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THE KEY—Math 12 Calculus and Vectors

THE KEY consists of the following sections:

KEY Tips for Being Successful at School gives examples of study and review strategies. It includes
information about learning styles, study schedules, and note taking for test preparation.

Class Focus includes a unit on each area of the curriculum. Units are divided into sections, each
focusing on one of the specific expectations, or main ideas, that students must learn about in that unit.
Examples, definitions, and visuals help to explain each main idea. Practice questions on the main
ideas are also included. At the end of each unit is a test on the important ideas covered. The practice
questions and unit tests help students identify areas they know and those they need to study more.
They can also be used as preparation for tests and quizzes. Most questions are of average difficulty,
though some are easy and some are hard—the harder questions are called Challenger Questions.
Each unit is prefaced by a Table of Correlations, which correlates questions in the unit to the specific
curriculum expectations. Answers and solutions are found at the end of each unit.

KEY Strategies for Success on Tests helps students get ready for tests. It shows students different
types of questions they might see, word clues to look for when reading them, and hints for answering
them.

Practice Tests includes one to three tests based on the entire course. They are very similar to the
format and level of difficulty that students may encounter on final tests. In some regions, these tests
may be reprinted versions of official tests, or reflect the same difficulty levels and formats as official
versions. This gives students the chance to practice using real-world examples. Answers and
complete solutions are provided at the end of the section.

For the complete curriculum document (including specific expectations along with examples and sample
problems), visit www.edu.gov.on.ca/eng/curriculum/secondary.

THE KEY Study Guides are available for many courses. Check www.castlerockresearch.com for a
complete listing of books available for your area.

For information about any of our resources or services, please call Castle Rock Research at 905.625.3332
or visit our website at http://www.castlerockresearch.com.

At Castle Rock Research, we strive to produce an error-free resource. If you should find an error, please
contact us so that future editions can be corrected.
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KEY FACTORS CONTRIBUTING TO SCHOOL SUCCESS

In addition to learning the content of your courses, there are some other things that you can do to help you
do your best at school. Some of these strategies are listed below.

Keep a positive attitude: Always reflect on what you can already do and what you already know.

Be prepared to learn: Have ready the necessary pencils, pens, notebooks, and other required materials
for participating in class.

Complete all of your assignments: Do your best to finish all of your assignments. Even if you know
the material well, practice will reinforce your knowledge. If an assignment or question is difficult for
you, work through it as far as you can so that your teacher can see exactly where you are having
difficulty.

Set small goals for yourself when you are learning new material: For example, when learning the
parts of speech, do not try to learn everything in one night. Work on only one part or section each study
session. When you have memorized one particular part of speech and understand it, then move on to
another one, continue this process until you have memorized and learned all the parts of speech.

Review your classroom work regularly at home: Review to be sure that you understand the material
that you learned in class.

Ask your teacher for help: Your teacher will help you if you do not understand something or if you
are having a difficult time completing your assignments.

Get plenty of rest and exercise: Concentrating in class is hard work. It is important to be well-rested
and have time to relax and socialize with your friends. This helps you to keep your positive attitude
about your school work.

Eat healthy meals: A balanced diet keeps you healthy and gives you the energy that you need for
studying at school and at home.

Key Tips 2 Castle Rock Research
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Every student learns differently. The manner in which you learn best is called your learning style. By
knowing your learning style, you can increase your success at school. Most students use a combination of
learning styles. Do you know what type of learner you are? Read the following descriptions. Which of
these common learning styles do you use most often?

« Linguistic Learner: You may learn best by saying, hearing, and seeing words. You are probably
really good at memorizing things such as dates, places, names, and facts. You may need to write and
then say out loud the steps in a process, a formula, or the actions that lead up to a significant event.

« Spatial Learner: You may learn best by looking at and working with pictures. You are probably
really good at puzzles, imagining things, and reading maps and charts. You may need to use strategies
like mind mapping and webbing to organize your information and study notes.

» Kinaesthetic Learner: You may learn best by touching, moving, and figuring things out using
manipulative. You are probably really good at physical activities and learning through movement. You
may need to draw your finger over a diagram to remember it, “tap out” the steps needed to solve a
problem, or “feel” yourself writing or typing a formula.

THE KEY — Math 12 Calculus and Vectors 3 Key Tips
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You should review your class notes regularly to ensure that you have a clear understanding of all the new
material you learned. Reviewing your lessons on a regular basis helps you to learn and remember ideas
and concepts. It also reduces the quantity of material that you need to study prior to a test. Establishing a
study schedule will help you to make the best use of your time.

