.

Use the quadratic formula with a = 1, b = —80, and ¢ = 150.

. -b ; Vb* - dac
2a
—(—80) ; V/(—80)* — 4(1)(150)
B 2(1) (BB+I (58087072
N vrT—— R A
) - -r¢5 y
_ 80 ; V6400 — 600 1521134471
2
80 ; /5800

2

So, x =78.1or x =1.9.
It appears that there are two possible widths for the path, 78.1 m
and 1.9 m.

Check.

If the width of the path is 78.1 m, then the dimensions of the grass are
100 — 2(78.1) by 60 — 2(78.1), or —56.2 m by —96.2 m. This is not
possible because the dimensions must be positive.

If the width of the path is 1.9 m, then the dimensions of the grass are
100 — 2(1.9) by 60 — 2(1.9), or 96.2 m by 56.2 m.

The area of grass is 96.2 X 56.2, or 5406.44 m?, which is greater than
5400 m?. Therefore, the path should be no wider than 1.9 m.
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Example 3 Consecutive Numbers

The product of two consecutive even numbers is 5624.
What are the numbers?

Solution

Consecutive even numbers differ by two.
Let x represent one even number and x + 2 represent the other.
Write and solve an equation to find x.

x(x + 2) = 5624  €Expand the left side.

x% + 2x = 5624  Simplify.

x2 4+ 2x — 5624 =0 Write in the form ax2 + bx + ¢ = 0.
(x —74)(x +76)=0 Factor the left side.
XxX—74=0 or xX+76 =0
X =74 or X= —76

Verify that each value of x solves the problem.

If x = 74, then the next consecutive even number is 76.

74 X 76 = 5624

If x = —76, then the next consecutive even number is —74.
(—76) X (—74) = 5624

The numbers are 74 and 76 or —76 and —74.

Example 4 Right Triangle

One leg of a right triangle is 1 cm longer than the other leg. The length
of the hypotenuse is 9 cm greater than that of the shorter leg. Find the
lengths of the three sides.

Solution

Let x represent the length of the shorter leg. The
length of the longer leg is x + 1 and the length of
the hypotenuse is x + 9. X+9

Use the Pythagorean theorem.
X2+ (x +1)% = (x + 9)? L1

1
X2+ X2+ 2x +1 = x%+ 18x + 81 x

2x2 + 2x +1=x%+ 18x + 81
x2—16x —80=0
(x —20)(x+4)=0

x—20=0 or x+4=0
x =20 or x=—4
Since the length cannot be negative, reject the root x = —4.
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Check x = 20.
Find the side lengths of the triangle.

Shorter leg: 20 Longer leg: Hypotenuse:
x+1 x+9
=20+1 =20+9
=21 =29

Verify that this is a right triangle.
20% + 212

=400 + 441

= 841

= 292

Therefore, the three sides of the right triangle have lengths 20 cm,

21 cm, and 29 cm.

Example 5 Path of a Soccer Ball

Matt uses a digital video recorder to record Paul’s kick of a soccer ball.
He then chooses an origin and a scale, and makes measurements of the
height of the soccer ball at several horizontal distances from the

television screen during playback.

2.5 5.0 75

10.0

125 15.0

3.25 4.80 5.75

Horizontal Distance (m)
Height (m)

6.10

5.85 5.00

a) Use technology to determine an equation for the quadratic relation.
b) Where does the soccer ball hit the ground?” Round to the nearest

tenth of a metre.

Solution

a) Method 1: Use a Graphing Calculator

Clear all lists by pressing [MEM], selecting 4:ClrAllLists,

and pressing Ever).

Enter the horizontal distance values in list L1 and the height

values in list L2.

Set up the scatter plot using the settings
shown.

Press and select 9:ZoomStat.

Determine the equation of the curve of

best fit.

e Press (swr), cursor over to display the
CALC menu, and select 5:QuadReg.

e Press [L1] (5 )(ee) [L2] (5 ). Press
(wrs), cursor over to display the Y-VARS
menu, select 1:Function, and then select
1:Y1.
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* Press to get the QuadReg screen. RuadRed
H=ax 2 Hhto
a=-,

The equation is y = —0.48x* + 0.98x + 1.1. | BZ:9%

Method 2: Use a Spreadsheet

Enter the horizontal distance values in the first column and the
height values in the second column. Select the data, and click the
chart wizard. For chart type, select scatter. Enter a title and the
labels for the axes.

Right-click on one of the data points, and add a trend line to the
graph. Select a polynomial regression, of order 2, and the option
to display the equation on the graph.

B3 Microsoft Excel - Section 6.5 Example 5 Method 2.xls

@_] File Edt Vew Insert Format Tools Data  Window Help  Adobe PDF Type aquestion forhelp [+ 2 @ X
IR TR agm -0 - B s U |=E=EZ=EE-5-A- K
EINE Wyl I 0 W W A “ | (A B () | ¥ Reply vith Changes... End Review,. ! b | ﬁ!

121 - i3
A =T I T = N R T

| 1 | Horizontal Distance (m}) | Height (m) 3
2 | 25 35 Soccer Ball Flight Path
| 3 | 5 48
4 | 7B 575

5 10 B.A1 7
5 | 125 585 y=-0.048:% +0.98x +1.1
=] T

g 5
10| z /
1] <! /

12 =
15| e
14 |
15 ‘
1B
7] !

13
19| 0 T T T
50 | 0 5 10 18 20 | |
Z Horizontal Distance (m) I
22

23 v
W« b WP Sheetl { Sheetz { Sheets / |< | »]
Ready UM

b) Method 1: Use a Graphing Calculator

Use the window ] }I{HI_JDM .
. min= -
settings shown. D aw=25
Press (@), AsCl=3
Use the Zero 33;221%

operation to find the yscl=1 S —
. Ares=1 REZiMBIIEE Y=-1E-12 %
x-intercept farthest to

the right. The soccer ball hits the ground about
21.5 m from where it was kicked.

Method 2: Use a Spreadsheet

Extrapolate the curve until it crosses the horizontal axis. If
necessary, adjust the axis parameters to make the graph easier to
read. Estimate the value of x where this occurs. The soccer ball
hits the ground about 21.5 m from where it was kicked.
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— Key Concepts

m The solution to some problems can be determined by multiplying
two linear expressions together, resulting in a quadratic expression.

m Gravitational pull causes projectiles to have a height-time
1
relationship that is quadratic, modelled by h = — 5 gt* + vt + h,

where g is the acceleration due to gravity, which is 9.8 m/s? on
Earth, v, is the initial vertical velocity, in metres per second, and h,
is the initial height, in metres, above the ground.

m Length-area relationships are quadratic since area is a length times a
length, measured in square units.

m Follow these steps when determining an algebraic solution:
— Define your variables.
— Write an equation to model the situation.
— Simplify the equation, if necessary.
— Solve the equation using an appropriate method.
— Consider the allowable values of the unknown. Reject a solution
if necessary, providing an appropriate reason.
— Provide a concluding statement, answering the original question.

Communicate Your Understanding

@D In Example 4, a quadratic model is used to solve the problem.
Explain why a quadratic equation occurs.

@ Multiplying two linear expressions together results in a quadratic
expression. Explain why.

® Fahad’s solutions to a quadratic model involving the dimensions
of a triangle were 4.5 cm and —3.8 cm. What should his
next step be? Explain.

Practise

For help with questions 1 and 2, see Example 1. 2. A firework is launched upward at an
initial velocity of 49 m/s, from a height
of 1.5 m above the ground. The height of
the firework, in metres, after ¢ seconds,
is modelled by the equation

h = —4.9t + 49t + 1.5.

a) What is the maximum height of the
firework above the ground?

1. a) Create a quadratic model for the height
of a toy rocket launched upward at
45 m/s from a 2-m platform.

b) How long would the rocket take to fall
to Earth, rounded to the nearest
hundredth of a second?

b) Over what time interval is the height of
the firework greater than 100 m above
the ground? Round to the nearest
hundredth of a second.
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For help with question 3, see Example 2. Connect and Apply

3. The length of a rectangle is 16 cm greater 8. A cylindrical can with height 12 cm has
than its width. The area is 35 m?. Find the capacity 600 mL. What is its radius, to
dimensions of the rectangle, to the nearest the nearest millimetre? [Remember that
hundredth of a metre. 1mL = 1 cm?]

x+16 12cm

For help with questions 4 and 5, see Example 3.

4. The product of two consecutive numbers V=600 mL
is 3306. What are the numbers?

9. The area of a triangle is 20 cm?, and the
altitude is 4 cm greater than the base. Find
the length of the base, to the nearest

For help with question 6, see Example 4. millimetre.

5. Determine two consecutive odd integers
whose product is 323.

6. The length of one leg of a right triangle is
7 cm more than that of the other leg. The
length of the hypotenuse is 3 cm more A=20cm?
than double that of the shorter leg. Find b+4
the lengths of each of the three sides.

~——bHh—

2x+3

10. The sum of the squares of two consecutive
integers is 365. Find the integers.

11. A rectangle has perimeter 23 cm. Its area is
For help with question 7, see Example 5. 33 cm?. Determine the dimensions of the

7. Use Technology Measurements from the rectangle. Include a diagram in

flight path of a tennis ball are recorded.

el ei«X0l 6 | 8 | 10| 12 | 14 12. A rectangular construction site is enclosed

Height (m) 44| 49504740 on three sides using 1200 m of fencing.
The remaining side is formed by an

a) Use a graphing calculator or a existing wall. What dimensions enclose

spreadsheet to create a scatter plot of 180 000 m? of land?
the data and add a curve of best fit.

your solution.

wall

b) Determine the equation of the quadratic :
lati construction
relation. site
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13.

14.

15.

16.

The three sides of a right triangle are
consecutive even integers. What
is the length of each side?

A ladder is 6 m long. If the height of the
top of the ladder must be no greater than
10 times the distance from the base to the
wall, how high up a wall can the top of the
ladder be placed? Include a diagram in
your solution. Round to the nearest
millimetre.

A science experiment involves launching a
small rocket. The following measurements
are taken:

Initial height: 0.61 m
Initial vertical velocity: 36.85 m/s

a) Create a quadratic model for the height,
in metres, of the rocket after a given
number of seconds.

b) Verify the following results of the
experiment:
Total time in the air: 7.54 s
Maximum height: 69.89 m

¢) Sketch a graph of this relation and
label the key information as in
Example 1 of this section.

The acceleration due to gravity on Earth is
9.8 m/s?. A ball is thrown upward at an
initial velocity of 15 m/s from a height of
1 m above the ground. Round answers to
the nearest tenth.

a) Write an equation for the height of
the ball.

b) What is the height of the ball after 1 s?

¢) After how many seconds does the
ball land?

d) What is the maximum height of the
ball? When does this occur?

e) Repeat parts a) to d) for a ball thrown
on the Moon, where g = 1.62 m/s2.

f) Repeat parts a) to d) for a ball thrown
on Jupiter, where g = 23.1 m/s?.

17. Sherri sells photos of athletes to baseball,

18.

19.

20.

basketball, and hockey fans after their
games. Her regular price is $10 per
photograph, and she usually sells about
30 photographs. Sherri finds that, for each
reduction in price of $0.50, she can sell an
additional two photographs.

a) Total sales revenue is the product of the
number of units sold and the price.
Make an algebraic model to represent
Sherri’s total sales revenue.

b) At what price will Sherri’s revenue be
$1507

¢) At what price will her maximum
revenue occur?

d) At what price will her revenue be $07?

e) Graph the relationship between revenue
and the number of price reductions.
Which features on the graph represent
the solutions to parts b), c), and d)?

A rectangular picture frame measures

20 cm by 30 cm. A new frame is to be
made by increasing each side length by

the same amount. The resulting enclosed
area is to be 1064 cm?. Find the dimensions
of the new picture frame. Include a diagram
in your solution.

A rectangular garden measures 15 m by
24 m. A larger garden is to be made by
increasing each side length by the same
amount. The resulting area is to be

1.5 times the original area. Find the
dimensions of the new garden, to the
nearest tenth of a metre. Include a
diagram in your solution.

The length of a rectangular field is 2 m
greater than three times its width. The
area of the field is 1496 m? What are the
dimensions of the field?
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21. An open-topped box is to be made from a

22.

23.

24.

25.

rectangular piece of tin measuring 50 cm
by 40 cm by cutting squares of equal size
from each corner. The base area is to be
875 cm?.

a) Draw a diagram representing the
information.

b) What is the side length of the
squares being removed?

¢) What is the volume of the box?

A photograph measures 21 cm by 15 cm.
A strip of constant width is to be cut from
each side of the photo, so the area is
reduced to 216 cm?. Find the width of the
cut. Include a diagram in your solution.

A photograph measures 20 cm by 16 cm.
A strip of constant width is to be cut off
the top and one side of the photo, so the
area is reduced to 60% of the area of the
original photo. Find the width of the cut.
Include a diagram in your solution.

A rectangular field measures 15 m by
20 m. A rectangular area is to be fenced in
by reducing each dimension by the same

1
amount. The fenced-in area will be 5 the

original area. What will the dimensions of
the fenced-in area be? Include a diagram in
your solution.

A rotating liquid surface takes on the
shape of a parabolic mirror. This is the
principle behind the 6 m in diameter
reflecting telescope at the University of
British Columbia, which uses mercury as

a reflecting surface. The vertex is 23 cm
below the edges. Find an equation to
model the parabolic cross section of the
mirror. Note: The mirror must always point
straight up for the principle to work.

Go to www.mcgrawhill.ca/links/principles10 and follow
Kk the links to learn more about liquid mirror telescopes.
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26. Use Technology An automotive magazine

tested the stopping distance required by a
particular car, starting from various speeds.
The data are shown in the table.

Speed (km/h) Stopping Distance (m)

30 3.6
40 6.2
50 10.0
60 14.1
70 19.6
80 27.8
90 365
100 49.3

a) Use technology to create a scatter plot
of the data and add a curve of best fit.

b) Determine the equation of the quadratic
relation.

¢) Extrapolate to determine the stopping
distance for a speed of 110 km/h.

d) Determine what approximate speed
results in stopping distances of 30 m,
65 m, and 200 m.

e) Comment on the validity of
extrapolation for this model.

Extend

27. Determine the number of points of

intersection of each pair of parabolas.
Justify your answer.
a) y=x*+2x+7
y=x*—4x—1
b) y = 3x? — 12x + 16
y=-2x*—4x+3
0 y=x*—-—6x+10
y = 5x? — 30x + 46



28. Use Technology Wind chill is the
temperature that the air feels like at a
given wind speed. The chart shows the
wind chill, in degrees Celsius, for various
air temperatures and wind speeds.

Air Temperature (°C)

20 (15 10

a) Use a graphing calculator to create a
quadratic model for wind chill at a
given wind speed, for an air
temperature of 5°C.

b) Use a graphing calculator to create a
quadratic model for wind chill at a
given air temperature, for a wind speed

of 60 km/h.

¢) How accurate are your wind-chill
models for 5°C at 60 km/h? Explain
any differences in the results.

29. Explain why the quadratic model for the
height of a projectile changes if the initial
speed is measured in a diagonal direction
instead of vertically.

_Makin(g .
onnections

30. In the TV show Junkyard Wars, a trebuchet
was used to catapult a pumpkin from a
height of 4 m for a total horizontal distance
of 24 m. It reached a maximum height of
14 m. At what horizontal distances was
the height of the pumpkin 10 m, to the
nearest metre?

31.

Math Contest The French mathematician
Jacques Binet (1786—1856) developed a
formula for the terms in the Fibonacci
sequence:

/- 1+ V5)"— (- Vo)
i 2"™\/5
Verify that Binet’s formula gives the

correct values for the first five terms
of the Fibonacci sequence.

Parabolic Flight

The Falcon 20 aircraft of the National Research Council is a
modified commercial jet that can create conditions similar to zero

gravity by performing parabolic manoeuvres. During parabolic flight,

the aircraft climbs into a steep arc and then descends. The aircraft
is in free fall for 15 s to 20 s, which creates the zero-gravity
conditions. During this time, Canadian space science researchers
can conduct experiments.
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Chapter 6 Review

6.1 Maxima and Minima, pages 264-273 6. The length of the hypotenuse of a right
triangle is 1 cm more than triple that of the
shorter leg. The length of the longer leg is

1 cm less than triple that of the shorter leg.

1. Rewrite each relation in the form
y = alx — h)* + k by completing the square.

Use algebra tiles or a diagram to support
your solution.

a) y=x>+8x—7
b) y=x*+2x+7
Qg y=x2+4x+6
d) y=x*+6x—-3
. Find the vertex of each parabola. Sketch the

graph, labelling the vertex, the axis of
symmetry, and two other points.

a) y=x2+ 12x + 30
b) y = x2 — 14x + 50
Q y=-x2+6x—-7

d) y = 5x% — 40x + 76

. Use Technology Use a graphing calculator
to find the maximum or minimum point of
each parabola, rounded to the nearest tenth.

a) y=2.1x%2 — 2.5x + 8.0

b) v = —338x2 + 127x — 212

9 1, 2 .3
Y= 5 T 25" T s

6.2 Solve Quadratic Equations, pages 274-281

4. Solve by factoring. Check your solutions.

a) X2+ 10x+21=0
b) m>+8m —20=0
Q 6y2+ 21y +9=0
d) 5n2+13n—-6=0

. Solve.

a) y?’=8y+9

¢ 3m?=—-10m — 7
e) 8k? = —5 + 14k

b) x2 —8x = —7
d) 30x — 25x2 =9
f) 3x2+ 2= —5x
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Find the lengths of the three sides of the
triangle.

6.3 Graph Quadratics Using the x-Intercepts,
pages 282-291

7. Find the x-intercepts and the vertex of each
quadratic relation. Then, sketch its graph.

a) y=x*+ 8x + 12
b) y=x*—4x -5
) y=—x%—6x+27
d) y=3x*+ 10x + 8
e) y=—x?— 3x
f y=x*-4

8. If two different quadratic relations have the
same zeros, will they necessarily have the

same axis of symmetry? Will they have the
same vertex? Explain your reasoning.

9. Find the value(s) of k so that each
parabola has only one x-intercept.

a) v =x%+ kx + 100
b) y= —4x* + 28x + k

6.4 The Quadratic Formula, pages 292-303

10. Use the quadratic formula to solve
each equation. Express your answers
as exact roots.

a) 3x2—2x+5=0
b) 9x2 - 8x —3 =0
) 5x2+7x+1=0
d) 25x2 + 90x + 81 =0



11. If a baseball is batted at an angle of 35° to

the ground, the distance the ball travels

can be estimated using the equation

d = 0.0034s% + 0.004s — 0.3, where s is the
bat speed, in kilometres per hour, and d is
the distance flown, in metres. At what speed

13.

A rectangular garden measures 5 m by 7 m.
Both dimensions are to be extended by the
same amount so that the area of the garden
is doubled. By how much should the
dimensions increase, to the nearest tenth
of a metre?

does the batter need to hit the ball in order
to have a home run where the ball flies
125 m? Round to the nearest tenth.

14. The Sticker Warehouse sells rolls of stickers
for $4.00 each. The average customer buys
six rolls of stickers. The owner finds that,
for every $0.25 decrease in price, the

6.5 Solve Problems Using Quadratic Equations, average customer buys an additional roll.

pages 304-315

12. A diver bounces off a 3-m springboard at
an initial upward speed of 4 m/s.

a) Total sales revenue is the product of the
number of units sold and the price. Make
an algebraic model to represent The
Sticker Warehouse’s total revenue per

a) Create a quadratic model for the height customer.

of the diver above the water. b) With how many price reductions will the

b) After how many seconds does the diver revenue per customer be $307

enter the water? Round to the nearest

hundredth of a second. ¢) What is the maximum predicted sales

revenue per customer? With how many

¢) Over what time interval is the height of price reductions will this occur?

the diver greater than 3.5 m above the
water? Round to the nearest hundredth
of a second.

/~  Chapter Problem Wrap-Up

In Section 6.1, question 18, and Section 6.4, question 12, you YA
explored the dimensions of a parabolic skateboard half-pipe ramp
defined by the equation y = 0.2x? — 1.6x + 4.2, where x is the
horizontal distance, in metres, from the platform, and y is the
height, in metres, above the ground.

a) The company’s standard model of a half-pipe ramp with a
semicircular cross section is modelled by the equation
x% + y* = 16, where x and y are the horizontal and vertical
distances, in metres, respectively, from the centre of the semicircle.
Write a one-paragraph report comparing the two half-pipe ramps.

b) The company is considering a deluxe ramp that includes two
inverted quarter circles at the top of the standard model of a
half-pipe ramp, as shown. The radius of the quarter circles is
half the radius of the half-pipe. Add to your report any
advantages or disadvantages that you see in this new design.
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. Graph each parabola by completing the
square. Label the vertex, the axis of
symmetry, and two other points.

a) y=x*+6x+4
b) y=—x*+8x—3
€ v=3x2+ 24x + 10

. Solve each quadratic equation by factoring.
a) x2 - 5x+4=0 b) 9y2 — 1 =0

¢ x%=3x+ 10 d) 9b2 —12b+4=0
e) 3x2 + 13x = 10 f) 6m? + 30m = 0
g) 5x% = 10x h) 4d + 1 = —4d?

. Explain the process for finding the vertex of
a quadratic relation using factoring. Include
an example in your explanation.

. Find the x-intercepts, axis of symmetry, and
vertex of each parabola. Then, graph the
relation, labelling it fully.

a) y=x*+2x—35
b) y=—x*—-x+ 20
€ y= —3x* — 6x

d) y=x%—10x + 25

. Use the quadratic formula to solve, if
possible. Express your answers as exact
roots.

a) 4x> —11x—3 =0
c) 9x% = 30x — 25
e) 45> — 9s = —3

b) x> +5x=7
d) 7k2 -9k +3=0
f) 32 —7 =t

. Use an appropriate method to find the roots
of each equation.

a) 3x2+12x+6 =0
b) x?-8x+3=0
€ 4m?® — 10 =0

d) —5x%> + 10x =5

e) (k—5)>=16

x? 1
f) —+x+—
2 2
g) 2m —1)?=(m + 2)(m + 1)
h) (5x + 2)(3x — 1) =4x2+ 5

=0
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- Chapter 6 Practice Test

7. Compare the axis of symmetry of

10.

11.

12.

y = 3x? + 18x — 17 to that of
y = 3x? + 18x + 1. Explain your findings.

. The path of a firework is modelled using the

equation h = —5d? + 20d + 1, where h is
the height, in metres, above the ground and
d is the horizontal distance, in metres. What
is the maximum height of the firework?

. A parabola is defined by the equation

y = —2(x + 1) + 18.

a) Without solving, explain how you can
tell how many x-intercepts there are.

b) Given the current form of the equation,
what is the easiest way to find the
x-intercepts?

¢) How far apart are the x-intercepts?

Write a quadratic equation in the form
ax? + bx + ¢ = 0 for each situation, where
a, b, and c are integers.

a) The roots of the equation are 5 and —3.

b) The roots of the equation are % and %
An equipment storage shed has a parabolic
cross section modelled by the relation

h = —d? + 4d, where h is the height, in
metres, and d is the horizontal distance,

in metres, from one edge of the shed.

a) How wide and how tall is the shed?
b) Sketch the graph.

¢) For what values of d is the relation
valid? Explain.

The cost, in dollars, of operating a
machine per day is given by the formula

C = 3t — 96t + 1014, where t is the time
the machine operates, in hours. What is
the minimum cost of running the machine?
For how many hours must the machine run
to reach this minimum cost?



13.

14.

15.

16.

A triangle has base 2x + 1 and height
6x — 3. What value of x would give an

area of 240 m?? Round to the nearest
hundredth.

The relation d = 0.0052s* + 0.13s models
the stopping distance, d, in metres, of a car
travelling at a speed of s, in kilometres per
hour, when the driver brakes hard. At what
speed was a car travelling if its stopping
distance is 20 m? Round to the nearest
tenth.