Regardless of the type of study schedule you use, you may want to consider the following suggestions to
maximize your study time and effort:

Organize your work so that you begin with the most challenging material first.
Divide the subject’s content into small, manageable chunks.

Alternate regularly between your different subjects and types of study activities in order to maintain
your interest and motivation.

Make a daily list with headings like “Must Do,” “Should Do,” and “Could Do.”
Begin each study session by quickly reviewing what you studied the day before.

Maintain your usual routine of eating, sleeping, and exercising to help you concentrate better for
extended periods of time.

Key Tips 4 Castle Rock Research
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MIND-MAPPING OR WEBBING

Use the key words, ideas, or concepts from your reading or class notes to create a mind map or web (a

diagram or visual representation of the given information). A mind map or web is sometimes referred to

as a knowledge map.

» Write the key word, concept, theory, or formula in the centre of your page.

« Write down related facts, ideas, events, and information and then link them to the central concept

with lines.

» Use coloured markers, underlining, or other symbols to emphasize things such as relationships, time
lines, and important information.

The following examples of a Frayer Model illustrate how this technique can be used to study
mathematical vocabulary.

Definition Characteristics Definition Visual Presentation
— Perimeter is the — Measured in linear A cube is a solid 3-D -
distance around units (e.g., metres, object that has :
a polygon centimetres) - 6 square faces, all
equal in size ot
~ 8 vertices o
(Ferimeter) 12 equal edees ™ Cube )
\.—/ TS -/
Examples Non-examples Characteristics or Examples
— Fence around a ~ Grass covering a Properties
yard yard — 6 square faces
— Distance around a — Area of rug ~ 8 vertices
circle covering a floor ~ 12 edges
(circumference) - 6 flat faces
THE KEY - Math 12 Calculus and Vectors 5 Key Tips
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INDEX CARDS

To use index cards while studying, follow these steps:

+ Write a key word or question on one side of an index card.

. Qn the reverse side, write the definition of the word, answer to the question, or any other important
information that you want to remember.

What is an prime number?

____What is an prime number?
| Aprime number is any number that
: has exactly 2 factors.

_ A prime number can be divided .

~ evenly only by itself and one.

. For example, 2, 3, 5, 7, 19.
Ij’;jf”The number one is not a prime number.

SYMBOLS AND STICKY NOTES—IDENTIFYING IMPORTANT INFORMATION

+ Use symbols to mark your class notes. For example, an exclamation mark (!) might be used to point
out something that must be learned well because it is a very important idea. A question mark (?) may
highlight something that you are not certain about, and a diamond () or asterisk (*) could highlight
interesting information that you want to remember.

« Use sticky notes when you are not allowed to put marks in books.
« Use sticky notes to mark a page in a book that contains an important diagram, formula, explanation, etc.

« Use sticky notes to mark important facts in research books.

Key Tips 6 Castle Rock Research
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* Association relates new learning to something you already know. For example, to remember the
spelling difference between dessert and desert, recall that the word sand has only one s. So, because
there is sand in a desert, the word desert only has on s.

* Mnemonic devices are sentences that you create to remember a list or group of items. For example, the
first letter of each word in the phrase “Every Good Boy Deserves Fudge” helps you to remember the
names of the lines on the treble clef staff (E, G, B, D, and F) in music.

« Acronyms are words that are formed from the first letters or parts of the words in a group. For
example, RADAR is actually an acronym for Radio Detecting And Ranging, and MASH is an
acronym for Mobile Army Surgical Hospital. HOMES helps you to remember the names of the five
Great Lakes (Huron, Ontario, Michigan, Erie, and Superior).

* Visualizing requires you to use your mind’s eye to “see” a chart, list, map, diagram, or sentence as it is
in your textbook or notes, on the chalk board or computer screen, or in a display.

« Initialisms are abbreviations that are formed from the first letters or parts of the words in a group.
Unlike acronyms, initialisms cannot be pronounced as a word themselves. For example, BEDMAS is
an initialism for the order of operations in math (Brackets, Exponents, Divide, Multiply, Add,
Subtract).

Reviewing textbook material, class notes, and handouts should be an ongoing activity. Spending time
reviewing becomes more critical when you are preparing for tests. You may find some of the following
review strategies useful when studying during your scheduled study time.

» Before reading a selection, preview it by noting the headings, charts, graphs, and chapter questions.

*+ Read the complete introduction to identify the key information that is addressed in the selection.

* Read the first sentence of the next paragraph for the main idea.

» Skim the paragraph and note the key words, phrases, and information.

Read the last sentence of the paragraph.