Van dives off a 4-m springboard. His height,
h, in metres, above the surface of the water
is defined by the relation h = —d? + 3d + 4,
where d is his horizontal distance, in
metres, from the end of the board.

a) Determine the zeros of the relation.

b) Sketch a graph of the relation.

¢) For what values of d is the relation
valid?

d) What is Van’s horizontal distance from
the board when he enters the water?

e) What is Van’s maximum height above
the water?

In a volleyball match, Jenny serves the
volleyball at 14 m/s, from a height of 2.5 m
above the court. The height of the ball in
flight can be estimated using the equation
h = —4.912 + 14t + 2.5, where h is the
height, in metres, and t is the time, in
seconds, after she serves the ball.

a) What is the maximum height of the
volleyball above the court? When does
this occur? Round answers to the
nearest tenth.

b) If a player on the other team contacts
the ball at a height of 0.5 m above the
court, how long does it take for the ball
to reach her? Round to the nearest
second.

17. The hypotenuse of a right triangle has

18.

length 17 cm. The sum of the lengths of
the legs is 23 cm. What are their lengths?

An open-topped box is to be constructed
from a square piece of cardboard by
removing a square with side length 8 cm
from each corner and folding up the edges.
The resulting box is to have a volume of
512 cm?. Find the dimensions of the
original piece of cardboard.

[8 cm

8cm

o —

8cm

j Achievement Check
19.

a) Solve the quadratic equation
x? — 2x — 15 = 0 by factoring and by
graphing. Use the graph to find the
minimum value of the quadratic
relation y = x* — 2x — 15.

b) Solve the quadratic equation
x? + 2x — 15 = 0 by completing the
square and by using a computer
algebra system.

¢) For what value of b will the quadratic
equation 9x? + bx + 25 = 0 have one
root? What is the value of the root?

d) For what values of b will the quadratic
equation x? + bx + 10 = 0 have no real
roots?
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congruent figures

= identical shapes

= same size

similar figures
= identical shapes

= different sizes

< | Tools
= copy of shed drawing

m ruler
m protractor
Optional

m tracing paper
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Investigate Properties of Similar
Triangles

Geometric shapes are often used in construction and design. Not only
are certain shapes naturally pleasing to the eye, but they are also often
useful for their structural properties.

Consider the shed shown. What geometric
shapes can you recognize? Identify at least one
pair of

e congruent figures

e similar figures

m Investigate -

How can | recognize similar and congruent figures?
Look at the front face of the shed.

1. a) What pairs of congruent figures can
you find?

b) Copy two or three pairs of congruent
figures from the drawing of the shed.
Label the vertices of each figure. What
special properties do the corresponding sides and angles have?

2. Reflect Summarize the properties of congruent triangles.

3. a) What pairs of similar, but not congruent, figures can you find?

b) Make copies of two or three pairs of similar figures from the
drawing of the shed. Label the vertices of each figure. What
special properties do the corresponding sides and angles have?

4. Reflect

a) What is true about the corresponding angles in two congruent
figures? in two similar figures?

b) What is true about the corresponding side lengths in two
congruent figures? in two similar figures?

¢) Copy and complete the table to summarize your answers to
parts a) and b).

Corresponding Angles Are ... Corresponding Side Lengths Are ...

Congruent Figures

Similar Figures




Example 1 Use Angles to Show That Two Triangles Are Similar

Identify a pair of similar triangles
and explain why they are similar.
Support each statement with

a reason.

C‘cl)nnections

In AABC, the interior angle
at vertex B can be called
£/ ABC, 2CBA, or £B. In the
first two cases, the middle
letter corresponds to the
vertex of the angle.

B
Solution
There are two overlapping similar triangles: AXPN and AXTE. The A D
diagram shows them separated:
€ C

The three-letter system is
useful to describe the
three interior angles at
vertex A: ~BAD, #DAC,

and £ BAC. Referring
simply to ~A can lead to
] confusion.

X P X T
You can show that these two triangles are similar by identifying three cy .
pairs of equal angles. onnections;
You can see three pairs of equal angles. The symbol ~ means "is
similar to.” When you write
Statement Reason The third pair of angles a similarity statement, the
/XPN = /XTE Both are 90°. in any two triangles is order of the vertices must
/PXN = ZTXE  These are the same angle. equal if the other two correctly identify pairs of
/XNP = /XET  The sum of the angles in pairs are equal. So, it is equal angles and pairs of
any triangle is 180°. only necessary to have corresponding sides. In
two pairs of equa| Example 1, AXPN ~ AXTE
AXPN ~ AXTE  All three pairs of angles corresponding angles Is correct because the
to show that two vertices correctly indicate
are equal. .
triangles are similar. pairs of equal angles and
pairs of corresponding

sides.
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Example 2 Use Sides to Show That Two Triangles Are Similar

Are the two triangles in the
diagram similar? Explain your
reasoning.

Solution

You can show that two triangles are similar by showing that three
pairs of corresponding sides are proportional.

The two triangles are AEDC and AABC.

ED _ 20 CE _ 25 DC _ 15
AB 4 CA 5 BC 3
_ 9 _ o _ o
1 1 1

The three pairs of corresponding sides are all in the ratio 5:1.
Therefore, AEDC ~ AABC.

Since the triangles in Example 2 are similar, their corresponding angles
are equal. That is, ZCAB = 2CED, 2CBA = 2CDE, and ZACB = £ECD.

— Key Concepts

® Congruent figures have the same size and shape. Similar figures
have the same shape, but different sizes.

m Similar triangles have the following properties:

— Corresponding angles B
are equal:
LA = /T . .
/B=,U0 v t
/C =21V

— Ratios of u
corresponding
sides are equal:
AB BC CA . . . — RCUV = CA-
U - UV yre omin ratio notation, AB:TU = BC:UV = CA:VT




Communicate Your Understanding

@@ a) Explain the difference between similar figures and congruent

figures.

b) Draw an example for each.

@® a) How are the angles of similar figures related?

b) How are the side lengths of similar figures related?

¢) How do these relationships differ from those involving

congruent figures?

@ Describe two ways that you can show that two triangles are similar.

@@ Why is it only necessary to show that two pairs of corresponding
angles are equal in order to show that two triangles are similar?

Practise

For help with questions 1 to 6, see the
Investigate.

1. Look in the room around you. Identify at
least two sets of
a) congruent figures

b) similar figures

2. Identify at least two examples outside the
classroom of where you see

a) congruent figures

b) similar figures

3. a) Copy the diagram.

b) Draw each of the
following:
e a figure congruent
to the one in part a)

e a smaller figure that is similar to the
one in part a)

e a larger figure that is similar to the
one in part a)

¢) Verify the accuracy of your sketches by
measuring angles and side lengths.

4. For each situation, identify whether you
would use similar figures, congruent
figures, or neither. Justify your answers.

a) a tile pattern on a floor
b) a team’s logo for the chest and shoulder
patches of their jerseys

¢) a door frame and a window frame for
the front of a house

d) a three-dimensional model of a
skyscraper building

. Name the similar triangles in each case.

Write the letters so that equal angles
appear in corresponding order.

a) K
A
Bmc L M
b) G
>
N
R
T
P
o) T
U
X
N W
d) A B
C
D E

6. For each pair of similar triangles in

question 5, write the equivalent ratios
of side lengths.
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For help with questions 7 to 9, see Examples 1
and 2.

7. Name a pair of similar triangles in each
diagram and explain why they are similar.

a) P 0
X
S T
b) A € C
DZ :
B
(4
D?h
u X v

8. Name a pair of similar triangles in each
diagram and explain why they are similar.

a) D
A
5.4 cm
1.8cm
3.0cm 9.0cm
C F
2.5cm
B 7.5cm
S
b 1
) € 8 mm, G
6 mmV
D
\F
2 mm
) J
134 m
6.7m
K3.0mM 120m L

9. For each pair of similar triangles in
questions 7 and 8, list all the pairs of
corresponding angles and corresponding
sides.
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Connect and Apply

Carefully copy or trace the diagram of the truss

bridge. Use it to answer questions 10 to 12.

10. Identify an example of each of the
following. Use different colours and/or
additional sketches to illustrate your
answers.

a) a pair of congruent triangles

b) a pair of congruent rectangles

¢) a pair of congruent parallelograms
d) a pair of similar triangles

e) a set of three similar triangles

11. Identify a pair of congruent triangles
that are related by a

a) translation
b) reflection

¢) rotation

12. a) Describe the combination of
transformations that relates one pair
of congruent triangles.

b) Describe a different combination of
transformations that relates another
pair of congruent triangles.

13. a) Draw a right triangle.

b) Draw a right triangle that is
e congruent to the one you drew
e similar to the one you drew
e neither congruent nor similar to
the one you drew

14. Are all equilateral triangles similar?
Justify your answer.

15. Are all isosceles triangles similar?
Justify your answer.



Extend

16.

17.

_Makin(g ]
onnections

Congruent figures occur in music
composition. This is a two-bar lead-in that
was commonly used in the early days of
rock 'n’ roll music:

Vi I
y.A7a) F

[£. A\ W - |

o) = !

Carefully copy the music into your
notebook. Then, use line segments to join
the centres of the note heads (the round
part) so they form two congruent triangles.
What kind of transformation relates the

two triangles?

Ol bass grc QIh =1.2cm
so that it retains its
shape. Its length, “I=30am
height, and width all remain in the same
proportion for its first few years of life.
The average length, I, and height, h, of a
baby bass are shown. The average width,
w, of this type of bass is about half its
height. If the bass triples in length each
month for the first 3 months of life, find
the dimensions of this bass after

b) 2 months

A type of bass grows

a) 1 month

18.

19.

20.

Refer to question 17. The density of this
type of bass is about 10% greater than that
of water, which is 1 g/cm?®. Use the

to estimate

relationship density =
P y volume

the mass of this bass after 3 months. To
estimate the volume of the bass, find the
volume of a rectangular prism with the
same width, length, and height as the bass.

Math Contest XYZW X P W
is a rectangle, with
YZ = 10 cm,

YP = 8 cm, and

ZP = 6 cm. Determine
the area of XYZW.

Math Contest ABCDis A D
a square. X is the

midpoint of AB and Y

is the midpoint of BC. X
What percent of the T
square is shaded? % =

A 37.5% B 25%

1
C 18.75% D 3350/0 € 30.75%

The triangle is the strongest polygon structurally. The only way you can

change its shape is to change the length of one or more of its sides. A

square, by contrast, can be deformed into a rhombus under a heavy load.

It is this property that makes the triangle so popular in designs such as
truss bridges.

The Quebec Bridge, shown here, which spans the St. Lawrence River, is
the longest cantilever truss bridge in the world.

Go to www.mcgrawhill.ca/links/principles10
Kk and follow the links to learn more about the
Quebec Bridge and its fascinating history.
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r
.° | Tools
= ruler

= metre stick
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® Investigate -

Use Similar Triangles to Solve
Problems

The geometry of similar
figures is a powerful area
of mathematics. Similar
triangles can be used to
measure the heights of
objects that are difficult to
get to, such as trees, tall
buildings, and cliffs. They
can also be used to
measure distances across
rivers and even galaxies!

The students in the photo
are using a metre stick and
shadows to measure the
height of the tree. How can
they do this? What role do
similar triangles play in
this type of problem?

How can you apply the properties of similar triangles to solve
problems?

Suppose you have a metre stick and it is sunny outside. Your task
is to plan a problem solving strategy so that you can determine the
height of an inaccessible object, such as a tree, a building, or a cliff.

1. Look at the illustration. Discuss with a partner, or in a small group,
how the students could find the height of the tree.

2. Draw a diagram that relates to this problem. Explain how similar
triangles are involved.

3. Create some numbers to represent reasonable measures to solve
this problem and solve it. Does your answer seem reasonable?
Explain.

4. Reflect Trade strategies with another pair or group. Compare
strategies. Do you think they will work? Make any improvements
you like to your own strategy. Later you will apply your method to
solve a real measurement problem.




The scale factor, k, is a useful quantity scale factor, k

when working with similar triangles such = factor that relates
as the ones shown. corresponding side lengths
. . of two similar triangles
The value of k relating corresponding C &
sides in these two triangles is 3, because 15cm
if you multiply each side length in AABC 5¢m / |4cm lzcm
by 3, you obtain the corresponding side
length in APQR. A2 B
Q
AABC Side Lengths (cm) Multiply by k APQR Side Lengths (cm)

AB=2 2X3=6 PQ=6

BC=4 4x3=12 QR=12

CA=5 5x3=15 RP =15

You can apply the scale factor to find an unknown side length in one
triangle if you know the corresponding side length in a similar triangle.

Example 1 Solve for an Unknown Side

To determine the width of a river, Willow
Naomi finds a willow tree and a [
maple tree that are directly across
from each other on opposite shores.
Using a third tree on the shoreline,
Naomi plants two stakes, A and B,

. 9.3
and measures the distances shown. symad 4 5 ijJ Maple
Find the width of the river using 8.4 mV
the information that Naomi found. A
Solution

You can find two similar triangles and then use the scale factor to find
the width.

Step 1: Show that AABS is similar to AWBM. W
Statement Reason
£ABS = ZWBM These are opposite angles. S
/BSA = ZBMW These are both 90°, because B : If two pairs of
AS is parallel to WM. A corresponding angles are
AABS ~ AWBM Two pairs of corresponding equal, | know that the

angles in the third pair

angles are equal.
are also equal.
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Step 2: Find the scale factor.

In AABS and AWBM, BS and BM are corresponding W
sides. Their ratio gives the scale factor, k:
BM
k= — 5
BS B M
_ 24 A
9.3

24
Each side in the larger triangle is 93 times as long as its

corresponding side in the smaller triangle. Leave the scale factor in
this form for more accuracy in later calculations.

Step 3: Find the width of the river.
In AABS and AWBM, AS and WM are corresponding

W

sides. Use the scale factor to find WM.

WM

2k

AS e

WM 24 B M

8.4 9.3 A

24
WM = 93 (8.4) Multiply both sides by 8.4.
= 21.667

21.677 m is too precise an answer based on the measurements given.
One of the measures, BM, is only accurate to the nearest metre. So, it
is reasonable to round the answer to the nearest metre.

Therefore, the width of the river is approximately 22 m.

Example 2 Areas of Similar Figures

a) What is the relationship between the areas in each pair of similar
figures?

i) ii) i
5
4
B Bk “
3 8+
- | 4

(1 L1 Hy
3 12
b) Find the scale factor, k, for each pair of figures.

¢) Compare your answers to parts a) and b).



Solution

a) Find the areas of the figures.

i) Smaller Triangle Larger Triangle
A= bh A= Zbh
2 2
1 1
= —(3)4 = —(6)(8
, (3)4)  (6)(8)
=6 =24
The area of the smaller The area of the larger
triangle is 6 square units. triangle is 24 square units.

The area of the larger triangle is 4 times the area of the
smaller triangle.

ii) Smaller Rectangle Larger Rectangle
A=1Xw A=1Xw
=2X3 =8 X 12
=6 = 96
The area of the smaller The area of the larger
rectangle is 6 square units. rectangle is 96 square units.

The area of the larger rectangle is 16 times the area of the smaller
rectangle.

b) i) Since each side length of the larger triangle is 2 times the length
of the corresponding side of the smaller triangle, the scale factor
is k= 2.
ii) Since each side length of the larger rectangle is 4 times the
length of the corresponding side of the smaller rectangle, the
scale factor is k = 4.

¢) In both cases, the ratio of the area of the larger figure to the area of
the smaller figure is equal to the square of the scale factor, k.

This relationship holds for all similar figures:

the ratio of the areas of two similar figures is AABC ~ APOR
equal to the square of the scale factor. C
Another way to write this is
AAPQR = k*(A, o). You can use
this to solve for an unknown area. A nac A
A B APQR
p Q
ER — 2
Asnc
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Example 3 Solve for an Unknown Area

The shaded area is to be

an industrial zone. .
Maln Stfeet /

Find the area of the
industrial zone. Assume
that King and Queen are
parallel and that all streets 3.0km
and the track are straight.

industrial zone

King Street //

Queen Street

Solution

I'l make a simplified diagram.

Identify two similar triangles.
Find the scale factor and

use it to find the area of

the larger triangle.

3.0 km

G
Statement Reason

/KRG = ZNRQ Opposite angles are equal. T
/RKG = ZRNQ Alternate angles are equal. angles are equal, |
AKRG ~ ANRQ  Corresponding angles are equal. know that the

If two pairs of

The scale factor is equal to the ratio of 85 T 87 T
corresponding sides: pair are equal, too.
KG
k = —_—
NQ
_ 30
1.0
=3
Find the area of the smaller triangle using the given information.
1
AANRQ = 5 bh Apply the formula for the area of a triangle.

- %(1.0)(1.4)

= 0.7

The area of the smaller triangle is 0.7 km?. Use this and the scale
factor, k = 3, to find the area of the larger similar triangle.

Apkre = kZ(AANRQ)
32(0.7)
= 9(0.7)

= 6.3

The area of the industrial zone is 6.3 km?.
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— Key Concepts

m The scale factor, k, relates the C R
lengths of corresponding sides of B Q
similar figures. For example, in

AABC and APQR, P

AB BC CA A
— = — = — =k AABC ~ APQR
PQ QR RP

These relationships can also be written as follows:

AB = k(PQ) BC = k(QR) CA = k(RP)
m The square of the scale factor relates the areas of two similar figures:
A¢ABC
Z¢ABC _ g2
Acpor

This relationship can also be written as A, 5. = k?*(A APQR).

Communicate Your Understanding

@D a) Explain how the scale factor relates two similar triangles.

b) Explain how you can use the scale factor to find an unknown
side length.

@ a) How are the areas of two similar figures related?

b) Explain using words and diagrams how you can find the area of
a triangle using the area of a similar triangle and the scale factor.

@ Explain how you can use a metre stick and shadows to measure the
height of an inaccessible object, such as a flagpole or a tree.

Practise

1. A right triangle has side lengths 3 cm,
4 cm, and 5 cm.

4. Refer to question 3.

a) Measure, as accurately as possible, the
base and height of the first triangle. Use
this information to find the area of the
triangle. Round your answer to the
nearest tenth.

a) Draw the triangle.
b) A similar triangle has hypotenuse
30 cm long. What is the scale factor?

¢) What are the lengths of the legs?
b) Use your answer from part a) and the

. Refer to question 1.
a) Find the area of each triangle.
b) How are these areas related?

¢) How do the areas help to confirm that
the triangles are similar?

. @) Draw a triangle.

b) Draw a similar triangle using a scale
factor of 2.

¢) Repeat part b) using a scale factor of 4.

0

scale factors to calculate the areas of the
two larger triangles.

Measure the base and height of each
larger triangle and use them to calculate
their areas. Compare these results with
those obtained in part b). Are they the
same? If they are not the same, describe
what factors might explain why not.
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For help with questions 5 to 7, see Example 1.

5. a) Show why APQR is similar to ASTR.
b) Find the lengths x and y.

T
y
P R 12cm >
15cm
27 cm
Q

6. The triangles in each pair are similar. Find
the unknown side lengths.

a) D
A f 12cm
o (-]
B 7 am C E d F
b) P
(]
R r
° 18.cm
10cm s
S 8cm T0 24 cm R
9 W 4 cm X A
\/ \/ °
9cm
5cm w b
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7. Find the length of x in each.

a) 4cm
P Q
R 3cm
6cm 5cm
S T
X
b)

C
B 10cm

For help with question 8, see Examples 2 and 3.
8. a) APQR ~ ASTU. Find the area of APQR.

R
V]
HZ;ZAX
p e SZe T
Q 9cm

12cm

b) AABC ~ ADEF. Find the area of AABC.

D
A (-]
° 12 cm
8cm A=54cm?
B C

E F
¢) AGHI ~ AKLM. Find the area of AKLM.

A=12cm? L M

d) ASTU ~ AXYZ. Find the area of ASTU.
X

0

10 cm

A =40 cm?
A Ay oy 7




Connect and Apply 12. Melanie is designing a crest for her hockey
team, the Trigazoids. Her prototype consists

9. To measure the height of a tree, Cynthia ) .
of four congruent equilateral triangles.

has her little brother, BR, stand so that the
tip of his shadow coincides with the tip of

the tree’s shadow, at point C.
h=8.7cm

T

b=10cm

a) What is the total area of this crest?

b) What is the area of
e the green section?
e the purple sections?

€ R C ¢) What is the area of a giant similar crest
Cynthia’s brother, who is 1.2 m tall, is with base 30 cm?
4.2 m from Cynthia, who is standing at C, d) What is the height of a similar crest

and 6.5 m from the base of the tree. Find
the height of the tree, TE.

with area 500 cm??

13. The front of each brick in the fireplace

10. Find the width of the canyon. measures 10 cm by 20 cm.

a) How many similar rectangles of
different sizes can you find? Sketch a
diagram to illustrate them. Label their
dimensions (length and width).

b) What is the area of the front of one

11. Use the dimensions of the surveyors’ brick?
triangles to find the width of the river, to
the nearest metre.

¢) Find the area of the entire fireplace,
including the opening.

: I d) Find the area of the opening.

e) Find the area of the fireplace, excluding
the opening.

50m

14. Find the length and A

width of the pond.

The following measures
17 m are known:
/[ AB =14 m

15m BC =11m

Assume that XY is a
line of symmetry for
the pond.
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15.

16.

17.

18.

19.

20.

21.

Determine the height of a tall tree, a
flagpole, or the side of a building in your
schoolyard using similar triangles. Explain
your method using words and diagrams.

While looking through a cylindrical tube,
Rita moves to a point where the height of
a picture just fits within her field of view,
as shown.

2.0cm

sz'h
10cm

1.5m
Rita is standing 1.5 m from the picture.
The length and diameter of the viewing
tube are as shown. Find the height of the
picture.

Use algebraic and geometric reasoning to
show how the areas of two similar right
triangles are related by the square of the
scale factor, k2.

a) Sketch several pairs of similar acute
triangles with different scale factors, k.

b) Find the areas of the triangles in each
pair.

¢) Find the ratio of the areas of the
triangles in each pair. How is this ratio
related to the scale factor, k?

The areas of two similar triangles are
72 cm? and 162 cm?. What is the ratio of
the lengths of their corresponding sides?

AABC and ADEF are similar. The ratio of
their corresponding sides is 3:5. What is
the ratio of their perimeters? Explain.

Use similar triangles to measure the height
of the building in which you live. Write a
brief report on how you solved this
problem. Include diagrams. Discuss how
accurate you think your answer is. Suggest
ways to improve your method to get a
more accurate height.
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23. Teschia is making

22. Chapter Problem The first leg of your race

will begin on the southern shore of James
Bay, at Moosonee. From there you will
travel to Regina, then to Churchill, located
on the eastern shore of Hudson Bay. Take
note of your journey. The triangle formed
by these three locations is similar to the
triangle formed by Pittsburgh, Repulse Bay
(located near the Arctic Circle), and your
next destination. Identify the similar
triangles and determine your next
destination. Hint: Move quickly, and you
will be glad that you beat the rest of the
flock!

Watson Lake Happy:\Valley/

Goose Bay
Edmonton

Regina Moosonee
Ottawa

Toronto

Nanaimo
Seattle

Minneapolis

San Francisco Washington

Los Angeles
BEIES
New Orleans
Miami

B Achievement Check

Reasoning and Proving
ne
‘ Reoresar? .
a scale drawing eprestine Selecting Tools

to help her
redesign her

Problem Solving

Connecting Reflecting
flower garden. S Commuicating—
X
5cm
23°
Z 12cm Y

a) Calculate the length of ZX and the
measure of £ZXY.

b) If the hypotenuse of the actual flower
garden measures 6.5 m, what is the
perimeter of the actual garden?

¢) What is the scale factor of Teschia’s
drawing?

d) What is the ratio of the area of the flower
garden to the area of the scale drawing?



Extend

24.

25.

26.