» Repeat this process for each paragraph and section until you have skimmed the entire selection.

THE KEY — Math 12 Calculus and Vectors 7 Key Tips
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Review, review, review: review is a huge part of doing well at school and preparing for tests. Here is a
checklist for you to keep track of how many suggested strategies for success you are using. Read each
question and then put a check mark (v') in the correct column. Look at the questions where you have

checked the “No” column. Think about how you might try using some of these strategies to help you do
your best at school.

KEY Strategies for Success Yes No

Do you attend school regularly?

Do you know your personal learning style—how you learn best?

Do you spend 15 to 30 minutes a day reviewing your notes?

Do you study in a quiet place at home?

Do you clearly mark the most important ideas in your study notes?

Do you use sticky notes to mark texts and research books?

Do you practise answering multiple-choice and written-response questions?

Do you ask your teacher for help when you need it?

Are you maintaining a healthy diet and sleep routine?

Are you participating in regular physical activity?

Key Tips 8 Castle Rock Research
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RATE oF CHANGE

i

Practice | Unit Test | Practice | Practice

Outcome
Questions | Questions | Test 1 Test 2

RC1.0}Investigating Instantaneous Rate of Change at a Point

RCI.1} describe examples of real-world applications of rates of 1,2 1,2 i
change, represented in a variety of ways

RC1.2| describe connections between the average rate of change of a | 3,4 3,4 1 2
function that is smooth (i.e., continuous with no corners) over
an interval and the slope of the corresponding secant, and
between the instantaneous rate of change of a smooth function
at a point and the slope of the tangent at that point

RC1.3| make connections, with or without graphing technology, 5,6 5,6 2
between an approximate value of the instantaneous rate of
change at a given point on the graph of a smooth function and
average rates of change over intervals containing the point
(i.e., by using secants through the given point on a smooth
curve to approach the tangent at that point, and determining
the slopes of the approaching secants 1o approximate the slope
of the tangent)

RC1.4| recognize, through investigation with or without technology, 7 7 3
graphical and numerical examples of limits, and explain the
reasoning involved

RC1.5| make connections, for a function that is smooth over the 8,9 8,9 3 4
interval a [lesser than or equal to symbol] x [lesser than or
equal to symbol] a + h, between the average rate of change of
the function over this interval and the value of the expression
fla+ h)—fla)/h, and between the instantaneous rate of change
of the function at x = a and the value of the limit lim{h arrow

0] fla+ h) - fla)/h

RC1.6| compare, through investigation, the calculation of 10, 11 10,11 4 5
instantaneous rates of change at a point (a, f(a)) for polynomial
functions, with and without f{a + h) — fla)/h simplifying the
expression before substituting values of that approach zero

RC2.0|Investigating the Concept of the Derivative Function

RC2.1| determine numerically and graphically the intervals over 12,13, 14 12,13, 14 5,6 6
which the instantaneous rate of change is positive, negative,
or zero for a function that is smooth over these intervals (e.g.,
by using graphing technology to examine the table of values
and the slopes of tangents for a function whose equation is
given; by examining a given graph), and describe the
behaviour of the instantaneous rate of change at and between
local maxima and minima

RC2.2| generate, through investigation using technology, a table of 15 15
values showing the instantaneous rate of change ofa
polynomial function, f{x), for various values of x (e.g.,
construct a tangent to the function, measure its slope, and
create a slider or animation to move the point of tangency),
graph the ordered pairs, recognize that the graph represents
a function called the derivative, f(x) or dy/dx, and make
connections between the graphs of f{x) and f (x) or y and dy/dx

[e.g., when f{x) is linear, f(x) is constant; when f(x) is
quadratic, f'(x) is linear; when @ is cubic, f(x) is quadratic]

Class Focus 10 Castle Rock Research
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RC2.3

determine the derivatives of polynomial functions by
simplifying the algebraic expression f{x + h) — f{x)/h and then
taking the limit of the simplified expression as h approaches
zero [i.e., determining lim{h arrow 0] f(x + h) — f(x)/h]

16,17

16, 17

RC2.4

determine, through investigation using technology, the graph
of the derivative f(x)or dy of a given sinusoidal function [i.e.,
dx f{x) =sinx, f{x) = cos x] (e.g., by generating a table of values
showing the instantaneous rate of change of the function for
various values of x and graphing the ordered pairs, by using
dynamic geometry software to verify graphically that when f{x)
=sinx, fi(x) = cos x, and when f{x) = cos x, f(x) = —sin x; by
using a motion sensor to compare the displacement and
velocity of a pendulum)