Carol is building a staircase from the floor
of her barn to the loft, which is 3.6 m
above the floor. She is using steps that
are each 30 cm high and 40 cm deep.

loft
e

3.6m

40.m |
30 cmi

floor clearance

a) How much floor clearance will Carol
need in order to fit the staircase?

b) How many steps will be required?

The scale on a map is 1 cm represents
5 km. A provincial park has an area of
6 cm? on the map. What is the actual
area of the park, to the nearest square
kilometre?

Krista used her Global Positioning System
(GPS) device to obtain information on the
distance and direction from Niagara Falls
to London, England, and to Miami,
Florida. She drew a triangle, and
calculated the angles in the triangle from
the GPS data. She noticed that the sum

of the angles was not 180°, as expected.

a) Why did this occur?

b) Would you expect the sum to be more
or less than 180°7 Explain.

27.

28.

29.

30.

Math Contest A naturalist’s study in
Northern Ontario finds that 25% of the
area is water and 60% of the remaining
area is forest. The rest, 12 000 ha, is rock.
How large is the study area, in hectares?

36 000 ha
40 000 ha
68 000 ha
80 000 ha
100 000 ha

m O A @

Math Contest In AABC, AB = 24 cm and
BC = 10 cm. BD is perpendicular to AC.
Find the ratio of the shaded area to the
unshaded area.

A

Math Contest Express the length of the
hypotenuse of a right triangle in terms of
its area, A, and it perimeter, P.

Math Contest Two neighbouring houses
are located at A and B, near a straight
section of a rural road, RD. The electric
company plans to place a pole, P, at the
roadside and connect wires from the pole
to the two houses. How far from point R
should the pole be located so that the
minimum length of wire is needed?

B
A 60m
BOmL‘
R P D
90m
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,
.° | Tools

m computer with The
Geometer’s Sketchpad®
OR

m TI-83 Plus or TI-84 Plus
graphing calculator

OR

= grid paper

= protractor

m ruler
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The Sine and Cosine Ratios

We depend on ships and aircraft
to transport goods and people
all over the world. If you were
the captain of a ship or the pilot
of an airplane, how could you
make sure that you did not get
lost in the middle of the ocean?
In ancient times, this was a
significant problem.

Today, navigational equipment
such as Global Positioning
System (GPS) devices makes it
much easier to find your way
around the planet. Even so,
factors such as wind and
water currents can sometimes
complicate travel plans. How

can trigonometry help when
this happens?

Investigate

What are the sine and cosine ratios?

In the last section, you learned the tangent ratio. In this activity, you
will investigate two other important ratios. In addition to the opposite

and adjacent sides, these ratios involve the third side of a right
triangle: the hypotenuse.

1. a) Draw a large right triangle AABC. C

b) Measure the length of the side hypotenuse .
‘o / A opposite
opposi . A g

¢) Measure the length of the hypotenuse. adjacent

opposite

d) Calculate the ratio ——.
hypotenuse



2. a) Create overlapping triangles by adding line segments parallel
to one of the legs as shown.

@

|_Technology Tip
To do step 2 using
- dynamic geometry
€ | software, follow these
steps:
e Select the horizontal
line segment. Construct
A 3 D B a point on it.
¢ Select this segment
b) Explain why these triangles are similar to the first one. and the new point, and
construct a
perpendicular line.

¢) Measure and calculate the following for each similar triangle:
¢ length of the opposite side

e Select the
* length of the hypotenuse perpendicular line and
opposite the hypotenuse.
e the ratio ————— Construct the point of
hypotenuse intersection.
opposite * Hide the perpendicular

d) Compare the ratios for each triangle and line. Construct a line

hypotenuse

. . segment connectin
describe what you notice. § &

the two new points.

3. a) Measure the length of the sides adjacent to £ A for each

triangle.
adjacent

b) Calculate the ratio ————— for each triangle.
hypotenuse

Describe what you notice.

4. a) Draw a new set of similar triangles, with a different value

for ZA.
) opposite
b) Calculate and compare the ratio of —————— for each
hypotenuse
similar triangle.
Calculate and the ratio of — D% cach @ i
¢) Calculate and compare the ratio o hypotenuse or eac onnection
similar triangle. The short forms for sine

d) Repeat for another set of similar triangles. and cosine are sin and cos.
The two ratios you have just explored are called the sine and cosine
ratios. They are defined as

opposite adjacent
sineA= ———— and cosine A = —————
hypotenuse hypotenuse

primary

Together with the tangent ratio, they are the three . A :
trigonometric ratios

primary trigonometric ratios.
= sine, cosine, and tangent

5. Reflect Summarize what you have discovered about the three = often abbreviated as sin,
primary trigonometric ratios, using words and diagrams. cos, and tan
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Example 1 Find the Primary Trigonometric Ratios

n
Find the three primary trigonometric ratios for 6. Express the ratios as
decimals, rounded to four decimal places.
a) 26 b) 7.6 cm
10
0 4.1 cm
24 " 6.4cm
Solution
) opposite adjacent opposite
| need to identify the a) sin 6 = ﬁ cos 6 = ﬁ tan 6 = ﬁ
opposite, adjacent, and ypotenuse ypotenuse adjacen
hypotenuse sides relative — E — 274 - LO
to the angle 6. 26 26 24
26 _ 5 _ 12 _ 5
10 hypotenuse 13 13 12
opposite -L = 0.3846 = 0.9231 = 0.4167
24
adjacent b) 76 cm
hypotenuse
4.1 cm
adjacent O\ 6.4 cm
opposite
) opposite adjacent opposite
sinf=-——— cos=_——— tanb= ———
hypotenuse hypotenuse adjacent
Since sine, c05|.ne, and 6.4 41 6.4
tangent are ratios, they = — = — = —
have no units. 7.6 7.6 4.1
= 0.8421 = 0.5395 = 1.5610
C‘cl)nnections )
, _Makin
A memory device (or onnectiOns
mnemonic) for the three
primary trigonometric ratios Trigonometric ratios are often expressed with three or four digits of accuracy. This is to
uses these short forms: ensure that angles are found with enough precision. Consider the difference in the following
_0 ~_A _0 two calculations:
H H A tan-1(0.2) = 11.310° tan-1(0.3) = 16.699°
These short forms produce
the nonsense phrase Com?are the difference between the15e two angles:
soh cah toa. This phrase tan~1(0.2492) = 13.993 tan~1(0.2493) = 13.998
may help you remember In both cases, the tangents of the angles differ by one decimal place. But in the second case,
thg formula.s for T(he the angles are much closer together. Possible discrepancies due to rounding are reduced by
trigonometric ratios. carrying more digits until the final step in a calculation.
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Just as with the tangent ratio, you can find the sine and cosine of an
angle using a scientific or graphing calculator.

Example 2 Find the Sine and Cosine of an Angle

[
Evaluate the following, to four decimal places.
a) sin 26° b) cos 75°
Solution

Make sure that your calculator is in degree mode.

a) sin 26° = 0.4384 b) cos 75° = 0.2588

Example 3 Find an Angle Using the Sine and Cosine Ratios

a) Captain Jack is navigating his ship to Port Top ViEWS )
W2Xm, p

Harbour, which is directly north of the ship’s
location. To compensate for an easterly
current, he aims for a point on shore that is

5 km west of Port Harbour. Assuming that the
point on shore is 20 km from his position now,
at what bearing must Jack head his ship?

b) Captain Jack is in communication with a
submarine that is cruising at a depth of 400 m
below sea level. If Jack’s radar tells him that
the submarine is 500 m from Jack, due north of
his ship, at what angle is the submarine located
with respect to Captain Jack’s ship, to the nearest degree?

Solution

a) Captain Jack’s ship, Port Harbour, and the western W_5km
target form a right triangle.

For the unknown bearing angle, the opposite and

hypotenuse sides are known.

20 km
Apply the sine ratio to find Jack’s bearing.

) opposite
sinfp=-—-—— 9
hypotenuse

5

20
= 0.25

To find 0, calculate the inverse sine of 0.25.
0 = sin"1(0.25)
= 14.477°

Jack must head his ship on a bearing of approximately N15°W.

C‘tl)nnections

Bearing is a navigational
term that describes a
direction. It is expressed as
an angle in terms of north,
south, east, and/or west.

N

65°

S
This bearing can be
described as N65°E, which
is read as “65 degrees east
of north.”
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C‘cl)nnections

A triangle has six
measures: three side
lengths and three angle
measures. To solve a
triangle means to find all
six of these values.

C%nnections

When naming parts of
triangles, use capital
letters to represent the
angles and vertices and
corresponding lowercase
letters to represent
opposite sides.

b) Draw a diagram that shows the
relative positions of Captain Jack’s |

Side view, facing west

ship and the submarine. Captain """ sea level

Jack’s ship, the submarine, and a o

line segment that points straight to the bottom
5 P & 400 m 500m | of the sea

down from Captain Jack’s ship
form a right triangle.

For the unknown angle relating
the submarine’s position to North
Captain Jack, the adjacent and

hypotenuse sides are known.

Apply the cosine ratio to find this angle.

adjacent
cosfg = ———
hypotenuse
400
cos = —
500

400
0 = cos™! () (aa)cos 1 )400(=)s500(H )(=)
or (_()400( +)500 () )(zw)[COS]

Il
w
o
fos
N
o

The submarine is approximately 37° north of Captain Jack’s ship with
respect to a line that points straight down to the bottom of the sea.

Example 4 Solve a Right Triangle
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Solve AABC. Round side lengths to the nearest A 20 B

unit and angles to the nearest degree. L]
C

Solution

Label the sides according to their corresponding A c=20 - B

angles. ’

Use the two known angles to find £C.
LA+ /B + £C = 180° .
30° + 90° + £C = 180°

120° + £C = 180°
£C = 180° — 120°
£C = 60°

Note that in a right triangle, the two acute angles are complementary.
You can find 2C by subtracting: 90° — 30° = 60°.



Use the cosine ratio to find side b.

adjacent
COSsA= ———
hypotenuse
c
cos A = —
b
30 20
cos 30° = —
b
b(cos 30°) = 20 Multiply both sides by b.
20
b= —— Divide both sides by cos 30°.
cos 30°
b = 23.094 20( = )(c0s)30( =) or20( = )30 (cos)(=)
Use the tangent ratio to find a.
opposite
tan A = L
adjacent
a
tan A = —
c
a
tan 30° = —
20
20(tan 30°) = a Multiply both sides by 20.
a = 11.547 20( x)(m)30(=) or20(x)30(m™)(=)
The diagram shows the solved triangle. A c=20 B
30° [ |
a=12
b=23 60°
C

There is often more than one way to solve a right triangle. If you know
the value of any side plus an additional side or angle, you can find the
other measures. Notice, however, that some answers may be slightly
different, due to rounding in the intermediate steps of a solution.

— Key Concepts

m The three primary trigonometric ratios are sine, cosine, and tangent.
They are defined as follows:
opposite adjacent opposite

sing = —mm cos 0 = tan 0 = -
hypotenuse hypotenuse adjacent

® You can find any side length or angle

hypotenuse
measure of a right triangle if you know opposite
two pieces of information in addition to []

the right angle. adjacent
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Communicate Your Understanding
@D Explain why the primary trigonometric ratios depend only on a

given angle and not the size of a right triangle.

@& a) Create a problem for which you would need to apply the
cosine function on your calculator. Solve the problem and
explain each step.

b) Repeat part a) for the inverse sine function of your calculator.

a) List the steps you would use to solve APQR. P

b) List a different set of steps to solve APQR
using another method.
o R

14
Practise
For help with questions 1 and 2, see Example 1. 2. Find the three primary trigonometric ratios
. . for £ A, to four decimal pl .
1. Find sin 6, cos 6, and tan 6 for each or O four decimat places
triangle, expressed as fractions in lowest a) 5.2cm b) C
terms. - 15cm 7.5cm
A
B
15 9 10 9.0 cm
- B >4 A
C 12 B A
9 " . 9 g 9m . D33 B
m
¢ [] B 7 cm A > cm
11.4 cm
A 6 cm
6m 12 8am ‘
6.7 m
m e) A f) A
24.1m
0 A 10 cm 14.9.cm 16m
B 3m C
¢ B
e) C f) C 5m B B 11cm C 18m

45cm
A 2cm 5.4m 2m For help with questions 3 to 5, see Example 2.
A

3. Evaluate each of the following with a
calculator, rounded to four decimal places.

g) B h) B11 . a) sin 35° b) sin 45°
48 mm ‘ 25 mm . .
13 €) sin 60° d) sin 37°
C cm
A 54 mm 17.cm e) sin 25° f) sin 0°
A g) sin 89° h) sin 30°
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4, Evaluate each of the following with a
calculator, rounded to four decimal places.

a) cos 80.2° b) cos 45°
€) cos 30° d) cos 60°
e) cos 89° f) cos 0°
g) cos 5° h) cos 83°

5. Compare your results to questions 3 h) and
4 d). Use a diagram to help explain these
results.

For help with questions 6 to 9, see Example 3.

6. Find the measure of each angle, to the
nearest degree.

a) sin 6 = 0.8933 b) sin 6 = 0.5032

1 2
¢) sinP = — d) sinS= =
2 3
: 3 .
e) sinfh = f) sin A = 0.9511
i . 2
g) sin 6 = 0.7123 h) sin 6 = -

i) sin X = 0.3035 j) sin 6 = 0.9976

1
k) sinVZg ) sin6=0

7. Find the measure of each angle, to the
nearest degree.

a) cos 6 = 0.4481 b) cos A = 0.6329

5
¢) cosC = IEl d) cos 6 = 0.3432

3
e) cos Q = 0.8871 f) cosM = 12

1
g) cos 6 = 6 h) cos 6 = 0.6215
. 15 .
i) cosB= — j) cos X = 0.0193
16
1
k) cos6 =0 1) cos]zE

8. Calculate sin T in each triangle. Then, find
£ T, to the nearest degree.

a) R
T S
b) u
4cm
v
20 cm T

9. Calculate cos T in each triangle. Then, find
£T, to the nearest degree.

a) S
Am
R 2cm T
b) T
10m: 3m
Vv U

For help with questions 10 to 14, see Example 4.

10. Find the length of x, to the nearest tenth of
a unit, by applying the sine ratio.

a) X b) \&6°
5.6cm
13 cm X
25°
) d [
X
32 cm
e) f)
55cm 61°
12cm
[ ]
X
h
g) ) ’ 18 cm
X 15 cm
X
[ |
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11. Find the length of x, to the nearest tenth of
a unit, by applying the cosine ratio.

a)
114 mm 719

b)

X
50
8.4 m
) d) X
29°
13 cm
15cm
[ ]
X
e) f)
12 cm X X
[ ] 35
10cm
g8) 6cm h) X

In questions 12 to 14, round side lengths to the
nearest tenth of a unit and angles to the
nearest degree.

12. Solve each triangle.

a) A
mm‘
B

C
b) D
F 2 €
(4 I
7.3 mm
H 5.2 mm
d) K 12.3cm

L

J
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13. In ADEF,
DF = 6.0 km
/E = 44°
/F = 90°
a) Draw this triangle and label the given
information.

b) Solve ADEF.

14. In AXYZ,
XY = 16 cm
YZ =11 cm
/7 = 90°

a) Draw this triangle and label the given
information.

b) Solve AXYZ.

Connect and Apply

15. Dmitri has let out 40 m of his kite string,
which makes an angle of 72° with the
horizontal ground.

—| 72°

Dimitri
a) Find the height of the kite, to the
nearest metre.

b) Suppose the Sun is shining directly
above the kite. How far is the kite’s
shadow from Dmitri, to the nearest
metre?

16. During take-off a plane must rise at least
20 m during its first 1.5 km of flight to
successfully clear the runway.

220 m

1.5 km

a) At what minimum average angle must
the plane climb for a safe take-off, to the
nearest hundredth of a degree?

b) If the required rise is doubled to 40 m,
does this double the climb angle? Explain.



17.

18.

19.

20.

21.

22.

In APQR, £Q = 90° and PR = 20 cm. Find
PQ, to the nearest tenth of a centimetre, if
/R = 41°,

In ADEF, find ZF, to the nearest degree, if
DE = 15 cm, DF = 18 cm, and 2E = 90°.

The towrope pulling a parasailor is 70 m
long. A boat crew member estimates that
the angle between the towrope and the
water is about 30°. Find the height of the
parasailor above the water.

AABC is an isosceles triangle. The height
of the triangle is 3 cm, and the two acute
angles at its base are each 56°. How long
are the two equal sides, to the nearest
tenth of a centimetre?

A

3cm

B 56° 56°

C

A tree is splintered by lightning 2 m up its
trunk, so that the top part of the tree
touches the ground. The angle the top of
the tree forms with the ground is 70°.
Before it was splintered, how tall was the
tree, to the nearest tenth of a metre?

7

70°

The side adjacent to the 74° angle in a
right triangle is 6 cm long. How long is
the hypotenuse, to the nearest tenth of a
centimetre?

23.

24,

25.

26.

The hypotenuse of a right triangle is 10 m
long. How long is the side adjacent to the
21° angle, to the nearest tenth of a metre?

A kite string is 35 m long. The angle the
string makes with the ground is 50°. To
the nearest metre, how far from the person
holding the string is a person standing
directly under the kite?

X

Find all the angles in AWXY, to the
nearest degree.

W

5cm 5cm

X 8cm ¥

To get to school, Enzo can travel 1.2 km

east on Rutherford Street and then south
on Orchard Avenue to his school. Or, he
can take a shortcut through the park, as

shown. His shortcut takes him 20 min.

Rutherford Street

home

Orchard Avenue

school
Enzo’s walking speed is 6 km/h.

a) What angle does Enzo’s shortcut make
with Rutherford Street? Describe any
assumptions you must make.

b) How much time does Enzo save by
taking his shortcut? Explain your answer.
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27. In Example 5, Section 7.3, this problem

28.

29.

30.

was solved. A radio transmitter is to be
supported with a guy wire. The wire is to
form a 65° angle with the ground and
reach 30 m up the transmitter. The wire
can be ordered in whole-number lengths
of metres. How much wire should

be ordered?

guy wire 30 m

65° [

Solve this problem using a more
efficient method.

How are the sines and cosines of the acute
angles of a right triangle related? Plan and
carry out an investigation to explore this.
Write a brief report of your findings, using
words, diagrams, and mathematical
notation.

a) Is it possible for the sine or cosine of an
angle to be greater than 1? Use geometric
reasoning to explain your answer.

b) Is it possible for the tangent of an angle
to be greater than 1?7 Use geometric
reasoning to explain your answer.

Chapter Problem A right triangle is formed
by the following locations:

e your current location (in the race)

e the capital of the United States

e your next destination

The cosine of the angle at your current
location is approximately 0.8. What city is
your next destination, and how far do you
have to travel to get there?
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31. When it is leaning

ﬁ Achievement Check

Reasoning and Proving

. Represenﬂg Se@ting Tools
against a wall, the \ ‘ -
foot of a ladder is ( /Problem Solving
2 m from the base  conneciing Reflecting
Of the Wall The \Communicating/
angle between the
ladder and the ground is 75°.

a) How high up the wall does the ladder
reach, to the nearest centimetre?

75° [

2m

b) How long is the ladder, to the nearest
centimetre?

¢) If the ladder slips down the wall so
that it makes an angle of 55° with the
ground, does the end on the ground
slip more than the end against the
wall? Explain.

Extend
32. Find the length of x, then the length of y,

to the nearest tenth of a centimetre.

12 cm v

37° 42°

33. Find the length of x, to the nearest tenth of

a metre, then the measure of y, to the
nearest degree.

48° Y



34. a) Use AABC and ADEF. Copy and
complete the table. Leave all ratios in
fraction form.

C

90° - x

90° - x

12 E

Triangle AABC | ADEF
tan x

sin x

cos x
tan (90° - x)
sin (90° - x)
cos (90° - x)

b) How is tan x related to tan (90° — x) in
these two triangles?

¢) How is sin x related to cos (90° — x) in
these two triangles?

d) How is cos x related to sin (90° — x) in
these two triangles?

e) Explain the relationships in parts b), c),
and d).

35. Use geometric reasoning to show that
sin ® = cos (90° — 6) in all right triangles,
if 6 is one of the acute angles.

36. Use algebraic reasoning to show that
sin®

37. a) Select three different values for an angle
x between 0° and 90°. For each value of
x, evaluate the expression
(sin x)? + (cos x)2.
b) Use your results from part a) to write a
conjecture.

¢) Verify your conjecture from part b)
using geometric reasoning.

38. Pilots use a “wind triangle” to determine
which way to aim the aircraft to overcome
the effects of wind. For example, Seymour
has an airplane that cruises at 200 km/h in
still air. A stiff wind of 28 km/h is blowing
from the west. Seymour wants to fly from
A directly north to B.

a) Find the angle at which Seymour must
aim the airplane.

b) How fast will he be flying relative to the
ground?

39. Math Contest At the senior prom, four
couples are seated randomly around a
circular table. What is the probability that
Dan sits beside his date Ranjit?

1
A —
4
1
B —
8
1
c -
2
2
D =
7
3
e =
8

40. Math Contest An equilateral triangle and
a hexagon have equal perimeters. The area
of the triangle is 2 m2. What is the area of
the hexagon?

41. Math Contest The lengths of the sides of a
triangle are 20 cm, 21 cm, and 29 cm. The
shortest distance from the longest side to
the opposite vertex is

400

A — cm
9
410

B — cm
29
420

C — cm
29
580

D — cm
21
609

E — cm
20
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r
.° | Tools
= grid paper

® protractor

m ruler

slope angle

= angle opposite the rise and
adjacent to the run

slope
angle rise
(opposite)
run
(adjacent)
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The Tangent Ratio

Cory is installing wheelchair ramps at a high
school. Not all locations require the same
vertical climb, so he will need to adjust the
length of the ramp in each case. In general, a
wheelchair ramp should have a slope of not

1
more than —.
12

How can Cory ensure that all ramps have the
same slope? How is the slope related to the
angle the ramp makes with the floor?

Cafeteria  Gymnasium

Geography

Mathematics

What is the tangent ratio and how is it related to slope?

Method 1: Use Pencil and Paper
1. Draw three similar right triangles on grid paper for each
slope angle . Each triangle represents a different ramp.
* 10°
e 25°
* 60°

2. a) Measure the rise and run of each triangle, and use these to
calculate the slope. Record your results in a table like this one.

Triangle Slope Angle Rise | Run Slope (to three decimal places)

b) What do you notice about the slope of the ramp for similar
right triangles?




3. The slope in your table in step 2 is called the tangent of the tangent of an angle

slope angle. = the ratio of the side

a) Draw three more similar ramps with a different slope angle opposite an angle to the
than those in step 1. Measure the rise, run, and slope of these side adjacent to the angle
ramps and record your results in your table. Explain what “ opposite
you notice. ]

b) Add a column to your table labelled Tangent and use a adjacent
calculator to calculate the tangent ratio of the slope angle. tan o = opposite
What do you notice? adjacent

4. How can you find the tangent of the other acute angle in the

triangle? Rotate each original triangle 90° counterclockwise and cy .
repeat the investigation. onnection
The short form for tangent
5. Reflect is tan. The Greek letter 6,
a) What is the tangent ratio of an angle? What is it the same as? pronounced “theta;” is often
b) How does the tangent of an angle change when you change used to represent angles.

the size of the triangle but keep the angle the same?

Method 2: Use The Geometer’s Sketchpad® [,, Tools
1. Open The Geometer’s Sketchpad® and begin a new sketch. = computer with The
Geometer’s Sketchpad ®

2. Construct a small ramp.
¢ Construct a short horizontal line segment.
Select the segment and the right endpoint.
From the Construct menu, choose Perpendicular Line.
From the Construct menu, choose Point on Perpendicular Line.
Select the perpendicular line. From the Display menu, choose
Hide Perpendicular Line.
¢ Construct segments to complete the right triangle.

|_Technology Tip
¢ Holding the Shift key
as you draw a segment
keeps it horizontal or
vertical.

¢ From the Display menu,
use the Hide command,
or press Ctrl + H, to tidy
up your sketch.

3. a) Set the precision of the measurements to thousandths. From
the Edit menu, choose Preferences. Set the Precision to
thousandths for Angle, Distance, and Other.

b) Measure the rise and run of the ramp, and use these to calculate
the slope.
e Select the vertical and horizontal segments. From the

Measure menu, choose Length.

From the Measure menu, choose Calculate. A calculator

will appear.

Select the rise measure.

Click on =+.

Select the run measure.

Click OK.

¢) A ratio measure will appear. What does this ratio represent?

d) Right click on the measure and choose Label Measurement to
rename the measure to correspond to your answer to part c).
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|_Technology Tip
In step 3, you created a
—dynamic calculation that
| automatically updated
itself when you changed
your sketch.
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4. Measure the angle the ramp makes with the floor.

e Select the three points in order so that you select the point
where the ramp meets the floor second.

e From the Measure menu, choose Angle.

Label this measure the slope angle .

. a) Click and drag each vertex of the triangle. Explain what

happens in each case.

b) Does the triangle remain a right triangle? Explain why or
why not.

¢) Return the triangle to the way you had it at the end of step 3.

6. a) Record how the measures change as you change the triangle.

To make a table in The Geometer’s Sketchpad®:

¢ Select the measurements in the following order: slope angle,
rise, run, slope.

e From the Graph menu, choose Tabulate.

¢ Right click on the table and choose Add Table Data.

e Choose Add 10 Entries As Values Change.

Click and drag the vertex above the right angle to change the
slope angle. Ten sets of measurements will be recorded in
your table.

b) Discover what happens to the slope if you change the size of
the triangle but keep the slope angle. Make a new table, as in
part a). Click on and drag the vertex at the right angle to make
similar triangles with the same slope angle. Record your results
in your new table. Describe what happens to each of the
following measures:
® rise
° run
e slope
e slope angle

7. Repeat step 6 for a different slope angle. Does the slope of the

ramp change if the angle remains the same? Explain.

. The slope in your table in steps 6 and 7 is called the tangent of

the slope angle.

You can use The Geometer’s Sketchpad® to calculate the tangent

of an angle.

e From the Measure menu, choose Calculate.

e Click on the Functions key. From the menu of functions, click
on tan.

¢ Select the angle measure of the ramp.

¢ Click OK.

Calculate the tangents of several slope angles and compare them
to the slope of the ramp. What do you notice?



9. How can you find the tangent of the other acute angle in the
triangle? Rotate your original triangle 90° counterclockwise and
repeat the investigation.

10. Reflect

a) What is the tangent ratio of an angle? What is it the same as?

b) How does the tangent of an angle change when you change the
size of the triangle but keep the angle the same?

Method 3: Use a Graphing Calculator [', Tools
1. Press and choose Cabri Jr. If the axes are not visible, choose = TI-83 Plus or TI-84 Plus
the F5 menu. Choose Hide/Show, and then Axes. Move the cursor graphing calculator

to the origin. Press and move the origin until the first
quadrant occupies most of the screen, as shown.

2. Construct a small ramp. T
¢ Choose the Segment tool

from the F2 menu. Draw a I

horizontal line segment, as I

shown. I

e Choose Perp. from the F3 |

menu. o

e Move the cursor to the right _4— _______ o
endpoint of the segment. Press
Ev=r). Move the cursor to the segment until it flashes. Press Ever).
A line perpendicular to the segment appears, through the right
endpoint.

e Choose Point from the F2 menu, and then Point on. Move the
cursor to a point on the perpendicular line, and press Ever).

e Choose Hide/Show from the F5 menu. Then, choose Object.
Move the cursor to the perpendicular line until it flashes. Press
@R, The line is hidden.

e Construct segments to complete the right triangle.

3. a) Measure the rise and run of the ramp, and use these to calculate

the slope.

e Choose Measure from the F5 menu. Then, choose
D. & Length.

¢ Move the cursor to the run until it flashes. Press Ev=?). Move
the measurement to a suitable location, and press again.

¢ Repeat this procedure to measure the rise.

¢ Choose Calculate from the F5 menu. Move the cursor to the
rise measurement, and press =), Move the cursor to the run
measurement. Press @), Then, press (). Move the
calculation to a convenient location, and press Eved).

b) What does this ratio represent?
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4. Measure the angle the ramp 1
makes with the floor. I
¢ Choose Measure from the F5

menu. Then, choose Angle. I
* Move the cursor to the top I

vertex of the triangle. Press |

@), Move to the left vertex. _F

Press @er), Move to the third

vertex. Press @mr). Move the

measurement to a convenient location, and press .

Call this the slope angle .

5. a) Move the cursor to one of the vertices of the triangle. Press (4.
Drag the vertex of the triangle. Explain what happens. Try
dragging the other vertices, one at a time. Explain what
happens.

b) Does the triangle remain a right triangle? Explain why or
why not.

¢) Return the triangle to the way you had it at the end of step 4.

6. a) Select and drag the vertex above the right angle to change the
slope angle. Record the measures in a table like this one.

Slope Angle ' Rise Run Slope (to three decimal places)

b) Discover what happens to the slope if you change the size of
the triangle but keep the slope angle the same. Select and drag
the left vertex of the triangle. Record your results in the table
from part a). Describe what happens to each of the following
measures:

erise erun ° slope e slope angle

7. Repeat step 6 for a different slope angle. Does the slope of the
ramp change if the angle remains the same? Explain.

8. The slope in your table in steps 6 and 7 is called the tangent of
the slope angle. Calculate the tangent of several slope angles and
compare it to the slope of the ramp. What do you notice?

9. How can you find the tangent of the other acute angle in the
triangle? Rotate your original triangle 90° counterclockwise
and repeat the investigation.

10. Reflect
a) What is the tangent ratio of an angle? What is it the same as?

b) How does the tangent of an angle change when you change
the size of the triangle but keep the angle the same?
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In the Investigate, you saw that the tangent of an acute angle in a right
triangle is constant if the angle stays the same, even if the size of the
triangle changes. This is because of the properties of similar triangles.
Since the ratios of corresponding sides of similar triangles are equal,
and the tangent is a ratio of sides, the tangents of the angles of similar
triangles are equal. For example, in similar triangles AABC and ADEF,

D
A
B C E—| F
opposite opposite
tan C = L andtan F = L
adjacent adjacent
_AB _DE
BC ~ EF
By similar triangles,
AB _ BC
DE EF
@—@ Divide both sides by BC and Itiply both sides by DE
BC ~ EF ivide both sides by BC and multiply both sides by DE.

So, tan C = tan F.

Example 1 Find the Tangent Ratio From Given Sides

Find tan 6 for each triangle, expressed as a fraction and as a decimal
correct to four decimal places.

C‘c’mnections

a) 12 b) )
8 8.2cm 8.2cm Expressions involving
5 ’_/ — 6.8 cm 6.8 cm tf]acr:gFent meanI thte ta:gent
of.” For example, tan
. 4.5cm
45cm . . means “the tangent of

angle A" Similarly, tan 25°

Solution means “the tangent of
. . . . . 25°)
a) Identify the opposite and adjacent sides relative to the angle 6.
opposite
tan 6 = L 12
adjacent adjacent
_ 5 5 .
12 opposite 13
= 0.4167
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| Technology Tip

Not all scientific calculators
- work the same way. With
| some, you press

(m)25(=)

With others, you press

25 ()

On a graphing calculator,
press

)25 O I(=)

Make sure your calculator
is in degree mode.

358 MHR - Chapter 7

b) Identify the opposite and adjacent sides.

tan 6 = m 6.8cm
adjacent 45 cm opposite
_ 68 adjacent
4.5
= 1.5111
¢) When you go from one acute angle to the other 8.2 m

in a right triangle, the opposite and adjacent

. . 6.8 cm
sides relative to the angle become reversed.

adjacent

; 4.5 cm
tan 6 = 70pp051te opposite
adjacent
_ ﬁ This is the same triangle as in part b),
6.8 but | am calculating the tangent of the
= 0.6618 other acute angle.

Example 2 Find the Tangent of an Angle

Evaluate each of the following with a calculator. Record your
answer rounded to four decimal places.

a) tan 25°
b) tan 60°

. Eancz2oy
Solution 4663076582

Use a scientific or graphing calculator.
a) tan 25° = 0.4663

b) tan 60° = 1.7321

Calculators have an inverse function that allows you to apply
o . opposite
the tangent ratio in reverse. If you know the ratio ———,
adjacent

you can find the angle whose tangent this ratio represents.

Example 3 Find an Angle Using the Tangent Ratio
B

Fiona is building a skateboarding ramp. She wants the ramp to
rise 1 m in a horizontal distance of 2 m. At what acute angles
should she cut the wood, rounded to the nearest degree?




Solution
C‘{)nnections

Tangent and inverse

Sketch and label a diagram of the ramp.

Find ZA. tangent are opposite
opposite A operations, like addition
tan A = —— and subtraction. For
adjacent 1m
example,
2 adjacent
- 4 tan 60° = 1.7321
1 ¢ 2m B
=2 opposite tan(1.7321) = 60°

The second statement is

To find ZA, calculate the inverse tangent of 2. (tan-1{23

- 3. 4349408582 read as “the inverse
ZA =tan"1(2) tangent of 1.7321 is
= 63.43 approximately equal to
. 60 degrees.”
One of the acute angles is about 63°. &
Find 2B.
Method 1: Apply the Tangent Ratio
tan B = opposite : Technology Tip
adjacent opporzite With some scientific
_ 1 - calculators, you press
5 C 2m B " (=) [TAN-70.5 (=)
. adjacent
= 0.5 With others, you press
0.5 (20 )[TAN-"]

Apply the inverse tangent operation.
/B =tan"1(0.5)
= 26.56

The other acute angle is about 27°.

Method 2: Use Geometric Reasoning
The sum of three interior angles in any triangle is 180°.

/A + /B + £C = 180° A
63° + /B + 90° = 180°
63°
/B = 180° — (63° + 90°)
= 180° — 153°
— o
27 C 5

The other acute angle is about 27°.

Fiona should cut the wood using acute angles of approximately 63°
and 27°.

Note that Method 1 will give a more accurate measure for the angle,
since only given information is being used.
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The tangent ratio relates two sides of a right triangle and an angle. If you
know an angle and the length of one of the legs of the triangle, you can
find the length of the other leg.

Example 4 Find a Side Length Using the Tangent Ratio

[ |
Find the length, x, in the diagram, rounded to the O
nearest tenth of a centimetre. X 9.2cm
Solution
Write the tangent ratio for the given angle in terms of the side lengths.
opposite
tan 28° = L
adjacent
X
tan 28° = —
9.2
9.2(tan 28°) = x Multiply both sides by 9.2.
4.891 = x 9.2(x)28(m)(=)or9.2( x J(m)28(=)
The length of side x is about 4.9 cm.
Example 5 Solve a Multi-Step Problem Using the Tangent Ratio
n

A radio transmitter is to be supported with a guy
wire, as shown. The wire is to form a 65° angle
with the ground and reach 30 m up the transmitter.

The wire can be ordered in whole-number lengths gly wire 30m

of metres. How much wire should be ordered?

65° [ ]

Solution

Use the tangent ratio of the given angle to find the
distance, d, from the tower that the guy wire should
be secured.

Then, apply the Pythagorean theorem to find the length,
w, of wire needed.

65°

opposite d
tan 65° = L

adjacent
tan 65° 30
an = —

d

d(tan 65°) = 30 Multiply both sides by d.
30 . .
d= Divide both sides by tan 65°.
tan65°




Apply the Pythagorean theorem to find the length of wire needed.
w? = d? + 302

30\ T{{3B/Lan(65) )" 2
w? = + 900 +30E 3

tan65° 33.18133757
30 \?
w = + 900
tan65°
w = 33.101

The length of guy wire needed is about 33.1 m. It can only be ordered
in whole-number lengths. 33 m is too short, so round up to the next
metre. At least 34 m of guy wire should be ordered.

— Key Concepts

m The ratio of the opposite side to the adjacent
side of an angle in a right triangle is called

opposite
the tangent of that angle. -
opposite adjacent
tan = ——
adjacent

® You can use a scientific or graphing calculator to
— express the tangent of an angle as a decimal

— find one of the acute angles when both leg lengths are known
in a right triangle

— find a side length if one acute angle and one leg of a right
triangle are known

Communicate Your Understanding

@@ Explain how the tangent of the slope angle is related to the slope
of a ramp.

@® a) Explain how you can identify the opposite and adjacent sides
of a right triangle.

b) Explain how these can change in a given triangle. Use a
diagram to support your explanation.

@ a) Explain what each calculator function does:
e tangent
e inverse tangent

b) When would you use each function?

¢) How are these functions related to each other?
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Practise
For help with questions 1 and 2, see Example 1.

1. Find the tangent of the angle indicated, to

four decimal places.
35“‘
]

4.8cm

9

15 mm

i :17mm

2. Refer to question 1. Find the tangent of the
other acute angle, to four decimal places.

A
.
Eo

For help with question 3, see Example 2.

3. Evaluate with a calculator. Record your
answer to four decimal places.

a) tan 65° b) tan 15°
¢) tan 62° d) tan 5°

e) tan 30.7° f) tan 82.4°
g) tan 20.5° h) tan 45°

For help with questions 4 to 8, see Example 3.

4. Find the measure of each angle, to the
nearest degree.

3
a) tan 6 = 1.5 b) tan A = "
4
¢) tan B = 0.6000 d) tan W = 5
6
e) tan C = 0.8333 f) tan 6 = -
15
g) tan X = 3.0250 h) tan 6 = 9
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5. Find the measures of both acute angles in
each triangle, to the nearest degree.

a) B 11 mm A b) M 12m L
8 mm
15m
C
K
) R d) C
5cm
12m
P 8cm Q
A 9m B

6. Find the length of the unknown side, to
the nearest tenth.

a) X b)
- 150
4.2 cm
3.8m 1
) d)
8.7 mm 45°
[ ] [] 38°
k p 5.2cm

7. Find the length of x, to the nearest tenth
of a metre.

a) X b)

X
37°
8m
c) 12m d) //10"/|_|2 m
43° X

X

e f X
) 63° ) T7°
X 4 m'_]
=




8. Find the length of x, to the nearest tenth

of a metre.
a) b) X
25°
33 L‘H m
65°
8m
57°
X
Connect and Apply

9. To measure the width of a river, Kirstyn
uses a large rock, an oak tree, and an elm
tree, which are positioned as shown.

Show how Kirstyn can use the tangent
ratio to find the width of the river, to the
nearest metre.

10. A surveyor is positioned at a traffic

intersection, viewing a marker on the other
side of the street. The marker is 18 m from

the intersection. The surveyor cannot

measure the width directly because there is

too much traffic. Find the width of James
Street, to the nearest tenth of a metre.

James Street

11. Rocco and Biff are two koalas sitting at the
top of two eucalyptus trees, which are
located 10 m apart, as shown. Rocco’s tree
is exactly half as tall as Biff’s tree. From
Rocco’s point of view, the angle separating
Biff and the base of his tree is 70°.

10m

How high off the ground is each koala?

. Police are responding to a distress call:

Police headquarters and the trouble site are
shown.

2.5km

o
| 228 Sunset
Boulevard

4.0 km

Police Headquarters

1590 Chestnut Street
Squad cars and a helicopter are both
immediately dispatched to the site from
headquarters.

a) At what angle to Chestnut Street should
the helicopter travel?

b) Assuming that the squad cars can travel
at an average speed of 60 km/h and the
helicopter can travel twice as fast, how
much longer will it take for the squad
cars to reach the site than the
helicopter?

¢) Describe any assumptions you make in
your solutions.
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13.

14.

15.

16.

17.

18.

19.

The diagram shows the roof of a house. How
wide is the house, to the nearest metre?

rafter rafter
3m
26° 26°

Petra walked diagonally across a rectangular
schoolyard measuring 45 m by 65 m. To the
nearest degree, at what angle with respect to
the shorter side did she walk?

3
Comfortable stairs have a slope of 1

What angle do the stairs make with the
horizontal, to the nearest degree?

Find the length of x, then the length of y,
to the nearest tenth of a metre.

X
35° 48°
10m y
Find the length of x, to 8cm  9cm
the nearest tenth of a 48° y
centimetre, then the X

measure of 2y, to the
nearest degree.

To measure the height of a building, Chico
notes that its shadow is 8.5 m long. He
also finds that a line joining the top of the
building to the tip of the shadow forms a
65° angle with the flat ground.

a) Draw a diagram to illustrate this
situation.

b) Find the height of the building, to the
nearest tenth of a metre.

a) Find the tangent of several angles with
values between 1° and 44°. Organize
your results in a table like this one.

b) What is the value of tan 45°?

¢) Add the tangents of several angles with
values between 46° and 89° to your table.
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20.

21.

22.

d) Add the tangents of several angles with
values very close to, but not equal to,
90° to your table.

e) Based on your findings, what
conclusions can you make about
the tangents of angles
e less than 45°7
e greater than 45° and less than 90°7
e very close to, but not equal to, 90°7

f) Use the definition of the tangent ratio
and geometric reasoning to justify your
conclusions. Include diagrams in your
explanation.

a) Use a calculator to evaluate the
following:
e tan 0°
e tan 90°

b) Use the definition of the tangent ratio
and geometric reasoning to explain
your results. Include diagrams in your
explanation.

At hockey practice, Lars has the puck
in front of the net, as shown.

2 8m
.4/%%
He is exactly 8 m away from the middle
of the net, which is 2 m wide. Within what

angle must Lars fire his shot in order to get
it in the net, to the nearest degree?

Refer to question 21.

a) Does Lars have a better chance, a worse
chance, or the same chance to score if
he positions himself directly in front
of one of the posts, as shown? Explain
your reasoning and any assumptions
you make.

o}
= :
8m
b) Repeat part a) for the case in which
Lars moves

e directly closer to the net
e directly farther from the net




Extend

23.

24.

25.

[1] Did You Know?

This same relation applies to banking a bicycle or motorcycle
when going around a curve, and banking an aircraft in a turn.

a) Make a table of values for tan 6 for
values of 6 between 0° and 90°.

b) Graph the relationship. Is the
relationship linear or non-linear?
Explain.

¢) Describe the shape of the graph and any
interesting features you can identify.

The angle 6 at which a skier slides down
a hill with a coefficient of friction, w, at a
constant speed, is given by tan 6 = p.
Natalie is skiing on a hill with a reported
coefficient of friction of 0.6. If Natalie skis
down at a constant speed, what is the
angle of the hill?

The tangent ratio is used to design the
bank angle for a curved section of roadway.

Let 6 be the bank angle required for a
speed limit, v, in kilometres per hour, and
a radius, r, in metres. The angle and the
speed limit are related by the formula

tan 6 = gvzsr Find the bank angle required

for a highway curve of radius 50 m that
will carry traffic moving at 100 km/h.

27.

28.

26. For each graph,

i) find the slope of the line

ii) draw a triangle to find the tangent of
the acute angle that the line makes
with the x-axis

iii) compare your answers to parts i) and ii)

iv) find the acute angle in part ii)

YA

0O
19

Q
O

6
O

N 4

XA
|
(o]
|
(o))
[}
~
|
N
O
N

[@)]

[ee]

[e=)

Math Contest How many numbers less
than 10 000 contain at least one 57

A 5000
6561
3439
625

4944

m O A @

Math Contest In the figure, PR = PQ and
/RPS = 30°. IF PS = PT, what is the
measure of AQST?

p
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Solve Problems Involving Right
Triangles

The primary trigonometric ratios
are applied in many areas of
study, including architecture,
engineering, astronomy,
medicine, and criminal detection.
For example, have you ever seen
a television show or movie in
which forensic evidence is used
to recreate the events of an
accident or crime? How can
scientists use a few tiny clues,
such as bloodstains, to piece
together what actually
happened? How could
trigonometry be useful?

angle of depression

Kim and Yuri live in apartment
buildings that are 30 m apart, as
shown. The angle of depression
from Kim’s balcony to where Yuri’s
building meets the ground is 40°.
_____ angleof The angle of elevation from Kim’s
depression balcony to Yuri’s balcony is 20°. “~30m

= angle measured below the
horizontal

= also called the angle of
declination

a) How high is Kim’s balcony above the ground, to the nearest metre?

b) How high is Yuri’s balcony above the ground, to the nearest metre?

angle of elevation

= angle measured above the Solution

horizontal a) Simplify the problem by focusing
= also called the angle of on the lower right triangle.
inclination .
opposite
tan 40° = L
adjacent
k
angle of tan 40° = —
_____ Yelevation___ -
30 tan 40° = kK Multiply both sides by 30.
25.17 = k

Kim’s balcony is about 25 m above the ground.
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b) Focus on the upper right triangle.

opposite

tan 20° = L
adjacent
h

tan 20° = —
30

30 tan 20° = h Multiply both sides by 30.
10.92 = h

Yuri’s balcony is about 11 m higher than Kim’s. Add this to the
height of Kim'’s balcony to find the height of Yuri’s balcony, y.
y=h+k

=25+11

= 36
Yuri’s balcony is about 36 m above the ground.

Example 2 Solve a Three-Dimensional Problem

A theodolite is an
instrument used by a
surveyor to measure
horizontal and vertical
angles. Measurements are
taken in order to find the
height of a cliff on the
other side of a river, as
shown.

Literat(::y )
onnections;

In this situation, using a
single letter to identify a
side can lead to confusion.
For example, side ¢ could
refer to the hypotenuse in
ACXF or the 75-m side of
ACYX. Use endpoints to
distinguish line segments,
Find the height of the cliff, to the nearest metre. FX and XY in this case, to
avoid confusion.

Solution
Use ACYX to find the width of the river, CX. Then, c Top View
use ACXF to find the height of the cliff, CF. Focus
on ACYX first.
Apply the tangent ratio to find CX.
CX
tan £Y =
an XY O
X Y
tan 52° = B8 75m
75
75 tan 52° = CX Multiply both sides by 75.
95.996 = CX

CX is shared by both triangles. Use it to find the height of the cliff.
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Side View

Focus on ACXF. =
Apply the tangent ratio to find CF.
CF
tan /X = ——
an X
tan 61° Cr
an 61° = —= 61° []
96 X"g6m C
96 tan 61° = CF Multiply both sides by 96.
173.2 = CF

The cliff is about 173 m high.

— Key Concepts

m Angles of elevation and depression are measured above and
below a horizontal line, respectively.

m The primary trigonometric ratios can be applied to solve
two-dimensional and three-dimensional problems involving
right triangles.

® Some complex problems involve working with more than one
right triangle.

Communicate Your Understanding
a) What is an angle of elevation?

b) How is it measured?

@& a) What is an angle of depression?

b) How is it measured?

a) What triangles can you identify in A

the diagram? 12 cm
b) Describe the steps you would use o5
to find the side length CD. BTC D
Practise
For help with questions 1 and 2, see Example 1. 2. a) Find the length of the guy wire in

question 1.

b) Use a different method to find the
length of the guy wire in question 1.

1. A telephone pole is secured at
its top with a guy wire, as
shown. The guy wire makes
an angle of 70° with the
ground and is secured 5.6 m
from the bottom of the pole.
Find the height of the 56m
telephone pole.
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For help with questions 3 to 7, see Example 2.

3. Refer to question 1. A second guy wire is to
be added to support the pole. It is to be
secured on the ground twice as far from the
pole as the first wire, on the same side of
the pole and attached to the top of the pole.

a) Draw a diagram illustrating the
telephone pole and both guy wires.

b) Find the length of the second wire and
the angle it will make with the ground.

¢) Find the angle formed between the two
wires at the top of the pole.

4. Refer to question C3. Solve for side
length CD. Record your answer to the
nearest centimetre.

5. Jack and Sangita are facing each other on
opposite sides of a 10-m flagpole. From
Jack’s point of view, the top of the flagpole
is at an angle of elevation of 50°. From
Sangita’s it is 35°.

50° || 35°
J S

How far apart are Jack and Sangita?

6. Alexa and Emma are looking up at their
house from the backyard. From Alexa’s
point of view, the top of the house is at an
angle of elevation of 40°. From Emma’s
point of view, directly closer to the house,
it is 60°. The house is 15 m high. How far
apart are the two girls?

7. At the bottom of a ski lift,
there are two vertical poles:
one 15 m tall and the other
8 m tall. The ground
between the poles is level, 8m
and the bases of the poles
are 6 m apart. The poles are &m
connected by two straight wires.

a) What angle does each wire make with
the ground?

b) What is the length of each wire?

8. Refer to question 7.
a) Use a different method to answer part b).

b) At what height above the ground do the
wires intersect, to the nearest tenth of a
metre?

Connect and Apply

Use this information to answer questions 9
and 10.

Cheryl is golfing. She is Top View
100 m from the hole,
which is her target.
Blocking her direct path
is a line of trees, the
midpoint of which is

30 m from her current
position. She has two

choices:

C30m 70m H

tree line

e Option 1: Aim directly for the hole, over the
trees.
e Option 2: Go around the trees in two shots.

Cheryl’s average distances using various clubs
are shown in the table.

Club Distance (m)

Lob wedge 25
Sand wedge 50
Pitching wedge 90
9-iron 100

9. Cheryl considers Option 1, to aim over the
trees. The closest tree, which is in line
with the hole, is about 30 m away, as
shown. She estimates that the angle of
inclination from her ball to the top of the
tree is about 40°. She judges that the
maximum height she can hit from this
position is 20 m. Should she take this
shot? Explain why or why not.

Side View
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10. Cheryl considers Option 2, to go around

11.

the tree in two shots. In shot one, she will
shoot to the end of the line of trees to
position A. In shot two, she will aim for
the hole.

A Top View
[ ]

tree line

The tree line is 70 m long, and the line
joining Cheryl’s ball and the hole, CH,
passes through the middle of the tree line,
at a right angle.

a) At what angle from CH should Cheryl
make her first shot, in order to land
near A?

b) Which club should she choose for this
shot? Explain.

¢) Assume that Cheryl succeeds with her
first shot and her golf ball lands at A. At
what angle from the tree line must she
aim for her second shot?

d) Which club should she choose for this
shot? Explain.

Captain Jack is sitting in the crow’s-nest
of his ship, as shown.

a) How high above the deck is Captain Jack?
b) What is the length of Captain Jack’s ship?

¢) How long is each wire holding up the
crow’s-nest?
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12.

13.

14.

Lucy Starstrider is trapped on Level 17 of a
space station. The evil Dark Raider and his
Clone Warriors, who are on Levels 18 and
16 across a deep trench, face her. Lucy’s
retreat path behind her has been blocked.
Her only chance for escape is to try to
jump directly across the trench. If she does
not make it, she will fall to certain doom.

Lucy estimates that the lines of sight to her
enemies are 80° apart, as shown. She also
recalls, from the technical plans of the
space station, that consecutive levels are
10 m apart, vertically. Using the Source of
Power, Lucy can leap a horizontal distance
of 12 m. Time is quickly running out! Will
Lucy Starstrider escape the clutches of the
evil ones, or will she perish? Justify your
answer.

A scuba diver swam north at 1.5 m/s,
across a current running from east to west
at 2.0 m/s. She swam for 3 min and then
surfaced.

a) Draw a diagram showing where the dive
boat will pick her up relative to where
she dove.

b) How far did she travel?

The observation deck at Peggy’s Cove
lighthouse, in Nova Scotia, is about 20 m
above sea level. From the observation
deck, the angle of depression of a boat on
the water is 6°. How far is the boat from
the lighthouse, to the nearest metre?



15. Theresa and Branko are competing in a
series of outdoor challenges that will
eventually lead them to a hidden treasure.
Each clue they find helps them find a new
clue. Theresa is at the top of a cliff that she
knows to be 100 m high, looking down at
three anchored floating bottles, as shown.

She reads the clue that she and Branko
just found:

From the top of the cliff, find
the bottle whose angle of
depression is 50°.

Branko is waiting on the beach below for
instructions from Theresa.

a) What colour bottle should Theresa tell
Branko to look for?

b) How far out should she tell him to
swim?

16. Refer to Example 1. Yuri’s balcony is four
floors above Kim’s. What floors do they
live on? Explain any assumptions you
must make.

17. An octahedron is formed by attaching eight
congruent equilateral triangles, as shown.

20 cm ?
4

If the length along one of the edges is
20 cm, find the distance between opposite
vertices.

net of octahedron

18. Joanne and Sandy are hiking from Cedar
Camp to Lookout Point along the hiking
trail shown.

0Old Side Road
| Lookout
Point
2.5km
Maple hiking trail
Road
309
Cedar Camp

Cedar Camp is 2.5 km from Old Side Road
along Maple Road, which runs flat. The
hiking trail makes an angle of 30° with
Maple Road and climbs at an average angle
of elevation of 15°.

a) How far apart would Cedar Camp and
Lookout Point appear, according to a
normal map?

b) What distance do the hikers actually
walk? Why are these answers different?

¢) What is the difference in elevation
between Lookout Point and Cedar Camp?

d) What is the average angle of elevation
of the section of Old Side Road that is
shown?

_Makintg ]
onnections

The octahedron is one of five Platonic solids, polyhedra that
are formed by attaching congruent regular polygons.

The Platonic solids are named after Plato, a great Greek
mathematician and teacher, who lived from 427 to 347 B.C.E.

Plato is famous for founding the world's first known
university in Athens, Greece, called The Academy.

bW

tetrahedron cube octahedron
E \
dodecahedron icosahedron
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19. Ropes are used to pull a totem pole
upright. Then, the ropes are anchored in
the ground to hold the pole until the hole
is filled. One of the ropes holding this
totem pole is 18 m long and forms an angle
of 48° with the ground.

a) Find the height of the totem pole, to
the nearest metre.

b) How far is the anchor point from the
base of the totem pole, to the nearest
metre?

20. Edmonton’s CN Tower is a highrise office
building. From a point 35 m from the base
of the building and level with the base, the
angle of elevation of the top is 72.5°. Find
the height of Edmonton’s CN Tower, to the
nearest metre.

21. A coast guard patrol boat is 14.8 km east
of the Brier Island lighthouse. A disabled
yacht is 7.5 km south of the lighthouse.

a) How far is the patrol boat from the
yacht, to the nearest tenth of a
kilometre?

b) At what angle south of due west, to the
nearest degree, should the patrol boat
travel to reach the yacht?

22. The Capilano Suspension Bridge in North
Vancouver is the world’s highest footbridge
of its kind. The bridge is 140 m long. From
the ends of the bridge, the angles of
depression of a point on the river under
the bridge are 41° and 48°. How high is the
bridge above the river, to the nearest metre?
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23. The Great Pyramid of Cheops is a
square-based pyramid with a height of
147 m and a base length of 230 m. Find the
angle, to the nearest degree, that one of the
edges of the pyramid makes with the base.

24. Chapter Problem The city you are now
in is next to a large river. Take a boat
downstream to another city located at the
river’s end. From there you must fly to a
town known as the Gateway to the Yukon.
This town, your current location in the
race, and Canada’s capital form a right
triangle. The tangent of the angle at the
city you have just sailed to is 1.75. What
is your final destination?

Extend

Use this information to answer questions 25
and 26.

Forensic scientists can recreate an ‘
accident or crime by examining

bloodstains. A blood droplet starts out

in the shape of a sphere. When it falls straight
down to the floor, it usually forms a circle
with the same diameter as the sphere.

However, when blood hits the floor at an
angle, due to the force of a blow, the circle
becomes elongated into a shape called an
ellipse. The ellipse’s width is the same as the
sphere’s diameter, but because of the force in
the direction of motion, its length is greater
than the sphere’s diameter.

Angle of 20° 5o 90°
"> 0 e
~<~— Elliptical ~ Circular ——



Angle of impact, 6

The angle of impact, 6, is the acute angle
formed between the path of the blood drop
and the floor.

25.

26.

27.

Use geometric reasoning to show that the
angle of impact can be found using the

lationship sin 6 = —.
relationship sin BC

Three bloodstains from a victim are
shown. The point of convergence, C, has
been found by extrapolating the directions
of these stains along the floor. The origin
of the blow, O, is some height above C.

Stain #1
Ve

Forensic analysis of Stain #1 provides the
following data.

Length of bloodstain: ...... 4.2 cm
Width of bloodstain: ....... 2.6 cm
Distance from point

of convergence ............. 2.1m

Determine the height at which the blow
struck the victim.

A sign shows that a hill has a grade of 9%.
What angle does the hill make with the
horizontal, to the nearest tenth of a degree?

28.

29.

30.

31.

32.

An airplane is cruising at an altitude of
10 000 m. It is flying in a straight line
away from Chandra, who is standing on
the ground. If she sees the angle of
elevation of the airplane change from 70°
to 33° in 1 min, what is its cruising speed,
to the nearest kilometre per hour?

A special type of aircraft is designed to fly

at the very low height of 20 m. To measure

such a small altitude, two spotlights are

mounted on the aircraft:

e one on the nose, pointing straight down

e another mounted on the tail of the
aircraft, 10 m away

Find the angle at which the second light
needs to be set, with respect to the body
of the aircraft, so that the beams will meet
20 m below the aircraft.

The angle of elevation to a building is 30°.
From a point 20 m directly toward the
building, the angle of elevation changes
to 40°. Find the height of the building.
Include a diagram with your solution.

Math Contest In a family of four children,
what is the probability that there are at
least two girls if the eldest child is a girl?

15 7 7
A2 B ¢ pl gl
16 16 4 8 8
In the diagram, AABC is isosceles, with

AB = AC, and ARST is equilateral.
Express £x in terms of Zy and Zz.

A
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Chapter 7 Review

7.1 Investigate Properties of Similar
Triangles, pages 330-335

1. a) Explain the difference between similar
and congruent figures.

b) Draw two triangles that are congruent.
¢) Draw two rectangles that are similar.
d) Draw two pentagons that are similar.

e) Draw two non-similar pentagons
whose corresponding sides are in
the same ratio.

2. Are all circles similar? Justify your
reasoning.

3. Name the two similar triangles and
explain why they are similar.

A X

T N

4. Name the two similar triangles and
explain why they are similar.

B
50m 54m
3.1m
J W 6.2m 0
27m 25m
P

7.2 Use Similar Triangles to Solve Problems,
pages 342-351

5. The pairs of triangles are similar. Find the
unknown side lengths.

a) D
A e
f
5cm 3em
r
C 4cm B F 8cm S
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. Janke’s garden is in

b) P
q 5cm W
R 6cm Q
15cm
12cm
Y W X
)

. The tips of the shadows of a tree and of

a metre stick meet at the point X.

T
M
€ S X
The following measurements are taken:
XS =35m
ES=6.5m

Use this information to find the height
of the tree, to the nearest tenth of a metre.

the shape of a right
isosceles triangle
with base 3.4 m. If
she enlarges her
garden to a similar
shape whose base is doubled, what
will the area of her new garden be?

. Sid wants to find the height of a tree

without having to climb it, but it is a cloudy
day, so he cannot use shadows. He takes a
mirror from his pocket and places it on the
ground 7.2 m from the base of the tree. He
backs up until he can see the top of the tree
in the mirror, a distance of 1.2 m from the
mirror. If Sid’s eyes are 1.5 m above the
ground, what is the height of the tree?



7.3 The Tangent Ratio, pages 352-365

9. Find the measure of ZA, to the nearest
degree.

a) A b) A
ch&
B 8cm c 22m
¢ 20m B

10. Find x, to the nearest tenth of a centimetre.

a) b)
X
X
A ‘
15cm
27 cm

11. A jet climbs at a steady rate at an angle of
inclination of 0.5° during take-off. What
will its height be after a 2.2-km initial
ascent at this angle?

12. Cory is building a ramp for his school
theatre production. It must climb a height
of 60 cm and have a slope angle of 10°.

a) Draw a diagram and label the given
information.

b) What distance will the ramp run along
the floor?

¢) What will the distance along the
surface of the ramp be?

13. a) What are the following values?
e tan 0°
® tan 45°
e tan 90°

b) Use words and diagrams to explain
these values.

14. To avoid damaging a vital organ, a surgeon
will fire a laser at an angle to the patient’s
skin, to reach a cyst (an abnormal growth).
The cyst is 8.2 cm directly below the skin,
and the laser is positioned at a distance of
9.6 cm away in order to miss the vital
organ, as shown.

0 9.6 cm

vital organ

cyst

At what angle, 6, should the surgeon position
the laser with respect to the skin’s surface?

7.4 The Sine and Cosine Ratios, pages 366-377

15. Find the measure of both acute angles
in each triangle, to the nearest degree.

b) D

a) E 15m
5 cm :13cm o F
F D
12 cm 1zm
S

C d
) 0 3.0cm R ) Q
1Tm
90m
7.0 cm 6.3 cm R
6.3m
P
P

16. Find x, to the nearest tenth of a unit.

a) O X b)
72.5m X
48 m
] 48°
<) d) O
17 km
52 mm
X
X
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17. Solve AFGH. F 6.1m G
N U
93m
H
18. In ATUYV,
UV = 7.4 km
£U = 90°
LT = 38°

a) Draw the triangle and label the
given information.

b) Solve ATUV.

19. During a football game, Danny, the
quarterback, has the football and is facing
the other team’s goal line. His receiver,
Javier, is about 5.5 m to Danny’s left, at
an angle of 30°, as shown.

Iii!!!!!!!!!!iiE‘\ ‘

How far should Danny throw the ball
to his receiver, to the nearest metre?

>

to goal line

20. Rachel is heading due south in her sailboat
toward a port. After travelling 12 km, she
reaches shore 4 km west of her intended
destination, due to the water’s current. By
what angle did the current push Rachel
off course? Include a diagram in your
solution and describe any assumptions
you must make.
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7.5 Solve Problems Involving Right Triangles,
pages 378-385

21.

22.

23.

Solve each triangle. Round each side
length to the nearest tenth of a unit and
each angle to the nearest degree.

h
A

The maximum angle of climb for a certain
light aircraft is 9°. A line of electric wires
20 m above the ground is located 120 m
from the end of the runway. Will the
aircraft clear the wires after take-off?

13 cm

Wﬂ

46 mm

24 mm

Y

17 km

\

A stairway runs up the edge of the
pyramid. From bottom to top the stairway
is 92 m long.

The stairway makes an angle of 70° to

the base edge, as shown. A line from the
middle of one of the base edges to the top
of the pyramid makes an angle of elevation
of 52° with respect to the flat ground. Find
the height of the pyramid.



24. Kathe is 4 m from the base of a long
wooden fence, under which her baseball
has just rolled. Kathe estimates that the
angle of elevation from where she is to
the top of the fence is about 30°. Kathe
thinks she can climb over a fence that is a
maximum of 2 m high. Can she climb over
the fence, or does she have to go around?
Justify your reasoning.

25. When a road has a 10% gradient, it means
that the road rises 10 m for every 100 m of
horizontal distance travelled. What is the
angle of inclination of the road, to the
nearest degree?

26. If you were in a
hot air balloon
500 m above the
ground, at what
angle of depression
would you look
at a point on the
ground 800 m
horizontally from
the balloon?

500m

27. A flagpole casts a shadow 28 m long when

28.

29.

the Sun’s rays make an angle of 25° with
the ground. How tall is the flagpole, to the
nearest metre?

The world’s longest escalator is in the
subway system in St. Petersburg, Russia.
The escalator is 330.7 m long and rises
a vertical distance of 59.7 m. What is
the angle of elevation of the top of the
escalator when viewed from the bottom,
to the nearest degree?

The world’s longest covered bridge

crosses the Saint John River in Hartland,
New Brunswick. From two points, X and
Y, 100 m apart on the same side of the
river, the lines of sight to the far end of the
bridge, Z, make angles of 85.6° and 79.8°
with the river bank, as shown. What is the
length of the bridge, b, to the nearest 10 m?

Look back at your answers to question 22 in Section 7.2, question 30
in Section 7.4, and question 24 in Section 7.5. Describe your journey

from the start to the finish line, including
e the names of all your destinations

e directions

e distances

Include a diagram to help you illustrate your description.

%
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Chapter 7 Practice Test

1. Identify a pair of similar figures and a pair
of congruent figures. Explain your choices.

A a4 A
e © D A

2. Are all rectangles similar? Justify
your answer.

3. Are all squares similar? Justify your answer.

4. Evaluate the following, to four decimal

places.

a) tan 29° b) cos 78°
€) sin 90° d) sin 45°
e) cos 45° f) tan 85°

5. Solve for each angle, to the nearest degree.
a) sin 6 = 0.8872 b) tan 6 = 1.443
¢) cos C = 0.3561 d) cos 6 = 0.2147
e) tan X = 5.3212 f) sin P = 0.9111

6. Solve APQR. Express lengths to the
nearest tenth of a centimetre and angles
to the nearest degree.

P
32°
Q 6.2 cm R
7. In AABC,
AB =19 m
BC=27m
4B = 90°
a) Draw this triangle and label the given
information.

b) Solve AABC. Express lengths to the
nearest metre and angles to the nearest
degree.
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8.

10.

Billy has lost track of time. He will get in
trouble if he is late for dinner, but he will
get in more trouble if he comes home with
wet shoes. Racing home, Billy suddenly
encounters a creek, as shown. Glancing at
some nearby rocks, he estimates the
distances indicated.

0.5m

Billy can long jump about 2 m. Should he
try to jump the creek, or take the long way
home across the wooden bridge? Justify
your reasoning.

. Salma is at the top of a cliff looking down

at Rico’s boat. They both have Global
Positioning System (GPS) devices and are
communicating via cell phones. They
determine that Rico’s boat is 5.0 km from
a point on the shore directly below Salma,
and 6.0 km from Salma herself.

a) Draw a diagram to represent this
situation and label the given information.

b) Find the angle of depression at which
Salma is viewing Rico’s boat.

¢) Find the height of the cliff.

From the top of the

CN Tower, the angle

of depression to the tip of
the tower’s shadow is 88°.
The shadow is 19.5 m long.
How tall is the CN Tower?




11.

12.

Theresa and Branko are competing in a
series of outdoor challenges that will
eventually lead them to a hidden treasure.
Each clue they find helps them find a new
clue. Theresa is getting ready to climb a
steep cliff to find their next clue at the
Lookout Point. She has two options:
e Option A: Climb straight up the cliff,
and then jog over to Lookout Point.
e Option B: Climb directly to Lookout
Point along the diagonal shown.
She is awaiting instructions from Branko,
who is positioned directly facing Lookout
Point at a distance of 30 m from the base
of the cliff.

Lookout Point

73°

Branko

From Branko’s point of view, Lookout
Point is at an angle of elevation of 68°. He
also observes that the diagonal path up the
cliff makes a 73° angle with the ground.
Branko knows that Theresa can climb at

a speed of 1.0 m/s and jog at a speed of
5.0 m/s after a climb. It is a tight race and
seconds count. Which option should
Branko tell Theresa to take: A or B?

A cat, sitting in the top of a tree, spots a
dog and a firefighter, both on the flat
ground below. From the cat’s point of
view, the dog is 10 m south, at an angle
of depression of 65°, and the firefighter
is some distance east of the tree, at an
angle of depression of 50°. How far is
the firefighter from the dog?

ﬂ Achievement Check
13. A vertical

Reasoning and Proving

Representing Selecting Tools

communications
tower is supported
by two cables on
opposite sides of the
tower, as shown in the diagram. One cable
is attached to the top of the tower and the
other is attached to the tower at a height
of 60 m. Both cables are attached to the
ground with fasteners.

Problem Solving

Connecting Reflecting

Communicating

60m

65° 65°
C 38m B D

a) Verify that AABC is similar to AEBD
and list the corresponding sides and
angles.

b) What is the height of the tower, to
the nearest metre?

¢) How long are the supporting cables,
to the nearest metre?

d) How far apart are the cable fasteners,
to the nearest metre?

Note: This is a simplified diagram.

Normally it takes three or four cables

to support a tower.
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The Bermuda Triangle, in the north
Atlantic Ocean, is the location of
_ several unexplained plane and ship
P disappearances. Various theories
have been suggested to explain this
mysterious phenomenon, such as
volatile weather patterns, magnetic
compass variation, human error, and
even alien abduction.

Suppose you took a cruise around the
Bermuda Triangle. How could you
determine its perimeter from the
given information?

DARIELLE

¥ Investigate -

,
.+ | Tools How are the side lengths and sines of angles related in an acute
= protractor and ruler triangle?
OR
A
= computer with The 1. a) Draw an acute AABC.
Geometer's Sketchpad® b) Measure the side lengths and the angles. . )
¢) Calculate the sine of each angle.
T 8
| Technology Tip a
If you are using The . a sinA a sinA b sinB
Geometer's Sketchpad ®, 2. a) Calculate the ratios b’ sinB’ ¢’ sinC’ o o

you can access the sine
function from the

Functions drop-down 3
menu on the calculator.

b) Do you notice any relationships between the ratios? Explain.

. a) Calculate each ratio.

a b c
il il sinA sinB sinC
|_Technology Tip . .
Instead of constructing b) Compare these results and explain what you notice.
triangles t . .
e ] 4. Repeat steps 1 to 3 for two different triangles. Are the results
results, simply move one of » i
the vertices of AABC to the same? Explain.

examine other acute
triangles. The calculated
measures will change
automatically.

5. Reflect Summarize the relationship of the sides and sines of
angles in an acute triangle.
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The relationship you investigated is called the
sine law . To show why the sine law holds true,
draw an acute triangle and add an altitude, h, from
one of the vertices.

The altitude splits AABC into two smaller right
triangles, AAXC and ABXC.

Find an expression for h.

Focus on AAXC:

sin A = Z Multiply both sides by b.
b(sin A) = h
Focus on ABXC:
sin B = g Multiply both sides by a.
a(sin B) = h

Set the two expressions for h equal.

b(sin A) = a(sin B)

b(sinA) a(sinB)
= Divide both sides by sin A.

s sin A
b= a(s.lnB)
sin A
b = a(sizE) Divide both sides by sin B.
sinB sin A(siaB)
b a
sinB sinA

This process can be repeated using a different altitude.

Combining the results gives the sine law.

a b c

sin A sinB sinC

Even though there are three parts to this equation, you only use two
parts at a time. The choice of which two to use depends on what
information is given.

You can apply the sine law to find an unknown side length of an acute
triangle if you know two angles and one of the side lengths.
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sine law

the relationship between
the sides and their
opposite angles in any
acute AABC

a _ b _ ¢
sinA sinB sinC
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Example 1 Find a Side Length Using the Sine Law

A bicycle path forms a 66° angle with one lock of
a canal. At a distance of 2.5 km along the bicycle
path, the angle separating this lock from the next
lock is 52°. How far apart are the two locks, to
the nearest tenth of a kilometre?

Solution

Draw a simplified diagram showing the given information.

L
66° 2.5km

p 52°> P

K

Before you can use the sine law to find length p,
you need to find the measure of 2K.

/K = 180° — 66° — 52° The sum of the interior angles in a triangle is 180°.
= 62°
Now, apply the sine law.
p _  k
sinP sinK
p 2.5 . . . .
- = — Substitute the given information.
sinb52° sin62°

. p . 2.5
Sip52° = sin 52° Multiply both sides by sin 52°.
(M) (sin62°> Py v

2.5
— sin 52°
p=sin (sin62°> $IN(S2#2.5751n¢
p =22 2.231193448

The distance between the two locks is 2.2 km, to the nearest tenth
of a kilometre.




You can also use the sine law to find an unknown angle
if you know two sides and an angle opposite one of the

known sides.

Sometimes the sine law appears in a different form.
Recall the result obtained earlier for AABC.

b(sin A) = a(sin B)
B(sinA) 4(sinB)

= Divide both sides by ab.

ab ab
sinA _ sinB
a b

Combining the results gives an alternative form of the sine law.

sin A sinB sinC

a b c

Either form can be used to find a missing side or angle—this alternative
form is a little easier to use when finding an unknown angle.

Example 2 Find an Angle Using the Sine Law

Solution

Apply the sine law.

sinV. sinT
v o t

sinV _ sin31°
11.1 5.8

(sinV) <sin31°)
141 =11.1
14T 5.8

(sin31°)
11.1
5.8

sin V = 0.9856...
£V = sin1(0.9856...)
/V = 80°

sin V

The measure of 2V is about 80°.

In acute ATUV, TU = 11.1 cm, UV = 5.8 cm, and 2T = 31°.
Find the measure of 2V, to the nearest degree.

Draw a diagram and label the given information.

31°

T

Substitute the given information.

Multiply both sides by 11.1.

Use the inverse sine operation.

11.1%5int312-5.8

. 856763158
sin1CAns?
88,2987 7E7 1

11.17cm

C‘cl)nnections

A proportion is a statement
that says that two ratios

are equal. For example,
2_4

The proportion still holds
true if you invert the
numerator and

denominator of both ratios.
3.8

2 4

This is why either form of

the sine law can be applied.

| Technology Tip
Ans in the calculator

- display indicates the last

| answer. To use the last
answer in a calculation,

press for [ANS].
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Example 3 Perimeter of the Bermuda Triangle
[

LU

Use the information given on
the diagram to determine the
perimeter of the Bermuda
Triangle, to the nearest
hundred kilometres.

BOHMNHIE

Solution
Draw a simplified diagram showing the given B
information.
First, find 2B. M<50°
/B = 180° — 50° — 74° 1600 km "G
= 56° >
Now, apply the sine law twice to find sides m and s.
m b
sinM sinB
m 1600
sin50° sin56°
. ( 1600 )
m = sin 50°| —
sin56°
m = 1478
Method 1: Use Side b Method 2: Use Side m
s b s  m
sinS sinB sin S sinM
s 1600 s 1478
sin 74° sin56° sin74°  sin50°
. 1600 1478
S = sln 74° - s = sin 74°
sin56° sin50°
s = 1855 s = 1855

To find the perimeter, add the sides.

P=b+m+s
1600 + 1478 + 1855
= 4933

Therefore, the perimeter of the Bermuda Triangle is approximately
4900 km.

400 MHR - Chapter 8



— Key Concepts

® In an acute AABC, the sine law states that

a b _ c C b

sin A sinB sinC

m The sine law can be used to find B C
—an unknown side if two angles and a side are known

—an unknown angle if two sides and the angle opposite one of the
known sides are known

®m The sine law can also be written in the form
sinA _ sinB sinC

a b c

Communicate Your Understanding
@D a) Why does the sine law have three parts to its equation?

b) Do you use all three parts at once? How can you tell which
parts to use?

@ Which of the following triangles can be solved using the sine
law? For those that can, explain how. For those that cannot,
explain why not.

K
C
53m
46° 52°
L
B 11 cm A J 46m
38 km
14 mm P v 27 km
16 mm 40 km
U

R

@ How many pieces of information about a triangle’s side lengths
and angles are needed in order to solve it using the sine law?
What possible combinations will work?

@@ There are two forms of the sine law, relating sides a and b and

/A and 2B:
a b d sinA  sinB
sin A sinB an a b

Explain when it is easier to apply each form. Create examples to
support your explanation.
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Practise

For help with questions 1 and 2, see Example 1.

1. Find the length of the indicated side in
each triangle, to the nearest unit.

a) B b)

C 4 cm A D

13m

2. Find the length of the indicated side in

each triangle, to the nearest tenth of a unit.

a)

For help with questions 3 and 4, see Example 2.

3. Find the measure of the indicated angle
in each triangle, to the nearest degree.

a) Y b) C
X Z R am K

13 mm

4. Draw a diagram and label the given
information. Then, find the measure of
the indicated angle in each triangle, to
the nearest degree.

a) In acute AGHK, ~G = 47°, h = 5 cm,
and g = 4 cm. Find 2H.

b) In acute ARST, S = 72°,t = 1.5 m,
and s = 1.8 m. Find 2T.

For help with questions 5 to 7, see Example 3.

5. Solve each triangle. Round answers to
the nearest unit, if necessary.

a) p b)F
459 72°

18 m 20° 57° 20 cm
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6. Solve each triangle. Round answers to
the nearest unit, if necessary.

a) o
34 cm
W
H 29cm
b) Q
12m
P m R

7. Draw a diagram and label the given
information. Then, solve each triangle.
Round answers to the nearest unit, if

necessary.
a) In acute AAKR, k = 15 mm, r = 13 mm,
and 2K = 68°.

b) In acute AUJF, j = 23 km, £U = 57°,
and 2F = 48°,

8. Use Technology Check your answers
to question 7 using dynamic geometry
software.

Connect and Apply

9. A sign is supported by a pole and a cable,
as shown. The cable is attached to the wall
2.2 m above the base of the pole.

pole
WELCOME

a) Find the length of the pole, to the
nearest tenth of a metre.

b) Find the length of the cable, to the
nearest tenth of a metre.



10.

11.

12.

A small commercial plane and a jet
airliner are 7.5 km from each other, at the
same altitude. From an observation tower,
the two aircraft are separated by an angle
of 68°. If the jet airliner is 5.2 km from
the observation tower, how far is the
commercial plane from the observation
tower, to the nearest tenth of a kilometre?

plane 7.5 km jet

5.2 km
689

A telephone pole is supported by an 18-m
guy wire that makes an angle of 50° with
the horizontal ground. A 14-m guy wire is
to be fastened on the other side of the
pole for reinforcement. Both wires attach
to the pole at its top. Round your answers
to the nearest unit, if necessary.

a) What angle should the second wire
make with the ground?

b) How tall is the pole?

¢) How far is the base of each wire from
the base of the pole?

d) Could you solve this problem without
using the sine law? Explain.

A bridge across a valley is 150 m in
length. The valley walls make angles of
60° and 54° with the bridge that spans it,
as shown. How deep is the valley, to the
nearest metre?

13.

14.

15.

Chapter Problem You and your partner are
observing an aircraft from two observation
decks, located 5.0 km apart. From your
point of view, the aircraft is at an angle of
elevation of 70°. From your partner’s point
of view, the angle of elevation is 55°.
Determine the altitude of the aircraft, to
the nearest tenth of a kilometre.

In isosceles AABC, ¢ = 15 cm, a = 11 cm,
and B = 68.5°. Can this triangle be
solved using the sine law? If so, solve it
and explain your reasoning. If not, explain
why not.

To measure the height of a water tower,
Kelly walks 0.15 km from the base of the
tower along an inclined path to point P.
From P, the top of the tower appears at an
angle of elevation of 12°.

Find the height of the water tower, to the
nearest metre.
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16. You can find the area of a triangle if you
know all three of its side lengths by
applying Heron’s formula,

A = \/S(s — a)(s — b)(s — ¢), where a, b,
and c are the side lengths, and

s=%(a+b+c).

a) Use Heron’s formula to find the area
of the Bermuda Triangle.

b) Check this result by estimating the
height of the triangle and applying
the formula for the area of a triangle,

a="
2

] Did You Know?

Heron was a mathematician, engineer, and inventor born in
Alexandria, Greece, during the first century. Among his
accomplishments was the invention of the first steam engine,
called an aelopile. The principle Heron used in the aelopile is
similar to that used in today's jet engines.

17. Refer to question 16. Lan’s garden is in
the shape of an acute triangle. Two of the
vertices have angles of 55° and 58°. The
side joining these vertices is 6.2 m in
length. What is the area of this garden,
to the nearest tenth of a square metre?

18. a) Create a problem involving the sine
law for which the answer is 15 m.

b) Solve the problem.

¢) Trade with a partner and solve each
other’s problem. Check your solutions.

19. Does the sine law work if you replace sines
with cosines or tangents? Investigate
several triangles and explain whether there
is such a relationship.

Extend

20. a) Show that the sine law simplifies to the
sine ratio when one of the angles of a
triangle is 90°.

b) Would you use the sine law to solve
right triangles? Explain.
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21. Refer to question 16. Show that Heron’s
formula can also be written as follows:

A= %\/(a+b+C](a+b—c)(b+c—a)(c+a—b]

22. Math Contest Frishta, Michelle, Daniel,
and Vahpav each shoot two arrows at the
target shown. Each ring has a different
point value.

(c)s)

e Frishta shoots one arrow in ring B and
one in ring C. Her score is 17.

e Michelle shoots one in ring A and one
in ring B. Her score is 12.

¢ Daniel shoots one in ring C and one in
ring A. His score is 15.

e Vahpav shoots two arrows into ring A.

Vahpav’s score is
A 8

B 10

C 12
D 18
€ 20

23. Math Contest When each of three
different numbers is added to the average
of the other two, the results are 105, 106,
and 125. What is the average of the three
original numbers?

A 51
B 55
C 56
D 57
€ 63



r
.° | Tools

= protractor and ruler
OR

= computer with The
Geometer's Sketchpad®

|_Technology Tip

| If you are using The
Geometer's Sketchpad ®,

| calculate the square of a
measure by clicking A2
after it.

To calculate 2ab(cos C), use
the * key for multiplication
and access the cosine
function from the
Functions drop-down
menu on the calculator.

The Cosine Law

Sailing can be a lot of fun as long as you are careful to avoid hazardous
situations, such as shallow water. Occasionally, when the ship’s
navigational instruments are out of order, a ship’s captain can use
trigonometry to find important distances and directions.

Suppose that as captain you know
the measures of two sides and one
angle in the acute triangle shown.
Can you use the sine law to solve
the triangle?

4.2 km 4.5 km

» Investigate -

How are the side lengths and cosines of angles related in an
acute triangle?
1. a) Draw an acute AABC.
b) Measure the side lengths a, b, and c. c b
¢) Measure 2C.

2. a) Calculate a?, b?, and 2.

b) For acute AABC, compare a?> + b? and ¢?. When would
a? + b? = ¢?? What is this relationship called?

¢) Calculate 2ab(cos C).

d) Describe any relationship you notice between a? + b?, ¢?,
and 2ab(cos C).

e) Examine two or three other acute triangles to see if this
relationship holds true.
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cosine law

= the relationship between
the cosine of an angle and
the lengths of the three
sides in any acute AABC:
@ = b? + 2 - 2bc(cos A)
b% = 2 + @® - 2ca(cos B)
2= a2+ b? - 2ab(cos C)
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3. Suppose 2C is 90°.
a) What happens to the quantity 2ab(cos C)?

b) What relationship applies to the three sides of the triangle
when this happens?

4. Reflect

a) Write an equation that relates the cosine of an angle and
the three sides of an acute triangle.

b) What happens to this relationship when the measure of
one of the angles is 90°7?

The cosine law relates the cosine of an angle to the
three side lengths of an acute triangle. To derive the
cosine law, draw a triangle and add an altitude, h,
from one of the vertices.

The altitude splits AABC into two smaller right
triangles, AADC and ABDC.

Let AD = x.
Then, BD = ¢ — x.

Focus on AADC:
From the Pythagorean theorem, b* = x? + h2.
Also, the cosine ratio gives
% = cos A
x = b(cos A)
Focus on ABDC:
Write an equation using the Pythagorean theorem.
a* = h% + (c — x)?
=h?+ ¢ — 2cx + x? Expand the binomial.
=x2+ h%2+ ¢* — 2cx Rearrange the terms.
= b? + ¢ — 2c¢[b(cos A)] Substitute b2 for x2 + h? and b(cos A) for x.
= b% + ¢* — 2cb(cos A)
= b% + ¢% — 2bc(cos A)

This equation allows you to find the side length a if you know the side
lengths b and ¢ and the measure of ZA.

You can derive similar equations for the other side lengths. Combining
the results gives the three forms of the cosine law.

a® = b%? + ¢? — 2bc(cos A)

b% = % + a® — 2ca(cos B)

c? = a? + b? — 2ab(cos C)



Example 1 Find a Side Length Using the Cosine Law

A

A boat is sailing north through a narrow strait.
Through one particularly narrow section, a
lighthouse marks the western shoreline, while a
buoy indicates a rock hazard directly east of the
lighthouse, as shown. What is the width of this
section of the strait, to the nearest tenth of

a kilometre?

4.2 km 4.5 km

X

Solution

Draw a simplified diagram and label the given information. Choose
variables for the vertices.

H bR

r=4.2km h=45km

B
Since two sides and the contained angle are given,

use the cosine law to find b.
b% = r2 + h? — 2rh(cos B)

b% = 4.22 + 4.5%2 — 2(4.2)(4.5)(cos 26°) Substitute the given information.

b? = 3.9155...
b =\V3.9155... Take the square root of both sides.
b=20 F.22+4, 5i-2%d, ¥
4. S%cos (26D
3.91558585
JCAn=2
1.9787P8373

The width of this section of the strait is approximately 2.0 km.
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[M] Did You Know? __

The Clipper Round The
World Yacht Race gives
paying amateur crew
members the chance to
sail around the world.
The race started in 1996
and takes place every

2 years.

It is the world's longest
yacht race, at over

35 000 nautical miles,
and takes the fleet of
identical yachts

10 months to complete.

Literaccy .
onnections;

A contained angle is the
interior angle that is
formed at the vertex of
two adjacent sides in a
triangle.




Since | do not know
the length of the side
opposite the given
angle, ~£E, | cannot
use the sine law.

408 MHR - Chapter 8

Example 2 Solve a Triangle

In acute ADEF, d = 4.9 cm, f = 6.2 cm, and ZE = 64°. Solve ADEF.
Round measures to the nearest degree or tenth of a centimetre,

if necessary.

Solution

Draw a diagram and label the given information.

Since two sides and the contained angle are given,

use the cosine law first to find side e.
e? = d* + f?* — 2df(cos E)

e2 = 4.92 + 6.22 — 2(4.9)(6.2)(cos 64°)
e? = 35.814...

e = V35.814...

e = 6.0
Side e is about 6.0 cm.

Use the sine law to find the measure of one
of the other angles.

sinD  sinE
d e
sinD  sin64°
49 6.0
sinD = 4.9<sm64°>
6.0

sin D = 0.7340...
/D = sin~1(0.7340...)
/D = 47°

Determine the measure of the third angle.
LF = 180° — 47° — 64°
= 69°

ADEF has been solved for all side lengths
and angle measures.

— Key Concepts

®m In an acute AABC, the cosine law states that

a® = b% + ¢% — 2bc(cos A)
b? = ¢? + a? — 2ca(cos B)
c® = a?® + b? — 2ab(cos C)

6.2cm

€ 49 cm F

4. 9245, 2E-2%4, T
G. 2%cos (640
35.81456912
JCAns2
S.984527477

4. 9%=int64)- 6.0
. radA1513758
sin1{Ans>
47.22486192

B a C

m The cosine law can be used to find a missing side if the other two

sides and their contained angle are known.




Communicate Your Understanding

@@ a) What is meant by a contained angle in a triangle? Draw a

diagram to illustrate your answer.

b) Why is this concept important when applying the cosine law?

@® a) How are the cosine law and the Pythagorean theorem similar?

How are they different?

b) Under what conditions can you apply
e the Pythagorean theorem?
e the cosine law?

@& Describe the steps you would use to
solve APQR.

Practise
For help with questions 1 to 3, see Example 1.

1. Find the missing side length in each
triangle, to the nearest unit.

a) B b) B
® 20 mm
e X ‘
C
A 5 C A 17 mm

2. Find the missing side length in each
triangle, to the nearest tenth of a unit.

b) Z
48°
: cmN
y S X
F

a)

44m

o
m
Qa

32m
)

6.2 mm

=<
| ©

|
o

4.8 mm

15cm

13 cm

3. Sketch each triangle and use the given
information to find the missing side
length, to the nearest tenth of a unit.

a) In acute ATUV, t = 1.8 cm, v = 1.4 cm,
and £U = 52°.

b) In acute ADEF, e = 1.1 km, f = 1.6 km,
and 2D = 74°.

For help with questions 4 and 5, see Example 2.

4. Solve each triangle. Round answers to
the nearest unit, if necessary.

a) P b) P
24m
15cm
K a7 R
26m
R 13 cm Q
c) B
9m
A 8m C
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5. Draw a diagram and label the given 9. A drive belt wraps around three pulleys,

information. Then, solve each triangle. as shown.

Round answers to the nearest unit, if

necessary.

a) In acute AEFG, e = 5 cm, f = 6 cm, and
/G = 63°.

b) In acute AWXY, w =10 m, y = 11 m, Find the total length of the drive belt, to
and /X = 80°. the nearest tenth of a centimetre. Ignore

the curved sections.
6. Use Technology Check your answers to

question 5 using dynamic geometry 10. Two ships leave port
software. at the same time,
travelling at the same
Connect and Apply speed of 10 knots.

Wavedancer sails
north, while Ocean
Princess travels
northeast.

7. Find the length of the bridge, to the
nearest metre.

a) How far apart are the two ships after 1 h?
b) How far apart are they after 2 h?

¢) How do these answers change if
Wavedancer travels twice as fast?
Justify your answer.

90 m

8. Chandra is riding in a hot-air balloon ] Did You Know?
and spots her house and her school. She
estimates how far away they are from her,
and the angle separating their lines of 1 knot = 1.852 km/h

A “knot” is short for a “nautical mile per hour.”

sight, as shown. 1 nautical mile is the distance between two points on the
equator that are separated by % of a degree, making the

circumference of Earth 21 600 nautical miles.

B 11. Connor is building a toy model of a
70° track-type bulldozer. Three sprockets for
2.5km 2.0 km one of the tracks are to be assembled as
shown.
H S sproBEket
Use Chandra’s estimated measures. 5.4 cy\
a) How far apart are Chandra’s home sprocket /61.5° S"DTOCCKEt
and school, to the nearest tenth of A 11.7¢m
a kilometre? a) How far should sprocket C be placed
b) Chandra’s mom is watching her from from sprocket B, to the nearest tenth
home, and her friends are watching of a centimetre?
from school. At what angle of elevation b) Find the interior angles of the triangle
does Chandra appear to each of them, formed by these sprockets, to the
to the nearest degree? nearest tenth of a degree.
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12.

13.

14.

15.

ﬂ Achievement Check
- 16.

a) Create a problem involving the cosine
law for which the answer is 24 cm.

b) Solve the problem.

¢) Trade with a partner and solve each
other’s problem. Check your solutions.

The airport at Goderich, Ontario, has two
runways with lengths 1525 m and 915 m.
The beginnings of the runways meet at an
angle of 37°. The other ends of the runways
are called the thresholds.

a) Draw a diagram and label the given
information.

b) How far apart are the thresholds of
the runways, to the nearest metre?

Chapter Problem While cruising at a
steady speed of 400 km/h, you identify a
storm cloud straight ahead 45 km away. To
avoid turbulence, you start climbing at an
angle of elevation of 15°. If you maintain
this speed and direction for 6 min, how far
will you be from the storm cloud? Round
to the nearest kilometre.

Show that the cosine law simplifies to the
Pythagorean theorem when the contained
angle between the two known sides is 90°.

Reasoning and Proving

One of the tallest ¢} ccenting
totem poles in the (
world is located

in Alert Bay,
British Columbia.
When the angle of elevation of the Sun is
62°, the totem pole casts a shadow of 30 m.

=
Selecting Tools

Problem Solving

Connecting Reflecting

-

Communicating

a) Suppose the totem stood vertical—how
tall would it be, to the nearest tenth of a
metre?

b) Suppose it was not quite vertical so that
it made an angle of 89° with the ground.
In this case, would your answer for its
height be taller or shorter than your
answer in part a)? Justify without
calculations.

¢) Calculate the difference between these
two heights.

Extend

17. Design and carry out an investigation to

18.

19.

20.

21.

determine if the cosine law holds true for
obtuse triangles. Write a brief report of
your findings.

Lee is building a scale model of a water
molecule for his science project. The
molecule consists of one oxygen atom and
two hydrogen atoms, chemically bonded
as shown.

0

104.5°
H H

Lee models the bond for each hydrogen
atom with the oxygen atom using a 10-cm
straw.

a) How far will the two hydrogen atoms
be from each other, to the nearest tenth
of a centimetre?

b) What angles will a line joining the two
hydrogen atoms make with the lines of
their chemical bonds?

Refer to question 9. Suppose that the
measured distances are taken between the
centres of each pulley, and that the
diameter of each pulley is 2.8 cm. Find a
more accurate total length of the drive belt.
State any assumptions you make.

Math Contest Sam and Nick are both
members of the basketball team, along
with 10 other players. When the team
is seated on the bench, what is the
probability that Sam and Nick do not
sit beside each other?

11 1
A — B —
12 6
3 5
c — D —
4 6
10
E N
11

Math Contest Show that for any ZA,
(sin A)? + (cos A)? = 1.
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-
.* | Tools
® protractor

= ruler
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You have learned when the sine law and cosine law can each be
used to solve acute triangles.

What if you are given three side lengths in an acute triangle?

Runners in a 10-K race follow a triangular course. The three legs of
the race, in order, are 3.8 km, 2.4 km, and 3.8 km. Can you apply
the sine law or the cosine law to find the angle between the starting
leg and the finishing leg?

m Investigate -

How can you solve an acute triangle if three side lengths are given?

1. a) Draw an acute scalene AABC. A
b) Measure the side lengths a, b, and c.

2. Can you use the lengths of the three sides
with the sine law to find the measure of one of °© a
the angles in AABC? Explain.

3. a) Can you use the lengths of the three sides with the cosine law
to find the measure of one of the angles in AABC? Explain.

b) Does the choice of angle matter? Explain.

4. a) Solve for one of the unknown angles using a trigonometric
law and algebraic manipulation.

b) Check your answer with a protractor.

5. Reflect Explain which trigonometric law can be used to find an
angle measure if three side lengths are known in an acute triangle.
How would you solve the equation?




If you know any three measurements of an acute triangle, including at
least one side length, you can find the remaining measurements using the
sine law and the cosine law. The choice depends on which law allows
you to relate the three given measurements to one unknown measurement.

Example 1 Find an Angle Using the Cosine Law

Three towns are connected by two roads, Brookside

as shown.

A third road is planned that will directly 10 km
connect Brookside and High Cliff, which
are 16.5 km apart. Find the angle, to the
nearest tenth of a degree, between the new

road and the existing road from

Rolling

Meadows 15 km Cliff

a) Rolling Meadows to Brookside
b) Rolling Meadows to High Cliff

Solution

Draw a simplified diagram and label it B

with the given information.
: 10 km 16.5km
The new road will make unknown angles

at B and H.

a) Use the cosine law to find 2B. 15km

Method 1: Substitute, Then Rearrange

b? =

152
225

h%? + r2 — 2hr(cos B)
102 + 16.5%2 — 2(10)(16.5)(cos B)

100 + 272.25 — 330(cos B)  Simplify.

225 = 372.25 — 330(cos B)
225 — 372.25 = —330(cos B) Isolate the term containing cos B.
—147.25 = —330(cos B)
—147.25  —330(cosB)
Divide both sides by -330.
—330 —330
147.25
cos B
330
. [147.25
cos™ ! W /B Apply the inverse cosine to find ~B.
63.5° . /B cos 10147, 25,3382

£3. 499023396

The new road will make an angle of approximately 63.5°
with the existing road from Rolling Meadows to Brookside.
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Method 2: Rearrange, Then Substitute
b% = h? + r?2 — 2hr(cos B)

b?> — h? — r2 = —2hr(cos B) Isolate the term containing cos B.
b® — h? — r? —2hr(cosB)
= Divide both sides by -2hr.
—2hr —2hr v
B2 — R% — p?
—— =cos B
—2hr

15% — 10% — 16.52

=cos B Substitute the known information.

—2(10)(16.5)

—147.25

————— =cosB Simplify.

—330
. 147.25 . . .
Cos W = /B Apply the inverse cosine to find ~B.
63.5 = /B

The new road will make an angle of approximately 63.5°
with the existing road from Rolling Meadows to Brookside.

Method 3: Rearrange, Then Substitute, Using a Computer Algebra System

1 Ensure that angle measurements are calculated in degrees.
Technology Tip

To set the angle mode to Let «B be represented by x.
- degrees on a TI-89
calchlator In the Home scroen, type the TooTe|dstraltare|othar PrﬂmlnTc*lwn IJFT_\I
* Press (vooE). Cursor cosine law:
down to the Angle b? = h% + r? — 2hr(cos x)
mode setting.
o Press( > ), and select ® NewProb Done
2:DEGREE. sbZ=hZ+prZ -2 -h-r-cos(x)
* Press EvTER) to save the b2 pl=ghops -:DE(x)+h2
settings. b 2=k 240" 2-24hkrtoos (x

MAIN DEGAUTO FUNC 2720

Subtract h? and r? to isolate
the term with cos x.

lb2=h2+r‘2—2-h-r‘-:05(x)
b2=r2—2-h-r*-c,n5(:{)+h2
[bz-h2+r2—2 h-r-cos(xP
24 e -z -2k r -:c:u5[|'

S 2-2dhrdcos (k) 1 -2

MAIN DEGAUTO FUNC 3.’331

Divide by the expression —2hr. WEEEESIEITE Pr?iﬁlnTc1eFaEn'UpT_\|

L4 pL—phe= -2-h-r-cosiP

= 'r't2 + b2 = h2 = '2-h-r-c05!,
“2'h'r

FemhEEE

2 h r B

= '+|'|+r +| 05 ' ' o :. ':_
MHIH DEGAUTO FUNC Y20
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Substitute the values for b, h, o T (e T — m

and r. TooTs|Atdébrafcatclother [Prsmio|cican up

¢ Press for [ANS], r2=p2+he e
followed by the such that 2'h'r
symbol, (1 ). g2 e d _ B

* Type b = 15. Press " -cestalb=1b
[MATH] to display the | pesriamerree e a2 Co=l
MATH menu, select 8:Test, RN DEGAUTD FUNC o E7%0

and then 8:and.
e Type h = 10. Press [MATH], select 8:Test, and then 8:and.

e Type r = 16.5 and press Eved.

Find the angle.

Fir| Fer |F3=| Fur | F5 Fo+ m
e Press (+ )[COS], and then Toolz|A13ebra|Cale[ther PPSMIIITC‘I-Nr- ue
’ 2hr T
(2« )[ANS], followed by (1 ). g ol o
* Press Ever). IFETm:DE(x)lb:l'
. A4E212 = cos(x)
The new road "‘flu make an " cos1(.44621212121212 = cop
angle of approximately 63.5° 63.4991 = cost({cos(x))
with the existing road from cosiiansila)
PMAIN DEG AUTD FUNC /70

Rolling Meadows to Brookside.

b) You could apply the cosine law a second time to find 2H.
However, now you have enough information to apply the sine
law. The sine law requires fewer calculation steps.

sinH  sinB

h b
sinH  sin63.5°
10 15

in63.5°
sin H 0 (sm)
15
sin H = 0.5966...
/H = sin 1(0.5966...)
/H = 36.6°

The new road will make an angle of approximately 36.6° with
the existing road from Rolling Meadows to High Cliff.

Example 2 Solve an Acute Triangle

Runners in a 10-K race follow a triangular course. The three legs of the
race, in order, are 3.8 km, 2.4 km, and 3.8 km. Find the angle between
the legs in each pair, to the nearest degree.

a) first and second
b) second and third
¢) first and third
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Solution

Draw a diagram and label it with the C

known information.

a) Since the measures of three sides are

b)

0)

third leg second leg
3.8 km 2.4 km

given, use the cosine law to find ZB.

first leg
b? = a* + ¢* — 2ac(cos B) 3.8 km
b2 _ a2 _ CZ
cosB= ——— Rearrange to isolate cos B.
—2ac
3.8% — 2.4% — 3.82 )
cos B = Substitute known values.
—2(2.4)(3.8)
B —5.76 Simolif
cosBb=—"7-— implify.
—18.24 Py
B 5.76
/B =cos™! Solve for ~B.
18.24
/B =72°

The angle between the first and second legs of the race is 72°.

Method 1: Apply the Sine Law

sinC _ sinB
c b

sinC  sin72°
38 3.8

sin C = 3.8 <sin72°>
3.8
sin C = sin 72°
Therefore, £C = 72°.
The angle between the second and third legs of the race is 72°.

Method 2: Apply Geometric Reasoning
Since AC = AB, AABC is isosceles.

C
The two angles opposite the two equal
sides of an isosceles triangle are equal. 3.8km 2.4 km
Since ¢ = b, then 2C = /B. Therefore, =
/G = 720, A -

The angle between the second and third 38km

legs of the race is 72°.

Use the two known angles to find ZA.
/B = 180° — 72° — 72°
= 36°
The angle between the first and third legs of the race is 36°.




— Key Concepts

® You can rearrange the cosine law to find an A
angle if you know three side lengths of an
acute AABC. s b

For example, to find the measure of 2B,
rearrange the appropriate form of the cosine law.

bZ_GZ_CZ

—2ac

B C

b? = a? + ¢? — 2ac(cos B) = cos B =
® Once you have found one angle, you can apply the
sine law to find a second angle.

= When applying trigonometry to solve problems involving
acute triangles, there is often more than one valid strategy.

Communicate Your Understanding

@D When can you use the sine law to find an unknown angle in
an acute triangle? When must you use the cosine law? Draw
diagrams to support your answer.

@ The following steps show how the cosine law C
can be rearranged to find ZA. Copy the steps
and write a short explanation beside each one.

A 6m B

Steps Explanation

@? = b2+ c? - 2bc(cos A) | Write the cosine law that includes £A.
@ - b2 - ¢ = -2bc(cos A)
@ - b°-c® _ -2bc(cos A)
-2bc -2bc
2 _ h2 _ 2
a_ch =cosA
42 _ 52 _ 62
———— =cosA
-2(5)(6)
-45
) A
=5 = s
- ﬁ) =LA
cos ( =3
41° = LA
@® a) Describe the steps you would take to v
solve ATUV.
b) Describe a different set of steps that will 5cm 6cm
also work.
T 7 cm u
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Practise
For help with questions 1 to 3, see Example 1.
1. Solve for the indicated angle, to the
nearest degree.

A

a) A b)
10m 12m
10 cm 9cm
B 13m C
B 8cm ¢
c) C
17Acm
A B

14 cm

2. Solve for the indicated angle, to the
nearest degree.

13 cm M b) L., Vv
T
2.5

a
) N
1.8m
14 cm 16 cm S5m
U
K
c) F
6.2cm
4.8 cm G
5.1cm
H

3. Sketch each triangle. Then, use the given
information to find the indicated angle, to
the nearest degree.

a) In acute AARD, a = 170 mm,
r =190 mm, and d = 210 mm.
Find 2D.

b) In acute AHWN, h = 1.4 km,
w = 1.7 km, and n = 1.2 km.
Find 2 W.
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For help with questions 4 to 6, see Example 2.

4. Consider AJVM. y 10.0 cm M

a) Follow these steps
in order to solve
AJVM. Round
answers to the
nearest tenth of a J
degree.
e Use the cosine law to find /]J.
¢ Use the cosine law to find 2 V.
e Use the cosine law to find £ZM.

8.3cm 12.0cm

b) Solve AJVM using a more efficient
method.

¢) Compare your answers in parts a)
and b). Explain why your method
is more efficient.

5. Solve each triangle. Round answers to
the nearest tenth of a degree.

a) v
5cm 6cm
T 7 cm u
b) P
4.4 mm
5.4 mm
M
4.9 mm %

6. Sketch each triangle and label it with
the given information. Then, solve the
triangle. Round answers to the nearest
tenth of a degree.

a) In acute ANBG, n = 15m, b = 14 m,
and g = 12 m.

b) In acute ADRT, d = 5.0 km, r = 3.8 km,
and t = 4.6 km.

7. Use Technology Check your answers
to question 6 using dynamic geometry
software.



Connect and Apply

8. Ling is designing a garden for her
backyard. It will consist of two congruent
triangular flower beds on either side of a
path, as shown.

AN

3.8m

a) Find the interior angles of the flower
beds, to the nearest degree.

b) Find the total area of the flower beds,
to the nearest square metre.

9. A distress signal is received from a ship
that is 21 km from one port and 17 km
from another port. The eastern port is
24 km directly east of the western port. At
what angle to the western shoreline should
the ship head, in order to dock at the
western port? Round to the nearest degree.

10. A leaning pole is braced
at its midpoint, as
shown. The pole is 8.2 m
long, and the bracing
beam is 6.0 m long.

The foot of the beam is
placed 5.0 m from the
base of the pole.
Determine, to the nearest degree,

6.0m

a) the angle the pole makes with the ground

b) the angle the beam makes with the
ground

¢) the angle the beam makes with the pole

8.2m

11. Find the interior
angles of the isosceles
trapezoid, to the
nearest tenth of a
degree.

11.3cm

12. Create a problem involving the cosine law
for which the answer is 72°.

13. Chapter Problem You and two of your
team are to fly in a V-formation such that
the distances between you are 80 m, 80 m,
and 100 m. Find the angles that illustrate
how the three aircraft should be arranged,
to the nearest tenth of a degree. Is there
more than one possible solution? Explain.

Reasoning and Proving

B Achievement Check _
. Representing Selecting Tools

14. Pinder, Dino, and ( \ / \
/Problem Solving

Ursala all live on

onnectin \ eflectin;
the edge of a park, “"™"® /R" e
as shown.

Communicating

p 64 m

U
They agree to meet at one of their homes
to study for a trigonometry test.

a) Is it possible to solve this triangle?
Justify your response.

b) What tools will you use?
¢) Whose home should they pick in

: order to minimize travel time? State
m any assumptions you make.

Extend

15. a) Acute AABC is isosceles, with b = c.

aZ

Show that cos A =1 — b
b) Solve AABC, if the equal sides are
1.5 cm and the third side is 0.8 cm.

16. Draw an equilateral triangle and label its
sides a. Mark one of the angles 60°. Use

1
the cosine law to prove that cos 60° = 5
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Solve Problems Using
Trigonometry

Engineers, scientists, and architects
apply a variety of mathematical tools,
including trigonometry. When
solving problems or creating designs,
they must be able to efficiently
combine algebraic and geometric
reasoning. It is also important for
them to be able to communicate

their ideas to others effectively.

Example 1 Bridge Truss

A section of a bridge truss design is shown. Find the total length of the
beams required to build the section, to the nearest tenth of a metre.

Solution

The section of the truss consists of three triangles. Solve for each
side length using trigonometry and other mathematical tools.

Start with the triangle with the most given information, AABC.

Notice that AABC is a right triangle. First, use the sine ratio to find a.
Then, use the cosine ratio to find b.

o snA % = cos A | can use the Pythagorean
a _ sin 37° i " cos 3 tr;ej)remzto chezck.
6.2 6.2 ¢=37%+50

a = 6.2(sin 37°) b = 6.2(cos 37°) c?=3844

a= 3.7 b=50 c=6.2
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Label these lengths on the diagram.
Focus on ABCD:

Notice that ABCD is an equilateral
triangle. All sides have equal length. 6.2m B

Therefore,
BC=CD=DB=3.7m

Focus on ABDE:

Notice that ABDE is an isosceles triangle. You can apply the sine law,
but you need to find ZEBD first. The three angles at point B are
supplementary.

In AABC, 2CBA and £BAC are complementary because the third
angle is 90°.

/CBA = 90° — 37°
= 53°

Since ABCD is an equilateral triangle, the three interior angles are
equal. Therefore,
£CBD = 60°

Use the two known angles at B to find
£DBE.
53° + 60° + £DBE = 180°
£DBE = 180° — 53° — 60°
£DBE = 67°

ABDE is isosceles with BE = DE. So, ~EDB = ZDBE = 67°.

Use this information to find ZE.
/E = 180° — 2(67°)
= 46°
Now use the sine law in ABDE to find the lengths of beams DE and BE.

b _ e ¢ 37m D
sinB sinE
b 37
sin67°  sin46°
A 62m B €
. 3.7
b = sin 67°| —
sin46°
b=4.7

To find the total length of the beams required to build this section of
the truss, add all the lengths.

Total length = 5.0 + 6.2 + 3(3.7) + 2(4.7)
= 31.7

C 37m D

4.7 m

The total length of the beams required is
31.7 m. A 6.2m B f E
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Example 2 Height of a Cliff

[
Find the height of the cliff shown,
to the nearest metre.
_Literacc\/ .
onnections;
In complicated diagrams Solution
involving more than one
triangle, using one letter to There is not enough given information in AABC to solve for the
identify side lengths can be height directly. Use the given information in ABCD to solve for the
c9nfusing. In this exlample, width of the river, BC. Then, use this to find the height of the cliff.
side b could mean side AC
or side CD. In such cases, Focus on ABCD:
use the two endpoints of a
line segment to identify it. Find the measure of ~CBD.
Similarly, use three letters £CBD = 180° — 62° — 50°
to identify angles, as = 68°
needed. Now, use the sine law to find the width of the river, BC.
BC  CD
sinBDC  sinCBD
BC 160
sin50°  sin68°
C= ,160 (sin 50°)
sin68°
BC = 132

The width of the river is about 132 m. Use this to find the height of
the cliff, AB.

Focus on AABC:

When working with right triangles,
the sine law and cosine law still
apply. However, it is easier to apply
the primary trigonometric ratios in
right triangles.

AB
tan ACB = —
an BC

AB
tan 33° = ——

132

132(tan 33°) = AB
AB = 86

The height of the cliff is approximately 86 m.
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— Key Concepts

®= When solving problems involving right triangles, you can apply
the primary trigonometric ratios.

= When solving problems involving acute triangles, you can apply
the sine law or the cosine law:

— Use the sine law if you are given an angle and the opposite
side, plus one other side or angle.

— Use the cosine law if you are given two sides and the contained
angle, or three sides.

® A number of problems involving trigonometry require multiple
steps. Look for techniques and make connections to other
branches of mathematics, such as geometry, in order to solve
problems efficiently.

Communicate Your Understanding

@@ a) Do the sine law and the cosine law hold true in right
triangles? Explain.

b) What other techniques can you use to solve right triangles?

@ Explain how you can decide whether to apply the sine law
or the cosine law in an acute triangle.

@® a) Describe the steps you would take to find the D
length of x in the diagram shown. X
b) Describe a different set of steps that will A
also work.
]
B a2m
Practise
1. Determine whether the primary For help with questions 2 and 3, see Examples
trigonometric ratios, the sine law, or the 1 and 2.

cosine law should be used first to solve

2. Refer to question C3.
each triangle. questt

a) Use your method from part a) to find x,

a b .
) B ) to the nearest tenth of a centimetre.
10.5cm_~80° . .
-8 cm 18m 2m b) Find x using another method. Compare
A C your answers. Are they equal?

H

e n
N
[x]

3. a) Find x, to the B 4.5 cm A
C d)

<) nearest tenth of
39cm 18 cm 22 cm a centimetre. X
€ [ ] b) Find x using a 50°

D . 60°
>0em different C 67 cm
method.

P
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Connect and Apply

SO\

4. While flying at an 68° 56°
altitude of 1.5 km,

a plane measures

angles of depression

to opposite ends of

a large crater, as

shown. Find the

width of the crater, to the nearest tenth
of a kilometre.

. Earth is 149 600 000 km from the Sun.
This distance is equal to 1 A.U.
(astronomical unit). Mars is 1.5 A.U. from
the Sun. One evening, Mars is seen from
Earth to make an angle of 68° with the Sun.

a) Draw a diagram and label the given
information.

b) How far apart are Earth and Mars
at this point, in kilometres?

¢) Do you think the distance between
Earth and Mars is always
the same? Explain why or why not.

. Lena is in a bicycle road race. In the first
leg, she rides 12 km from Riverside to
Danton. Then, she turns and rides 17 km
to Humberville, making a 74° angle from
the first leg. The final turn leads back to
Riverside.

a) What is the total length of the race,
to the nearest kilometre?

b) At what angles are the three towns
situated with respect to each other?
Round to the nearest degree.

. Trevor, who is 1.5 m tall, is standing at

a distance of 14 m from a building. From
his point of view, the bottom and top of
the building are separated by 36°,

as shown. How tall is the building, to the
nearest tenth of a metre?

(0]
(][]
(][]
360 (][]

L] |
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8.

10.

Rocco and Biff are two koala bears frolicking
in a meadow. Suddenly, a tasty clump of
eucalyptus falls to the ground, catching
their attention. Biff glances at Rocco, who
appears to be 15 m away, then over to the
eucalyptus, which appears to be 18 m away.
From Biff’s point of view, Rocco and the
eucalyptus are separated by an angle of 45°.
Rocco’s top running speed is 1.0 m/s, but
Biff can run one and a half times as fast. Can
Biff beat Rocco to the eucalyptus? State any
assumptions you make.

. Find the total length of materials required

to build the bridge truss shown, to the
nearest tenth of a metre.

57m
86°
40° 33°
1 [l
3.8m

Describe the steps in your solution and
state any assumptions you make.

Lookout Point is accessible from two trails,
both of which start from the same altitude
and climb upward. Path p travels east to
the point and climbs at an average angle of
elevation of 20°. Path q travels northeast to
the point at an average angle of elevation of
15°. Path p is 2.0 km long. Jack and Debbie
parked at the base of path p. They hiked a
round trip up path p to Lookout Point, then
down path g, and then finally straight from
the base of path g back to their truck. How
far did they hike, to the nearest tenth of a
kilometre? State any assumptions you make.

Lookout
Point

45°

15°



11.

12.

13.

A tetrahedron has edges that are 10 cm in
length. Find the height of this tetrahedron,
to the nearest tenth of a centimetre.

10 cm

Doctors Jones and Hwang are astronomers
observing the sun from opposite ends of
Earth. The radius of Earth is 6400 km.

a) Use this information to verify the
distance from Earth to the Sun, which
was given in question 5. State any
assumptions you make.

b) At approximately what times of day
were these observations made by each
astronomer? Explain your answer.

Chapter Problem Pilots must take wind
into account when flying, or the wind will
blow them off course and they will not
reach the desired destination. Your aircraft
cruises at a speed of 100 km/h. There is

a strong wind blowing from N60°E at a
speed of 90 km/h. You need to fly south

to home base.

%? N
100 km/h  W-——E
(heading) S

ground
speed

90 km/h
\ (wind)

a) Find the direction, 6, you must aim
the plane, to the nearest degree.

b) What will your speed be, over the
ground? Round to the nearest unit.

Extend

14.

15.

16.

17.

Helen, Javier, and Raquel live in two
identical apartment buildings, located

30 m apart. Javier lives two floors higher
than Helen. Raquel lives four floors lower
than Helen. There is a 36° angle of
separation when Helen looks from her
balcony to those of her two friends.

a) How far apart, vertically, do Javier and
Raquel live? Round to the nearest tenth
of a metre.

b) Explain how you solved this problem
and discuss any assumptions you made.

A box is in the shape of a square-based
prism. The height of the box is twice the
width of the base.

a) Show that the longest thin rod that can
be encased in the box has length Vew,
where w is the width of the base.

b) Find the angles that such a rod would
make with each edge of the box.

A ship travels 100 km at a bearing of
N60°E and then turns and travels 80 km
at a bearing of S20°E before reaching its
destination. Suppose the ship travelled
directly from its starting point to its
destination, following a direct route. What
distance and at what bearing would the
ship travel? Round to the nearest unit.

Who uses trigonometry in their careers? Do
some research to find out what types of
careers require the use of trigonometry and
why. Write a brief report of your findings.
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Chapter 8 Practice Test

1. Find the length of the C
indicated side, to the
nearest centimetre. 25cm h=7?
B 45° 74° A
2. Find the length of the K
indicated side, to the 36m r=7
nearest tenth of a metre.
R 43 m T
3. Find the measure of the Y
indicated angle, to the
nearest degree. 16 km
D™ 3km N
4. Find the measure of the €
indicated angle, to the 18 mm
nearest degree. H 21 mm
24 mm
S
5. Two wires are 80°
supporting a tent pole,
as shown. 2.cm 28m

a) How far apart are
the wires fixed in the ground, to the
nearest tenth of a metre?

b) Find the angle each wire makes with
the ground, to the nearest degree. State
any assumptions you make.

6. Cheryl is trying to hit
her golf ball between
two trees. She
estimates the
distances shown.

Within what angle
must Cheryl make her
shot, in order to pass
between the trees?
Round to the nearest
tenth of a degree.
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7. Solve AXYZ. Round the side length to the

8

10.

nearest tenth of a metre and the angle
measures to the nearest degree.

Y

8.3m

680 7.2 m

. In acute ANTW, /N = 54° n = 2.3 km,

and w = 1.8 km.

a) Sketch this triangle and label the given
information.

b) Solve this triangle. Round the side
length to the nearest tenth of a metre
and the angle measures to the nearest
degree.

. Students of Fowler’s Aeronautical School

have this crest on their pilot’s cap. Find
the total length of gold trim needed to
make a crest, to the nearest tenth of a
centimetre. State any assumptions you
make.

16 cm

G.W

Use the
measurements
given to find the
height of the
Peace Tower in
Ottawa, to the
nearest metre.

AB =50m

L XAY = 43°
/XAB = 60°
/ABX = 82°




11. Tess was flying from Toronto to
Hamilton at night. She noticed that her
heading indicator was malfunctioning
and decided to check her position.

She called Hamilton Tower and

St. Catharines Radio, knowing that the
stations were 50 km apart. Hamilton
reported that the position of her plane
formed an angle of 65° with the line
joining the two stations. St. Catharines
reported that her position made an angle
of 48°. How far was the plane from
Hamilton, to the nearest kilometre?

12. Scuba divers count fin strokes to estimate
the distance they have travelled under
water. Felipe uses this method and a
compass to swim 300 m north from the
dive boat. He then turns right 120° and
swims 400 m. How far from the boat is he,
to the nearest metre? In what direction
must Felipe swim to return to the boat?

13. While standing exactly halfway between
two tall trees, Nikki spots a blue jay at the
top of one tree and a cardinal at the top of
the other, as shown.

40m
From Nikki’s point of view, the angles
of elevation to the blue jay and to the
cardinal are 60° and 50°, respectively.
The trees are 40 m apart.

a) If Nikki is 1.5 m tall, find the height

of each tree, to the nearest tenth of
a metre.

b) How far apart are the two birds, to
the nearest tenth of a metre?

14. A fire station serves an area bordered by

15.

three highways that join the towns of West
Port, Sackville, and Jonestown, as shown.

West Port

Sackville ¢ ® Jonestown

Fire Station

The fire station serves a total area of
126 km?. Find the number of minutes it
would take for a fire truck to drive the
perimeter of this region, assuming an
average speed of 80 km/h.

From his cockpit, the |
. . 12 km

pilot of a flying plane P

observes a jet flying

directly above an airport,

as shown. From the 16 km

plane, the angle of

elevation to the jet is 14°

and the angle of depression to the airport
is 38°. Find the altitude of both aircraft, to
the nearest kilometre.

j Achievement Check
16.

Reasoning and Proving
el ~
Representing Selecting Tools

Problem Solving
/

Connecting Reflecting

A small lake has
three approximately
straight shorelines

so it fOTmS a \ Communicating/
triangle, ALAK. L
a) List all of the
. k a
possible
measurements A K

that could be I
determined for this lake.

b) If you were a surveyor standing at point
L, which of these measurements would
you measure and which ones would
you calculate? Justify your choice.

¢) Could you have made a different choice
in part b)? Is this choice better than
your previous one? Explain.
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Chapter 8 Review

8.1 The Sine Law, pages 396-404

1. Find the length of x, to Y
the nearest centimetre.

70°
X
55°
4 12 cm
2. Find the measure of 2P, P
to the nearest degree.
52m
R™39m O

3. Solve each triangle. Round answers to
the nearest unit, if necessary.

a) T

M 28 km
24 km
K
b) In acute ANRC, ZN = 47°, /R = 80°,
and r = 27 mm.

4. Three billiard balls are lying as shown.

® [ Y

The white cue ball is 55 cm from the red
ball and 62 cm from the black ball. The
line segment from the red ball to the white
ball and the line segment from the red
ball to the black ball form an angle of 82°.

a) How far apart are the red and black
balls, to the nearest centimetre?

b) Find the measures of the other angles
in the triangle formed by these three
billiard balls, to the nearest degree.
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8.2 The Cosine Law, pages 405-411
5. Find the length of ¢, to the

nearest metre.

. Solve each triangle. Round answers to

the nearest unit, if necessary.

a) u
67 mm

85 mm

D

b) In acute AEQW, LW = 77°, e = 11 km,
and g = 14 km.

. Lucy’s space shuttle is 35 km from her

mother ship and 42 km from a space
station. From Lucy’s point of view, the
mother ship and space station appear to
be 49° apart, as shown.

Mother Ship

Lucy

Space Station

a) How far apart are the mother ship and the
space station, to the nearest kilometre?

b) From the space station, by what angle
do the shuttle and mother ship appear
to be separated, to the nearest degree?



8.3 Find Angles Using the Cosine Law,
pages 412-419

8. Find the measure A
of 2B, to the 41 em
nearest degree. 26 cm
C B

32 cm

9. Solve each triangle. Round answers to the
nearest tenth of a degree.

a) In acute AVSF, v = 2.9 km, s = 3.5 km,
and f = 3.0 km.

b) In acute ASBZ, s =19 m, b = 21 m,
and z = 13 m.

10. While flying, a Water
helicopter pilot Tower [\ 4.8 km
spots a water
tower that is 7.0 km
4.8 km away to
the north. At 56km
the same time,  Monument
she also sees a
monument that is 5.6 km away to the
south. The tower and the monument are
separated by a distance of 7.0 km along the
flat ground. Find the angles at which the
pilot is viewing the water tower and the
monument, to the nearest degree.

8.4 Solve Problems Using Trigonometry,
pages 424-429

11. A person on the ground is directly
between two helicopters that are flying
toward each other at the same altitude.
The first helicopter is 2.0 km away from
the observer, at an angle of elevation of
30°, while the second helicopter is
3.5 km away. Round answers to the nearest
tenth of a kilometre, if necessary.

a) Draw a diagram and label the known
information.

b) How far apart are the helicopters?
¢) What is their altitude?

12. Percé Rock is located on the shore of
the Gaspé Peninsula in Québec. The
measurements shown were taken at low tide.

Find the height of Percé Rock, to the
nearest metre.

@ Chapter Problem Wrap-Up

aeronautical problem of your own involving
trigonometry for next year’s

class. Once you have created the
problem, solve it. Then, trade with a
partner and solve each other’s problem.

.

Congratulations! You have passed your first course at Fowler’s
Aeronautical School. Your last assignment is to create an

_ If you are interested in finding the next steps you need to take in order to become
k apilot, go to www.mcgrawhill.ca/links/principles10 and follow the links.

%
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Chapter 1 Linear Systems 5. Explain why the following linear system

1. Translate each sentence into an equation. has no solution.

Tell how you are assigning the two y—2x=1

variables. y=2x+3

a) Z(I)le perimeter of a basketball court is 6. Use a graphing calculator to find the point
m.

of intersection of each pair of lines. Round
b) The average of two numbers is 15. your answers to the nearest tenth.
¢) The value of the quarters and loonies

in a vending machine is $37.

a) y=x-—5
x+ 2y =10

b) 2x + 5y +20 =0
5x —3y+15 =0

d) The total receipts from adult tickets at
$20 each and student tickets at $12 each

was $9250. g y=7x
2. Use graphing to find the point of 3y =05x —2
intersection of each pair of lines. 7. Find the values of ¢ and b in the
a x—y=4 diagram shown.
3x +2y=7

1
= — —4
b) v 2x

(2a+ 3b)‘Y‘ 2by°

. A boat took 5 h to travel 60 km up a river,
against the current. The return trip took

v=2x—1
g x+y—4=0
5x—y—8=0
3. Solve each linear system using the method 8
of substitution.

a) x+4y=26 3 h. Find the speed of the boat in still
2x —3y=1 water and the speed of the current.

b) ¥ B 2 +3>1( 9. What volumes of 60% hydrochloric acid
y=ex solution and 30% hydrochloric acid

Qg 5x—y=4 solution must be mixed to make 125 mL
3x+yv=4

. Solve by elimination. Check each solution.

of 36% hydrochloric acid solution?

10. Solve the linear system.

a) x + y =55 x—2 y+1

2x —y=—4 g T ~2
b) 2a + b=5 X+ 2 y+5
a—2b=10 7 T 3 = -2
c¢) 4k + 3h =12

4k — h =4

d) 5a —2b=5

3a+ 2b=19
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Chapter 2 Analytic Geometry

11. Find the coordinates of the midpoint and
the length of each line segment.

yA

6
O

IS

A
7

N

\J
N

-

I\)IO
/
|
|
/
|

F(6.+2)

S

D(-3/-4

12. For AJKL, find an equation for
a) the median from vertex J
b) the median from vertex K
¢) the right bisector of side JL

vA
4 J(1.4)
A 1\
/1 1\
< ( >
& /2 0 4 X
K(=3, 1) ; \
\
4 L(3,-4)
Y

13. On a street map, the coordinates of the two
fire stations in a town are A(10, 63) and
B(87, 30). A neighbour reports smoke
coming from the kitchen of a house at
C(41, 18).

a) Which fire station is closer to this
house?

b) Describe how to use geometry software
to answer part a).

14.

15.

16.

17.

18.

19.

20.

Use analytic geometry to classify the
quadrilateral with vertices D(10, 0), E(2, 4),
F(—8, —6), and G(6, —8). Explain your
reasoning and show all your work.

a) Draw the triangle with vertices J(2, 10),
K(6, —6), and L(14, 6).

b) Calculate the coordinates of the
midpoint, M, of side JK and the
coordinates of the midpoint, N, of
side JL.

¢) Show that MN is half the length of KL.

d) Show that MN is parallel to KL.

Does the point P(—3, —2) lie on the right
bisector of the line segment with endpoints
Q(—2, 5) and R(4, 1)? Justify your answer.

a) Determine the type of quadrilateral
that has vertices at A(4, 6), B(—4, —2),
C(2, —5), and D(11, 4).

b) Describe how to use geometry software
to verify your answer to part a).

On a site plan for a new house, a water
main runs along the edge of the property
straight from point W(10, 34) to point

M(2, 2). The water service will enter the

house at point H(24, 22). The grid intervals

on the plan represent 0.5 m.

a) At what point on the water main should
the connector to take water to the house
be located? Explain your reasoning.

b) What length of pipe will this
connection require?

Find an equation for the circle centred at
the origin and passing through the point

a) J(0, 7)
b) K(5, 6)

c) (8, \/5]

Find the diameter and the area of the circle
defined by x* + y? = 64.
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21. You are designing a chute for loading

o < 25. a) Verify that ADEF is a right triangle.
grain into rail cars. The cars have a round

hatch 60 cm in diameter. The chute will YA
have a square cross section. Find the side 51 Dz 14
length of the largest chute that will fit into 5 —— £(18,10)
the hatch. Round your answer to the I - \&777:>>777
: Q Pl
nearest centimetre. 8 \ %t
I
4
£8.4
o] | 4 8 121620 /%
Y

b) Describe another way to use analytic
geometry to answer part a).

26. a) Draw the triangle with vertices
J(—4, —6), K(2, —4), and L(8, 10).

b) Verify that the triangle formed by

Chapter 3 Geometric Properties
22. a) What is the centroid of a triangle?

b) Describe how to use analytic geometry joining the midpoints of the sides
to find the coordinates of the centroid of AJKL is similar to AJKL.
of a triangle, given the coordinates of
the vertices. 27. a) Find an equation for each of the
¢) Outline how to use geometry software right bisectors of the sides of AJKL.
to find the centroid of a triangle. YA
23. a) Show that each median of a triangle -
. . g K(®.8)
bisects the area of the triangle. 8
b) Outline how to use geometry software 6 '//
to answer part a).
Ni.2
24. Verify that AABC is isosceles. . 1.4
i (6,14) = 2ol o
4 = -4 | -2 2 4 16 | 8 X
2L / 2
(=6, 10) oo 0 4
/ Y

@

b) Find the circumcentre of AJKL, the

6 / point of intersection of the right
bisectors of the three sides.
/ ¢) Show that the circumcentre of AJKL
2 B2 2) is equidistant from its vertices.

A
<Y
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28. List the types of quadrilaterals that have
diagonals that

a) are equal in length
b) bisect each other
¢) meet at right angles

29. a) Show that a line segment that joins
the midpoints of opposite sides of a
parallelogram has the same length as

the other two sides of the parallelogram.

b) Outline how to use geometry software
to answer part a).

30. a) Verify that the quadrilateral with
vertices A(2, 7), B(—2, 2), C(4, —2),
and D(8, 3) is a parallelogram.

b) Verify that the diagonals of ABCD are
equal in length.

¢) Verify that the diagonals bisect each
other.

d) Verify that the diagonals are not
perpendicular.

31. Determine the type of quadrilateral created
by the points of intersection of the lines

1
x—y+3=0,y=x—2,y=—gx+5,
and x + 2y + 12 = 0.

32. a) Verify that the points P(2, 5), Q(6, —1),
and R(7, 4) all lie on a circle centred at
C(4, 2).
b) Verify that the centre of the circle lies
on the right bisector of chord PQ.

33. Outline how to use geometry software to
find the centre of a circle given the
coordinates of three points on the circle.

Chapter 4 Quadratic Relations

34.

35.

36.

Use finite differences to determine
whether each relation is linear, quadratic,
or neither.

a) X v b)

X y
-2 -12 -2 -6
-1 -3 -1 -3
0 0 0 0
1 -3 1 3
2 12 2 6
3 ~36 3 9
)
-2 -12
-1 -7
0 -2
1 3
2 8
3 13
A basketball shot is taken from a

horizontal distance of 5 m from the hoop.

The height of the ball can be modelled by
the relation h = —7.3#2 + 8.25¢t + 2.1,
where h is the height, in metres, and ¢

is the time, in seconds, since the ball

was released.

a) From what height was the ball released?

b) What was the maximum height reached
by the ball?

¢) If the ball reached the hoop in 1 s, what
was the height of the hoop?

Sketch each parabola. Label the
coordinates of the vertex and the
equation of the axis of symmetry.

a) y=x*-3

b) y=(x+1)?*-1

€ y=—-2(x—4)?%-3
d) y =050+ 6)% + 3

Course Review * MHR 441



37. The height of lava ejected from the
Stromboli volcano can be modelled by the
relation h = —5#(t — 11), where h is the
height, in metres, of the lava above the
crater and t is the time, in seconds, since
it was ejected.

a) Graph the relation.

b) Find the maximum height reached by
the lava, to the nearest metre.

¢) How long does the lava take to reach
the maximum height?

d) Is the length of time that the lava is in
the air twice the answer from part c)?
Explain why or why not.

38. Determine an equation to represent each

parabola.
a) VA
H©3
~Z ol \z 27X
[ o] '\
| \
[ L4
(2,-5)
\am
b) A vA If
< (-5,0) (,0) |
-4 -2 0 2[4 Tx
\ > |
\ |
\ 4 |
\ |
\ 6 [
o 2-7)
\ o1
\ ol |/
\ /
\l 141/
Y

442 MHR - Course Review

39.

40.

41

The vertex of a parabola is (-2, —4).
One x-intercept is 7. What is the other
x-intercept?

Evaluate.

a) 8°

b) 371!

Qg (=2)7°

‘()

e) (—18)°

)

. A piece of wood burns completely in 1 s

at 600°C. The time it takes for the wood to
burn is doubled for every 10°C drop in
temperature and halved for every 10°C
increase in temperature. Determine how
long the piece of wood would take to burn
at each temperature.

a) 500°C
b) 650°C

Chapter 5 Quadratic Expressions

42.

Expand and simplify.

a) 3(x —4) + 5(x + 6)
b) 6(a + 3) — 2(a — 5)
¢ 4(1 — 3k) — (2 — 4Kk)
d) 2t(3t — 4) + t(2t + 5)

e) %(6 +3p) — %(8 — 10p)

f) 3y(y* —y—1) — y(2y* — 3y + 4)



43.

44.

45.

46.

a) Write an algebraic expression to
represent the surface area of the
rectangular prism. Expand and simplify.

X+3

-2
x 2x+ 1

b) If x represents 5 cm, what is the surface
area?

Expand and simplify.

a) (x + 4)?
b) (v —4)(y + 4)
¢) (a — 5)?

d) (3t+ 1)(3t — 1)
e) (5a + 3b)(5a — 3b)
f) 2(3m + 1)

Expand and simplify.

a) (m — 3)(m + 3) + (m — 4)?

b) 3(2t + 1)2 + 2(3t — 1)(3t + 1)

) 2(3x + 2y)(3x — 2y) — 3(3x — y)?

d 2y — 1)+ (y+2)> - (1 - 2y)1 + 2y)
e) (4m + n)® + 2(m — 2n)?

f) 5(2t — 5z)% + 3(4t — 3z)(4t + 3z)

Factor.

a) 5k — 35

b) 4h? — 20h
€) 2xy — 8xy?
d) x2 — 25

e) 1 — 49m?

f) 4a® — 16b?

47. The area of the rectangle is given by the

48.

49.

50.

51.

52.

expression n? — 5n + 6.

Areais
n°-5n+6.

a) Find expressions for the length and the
width.

b) If n represents 8 cm, determine the
perimeter and the area of the rectangle.

Factor each trinomial, if possible.
a) x2—x—12

b) y2 + 3y — 18

¢) m>+ 11m + 24

d) 2 — 8t +15

e) x*+ 3x + 4

f) n> —13n + 40

g) w?— w—30

h) 14 + 5m — m?

Factor, if possible.

a) x2 + 10x + 25

b) y2 — 12y + 36

¢) m?>+ 6m + 16

d) 4x> + 12x + 9

e) 25r2 — 20rs + 4s?
f) 5x% — 20xy + 20y?

Write two different trinomials that have
x + 2 as a factor.

Determine all values of p so that each
trinomial is a perfect square.

a) x2 + px + 16
b) 4x% — 12x + p
¢) px? + 40x + 16

If m and n are integers, find values of m
and n such that m? — n? = 21.
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Chapter 6 Quadratic Equations

53.

54.

55.

56.

57.

58.

Rewrite each relation in the form

y = a(x — h)? + k by completing the
square. Graph the relation and give the
vertex and the equation of the axis of
symmetry.

a) y=x*+4x+1

b) y=-x*—-6x—5

€ y=3—4x —x*

Use Technology Use a graphing calculator
to find the maximum or minimum point

of each parabola, rounded to the nearest
tenth.

a) y=2x2+6x+5
b) y= —3x2+ 2x + 1
¢) y=0.8x2 + 0.5x — 3.6

Find the x-intercepts of each parabola.
a) y=x*+2x—3

b) y=x2+6x+5

€ y=x>—4x + 4

d) y=4x2 -12x + 9

Solve by factoring. Check your solutions.
a) x>+ 3x—28=0

b) m*+7m+ 10 =0

¢) 2n? =27 — 15n

d) 3k(k —4)+k+4k+1)=0

Write a quadratic equation with the given
roots.

a) 5, -2

Find the value of k so that each parabola
has only one x-intercept.

a) kx? —5x+2=0
b) x>+ kx+9=0
) 25x2+20x+ k=0
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59.

60.

61.

62.

63.

The area of the rectangle is 36 cm?. What
are its dimensions?

Use the quadratic formula to solve each
equation. Express your answers as exact
roots.

a) x2—x—4=0
b) 7k — 2k —2=0
¢ 2x? =3 — 8x
d) 4h =5 — 4h?
e 0=-3a>+4a+1

A store sells 90 ski jackets for $200 each. A
survey indicates that for each $10 decrease
in price, five more jackets will be sold.

a) Find the number of jackets sold and
the selling price when the total revenue
is $17 600.

b) What is the lowest price that will give
revenues of at least $15 6007 How many
jackets would be sold at this price?

The hypotenuse of a right triangle
measures 20 cm. The sum of the lengths
of the legs is 28 cm. Find the length of
each leg of the triangle.

A rectangular swimming pool measuring
10 m by 4 m is surrounded by a deck of
uniform width. The total area of the pool
and deck is 135 m?. What is the width of
the deck?




Chapter 7 Trigonometry of Right Triangles

64. Identify the two similar triangles and
explain why they are similar.

A

C B

65. At noon, the shadow of a tree is 4.3 m
long. At the same time, the shadow of a
metre stick is 0.2 m long. What is the
height of the tree?

66. Find the measure of ZA, to the nearest

degree.
a) B
8.5cm
A 13.2cm C
b) 0.7m
C (] A
1.2m
B

67. A road sign shows that a hill has a grade of
8%. What is the angle of inclination of the
hill, to the nearest tenth of a degree?

68.

69.

Find x, to the nearest tenth of a unit.
a)
53°
126m

b) J 28°

12.5cm

Solve each triangle. Round lengths to the
nearest unit and angle measures to the
nearest degree.

a) A
56 cm
35
B C
b) € 60 m D
41° \_‘
F
) u
10m 15m
S T
d) 0 13 cm P
R
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70. In AXYZ, £X = 90°, XY = 3.5 cm, and
YZ = 4.8 cm. Solve AXYZ. Round
lengths to the nearest tenth of a metre
and angle measures to the nearest
degree.

71. In AABC, 2C = 90°. If sin A = 0.5,
what is the measure of ~B?

72. A coast guard boat is 14.8 km east of a
lighthouse. A disabled yacht is 7.5 km
south of the lighthouse.

a) How far is the coast guard boat from
the yacht, to the nearest tenth of a
kilometre?

b) At what angle south of due west, to
the nearest tenth of a degree, should
the coast guard boat travel to reach
the yacht?

73. The Confederation Bridge joins New
Brunswick and Prince Edward Island.
From a boat in the Northumberland
Strait, the angle of elevation of the
highest point on the bridge is 26.6°.
When the boat is 100 m closer to the
bridge, the angle of elevation is 71.7°.
What is the height of the bridge, to the
nearest tenth of a metre?

74. Find the length of x, to the nearest
centimetre.

Y

65 cm ’_‘
X
54 cm
V
X z
28 cm

W
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Chapter 8 Trigonometry of Acute Triangles

75. Find the measure of ZA, to the nearest

degree.
B
48°
153 cm
A 13.6 cm ¢

76. In AABC, 2B = 38.2°, 2C = 65.6°, and
b = 54 cm. Find c, to the nearest tenth
of a centimetre.

77. Solve each triangle. Round answers to the
nearest tenth, if necessary.

a) R B P
43 cm 38 cm
Q
b) In AJKL, 2L = 32°,j = 20.5 cm, and
/K = 75°,

78. The longer diagonal of a parallelogram
measures 8.5 cm. This diagonal makes
angles of 43° and 32° with the sides of the
parallelogram, as shown. Find the length
of each side of the parallelogram, to the
nearest tenth of a centimetre.

8.5 cm

43°
32°

79. Find the unknown side length, to the
nearest tenth of a metre.
R

10m
40°
20m

S



80. Solve AKLM. Round answers to the

nearest tenth of a degree.

K
3.2cm i \ 2.5cm
L M

2.8cm

81. Determine the area of ARST, to the
nearest square metre.

R
12,M
S

19.8m T

82. Determine the perimeter of
isosceles AABC, to the nearest
tenth of a centimetre.

A

10cm

83. Find the length & in each, to the nearest

tenth of a metre.

a) D
/Ih
272-35°
A B C
-~

50m
b) D
’_lh
A 47 : 42 B
< 200 m

84.

85.

86.

Two boats left the harbour at the same
time. One travelled at 10 km/h on a
bearing of N47°E. The other travelled at
8 km/h on a bearing of N79°E. How far
apart were the boats after 45 min?
Round the distance to the nearest tenth
of a kilometre.

Solve the following triangles. Round

lengths to the nearest tenth of a metre and

angle measures to the nearest degree.

a) In ADEF, /D = 58°, /E = 53°, and
d =8 cm.

b) In ARST, R =73°, r=8 m, and
t=6m.

¢) In AABC, LA =68° b =5 cm, and
c=7cm

d) In AWXY, w=11m, x = 10 m, and
y=14m

The three sides of a triangle measure
15 cm, 17 cm, and 18 cm. Find the
measure of the largest angle, to the
nearest degree.
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Glossary
A

acute angle An angle whose measure is less than 90°.

acute triangle A triangle in which each of the three
interior angles measures less than 90°.

algebra tiles A collection of squares and rectangles, with
different-coloured sides, that are used to represent units
and variables.

algebraic expression A mathematical phrase made
up of numbers and variables, connected by addition
and/or subtraction operators.

x — 3,5y, and 6 + 2k are algebraic expressions.
algebraic modelling The process of representing a

relationship by an equation or a formula, or representing
a pattern of numbers by an algebraic expression.

alternate angles Pairs of equal angles formed on either
side of a transversal crossing a pair of parallel lines.

b=g
c=f

ofe

b/ f

c/g

d/h

altitude The height of a geometric shape.
A

B C

angle bisector A line that divides an angle into two
equal parts.

angle bisector

570 MHR - Glossary

angle of declination Another name for angle of
depression.

angle of depression An angle measured below
the horizontal.

angle of
depression

angle of elevation An angle measure above
the horizontal.

angle of
elevation

angle of inclination Another name for angle of elevation.

area The number of square units contained in a
two-dimensional region.

average Another name for mean. The sum of a set of
values divided by the number of values in the set.

1+5+6

The mean of 1, 5, and 6 is , OT 4.

axis of symmetry A line that divides a figure into two
congruent parts.

base (of a power) The number used as a factor for
repeated multiplication.

In 6%, the base is 6.

BEDMAS A way of remembering the order of operations.
BEDMAS stands for Brackets, Exponents, Division,
Multiplication, Addition, Subtraction.

binomial A polynomial that has two terms.

3x + 4 is a binomial.

bisect Divide into two equal parts.



Cartesian coordinate system The system developed by
René Descartes for graphing points as ordered pairs on
a grid, using two perpendicular number lines. Also
referred to as the Cartesian plane, the coordinate grid,
or the xy-plane.

VA

2.
(4

A
Y

2.
[S

Y

Cartesian grid A grid with perpendicular axes. See
Cartesian coordinate system.

centroid The point where the three medians of a
triangle intersect.

centroid

cevian A line segment that joins a vertex of a triangle
to any point on the opposite side.

chord A line segment joining two points on a curve.

circle The set of all points in the plane that are
equidistant from a fixed point called the centre.

circumcentre The point of intersection of the three right
bisectors of the sides of a triangle.

A

A is the circumcentre.

circumference The perimeter of a circle.

coefficient The number by which a variable is multiplied.

In the term 8y, the coefficient is 8.

co-interior angles Pairs of supplementary angles formed

between a pair of parallel lines crossed by a transversal.
b+c=180° f+g=180°

ofe
A
d/ h

collecting like terms Simplifying an expression
containing like terms by adding their coefficients.

collinear Lying on the same line.

common factor A number that is a factor of (divides
evenly into) all the numbers in a set.

3 is a common factor of 6, 12, and 15.

complementary angles Angles whose sum is 90°.

completing the square A process for expressing
y = ax* + bx + c in the form y = a(x — h)? + k.

concurrent Meeting at a single point.

congruent figures Figures that are identical in size
and shape.

conjecture A general conclusion drawn from a number
of individual facts. It may or may not be true.

constant term A term that contains no variables.
Its value does not change.
In 2x + 5, the constant term is 5.

contained angle The interior angle formed at a
vertex between two adjacent sides of a polygon.

corresponding angles Pairs of equal angles, in
corresponding positions, formed by a trans