18

18, 19

RC2.5

determine, through investigation using technology, the graph
of the derivative f(x)or dy/dx of a given exponential function
[i.e, fix) =a(x) (a> 0, a #1)], and make connections between
the graphs of f{x) and f(x) or y and dy/dx

19,20

20,21

RC2.6

determine, through investigation using technology, the
exponential function f(x) = a(x) (a > 0, a # 1) for which f(x)
= f(x) (e.g., by using graphing technology to create a slider
that varies the value of a in order to determine the exponential
Sfunction whose graph is the same as the graph of its derivative),
identify the number e to be the value of a for which f(x) = f{x)
[i.e., given f(x) = e(x), f (x) = e(x)], and recognize that for the
exponential function f{x) = e(x) the slope of the tangent at any
point on the function is equal to the value of the function at
that point

21

22

RC2.7

recognize that the natural logarithmic function f{x) = log(e)x,
also written as f{x) = In x, is the inverse of the exponential
Sunction f{x) = e(x), and make connections between f{x) = In x

and f(x) = e(x)

22

23

10

RC2.8

verify, using technology (e.g., calculator, graphing
technology), that the derivative of the exponential function f(x)
= a(x) is fi(x) = ax In a for various values of a

23

24

10, 11

RC3.0

Investigating the Properties of Derivatives

RC3.1

verify the power rule for functions of the form f(x) = x(n), where
n is a natural number

24

25

12

RC3.2

verify the constant, constant multiple, sum, and difference rules
graphically and numerically, and read and interpret proofs
involving lim{h arrow 0] fix + h) — f{x)/h of the constant,
constant multiple, sum, and difference rules (student
reproduction of the development of the general case is not
required)

25,26

26,36

13

13

RC3.3

determine algebraically the derivatives of polynomial
Sfunctions, and use these derivatives to determine the
instantaneous rate of change at a point and to determine
point(s) at which a given rate of change occurs

27,28, 29,
30

27,28, 29,
37

14

RC3.4

verify that the power rule applies to functions of the form f{(x)
= x(n), where n is a rational number, and verify algebraically
the chain rule using monomial functions and the product rule
using polynomial functions

31

30

15

RC3.5

solve problems, using the product and chain rules, involving
the derivatives of polynomial functions, sinusoidal functions,
exponential functions, rational functions, radical functions,
and other simple combinations of functions*

32,33, 34,
35,36

31, 32,33,
34,35

16

16

THE KEY — Math 12 Calculus and Vectors 1
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RC1.1 describe examples of real-world

applications of rates of change, represented in a
variety of ways

APPLICATIONS OF RATES OF CHANGE

There are numerous applications and situations
involving rate of change.

With the present-day interest in global warming,
there are many historical studies and a lot of research
being done on the rate at which various regions of
Earth are warming. On a related topic, there is
research on how fast the ozone layer of the
atmosphere is being depleted.

In medicine, there are studies on the rate of
advancement of disease, and the rate of
effectiveness of drugs and other treatments.

In finance and economics, there is interest in many
rates of change, such as the rate of growth of
economies and the rate of change of the values of
stock markets.

The rate of change of displacement with respect to
time is called velocity. When an object is dropped
from a height of 200 m, its velocity, v, in metres per
second, toward the centre of Earth after ¢ seconds is
given by the formula v = —9.8¢. This formula
disregards the effect of air friction on the object.
Thus, after 3 s, the velocity of the object is

v = —9.8(3) = —29.4. The negative sign indicates
the direction is toward Earth rather than away
from it.

Graphs are often used to show or emphasize rates of
change. For example, consider what happens to the
temperature in a barbecue when it is turned off.

Class Focus
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This graph shows the temperature, y (measured in
degrees Celsius), in a particular barbecue x minutes
after it has been turned off.

Barbecue Temperature
after Being Turned Off
A :

i

w

\ ; -

N
/

/

~ . S

h
h

*/

{ ’ i
dnd ol H

T 3603530354045 50 55 6065
Time (min)

The temperature of the barbecue falls quickly
initially (the graph is steep) and much more slowly
as time passes (the graph is getting flatter).

This shows that the rate of change of the temperature
with respect to time is greater initially (negatively)
than it is after it gets closer to the temperature of the
surrounding air.

1.  Which of the following changes does not
represent a positive rate of change?
A. The change in temperature of water

being heated over time

B. The change in fuel economy as a

vehicle increases its speed

C. The change in tension of a spring as

the spring is compressed

D. The change in average monthly
temperature in Canada from January

to May

Use the following information to
answer the next question.

An object’s position, s, in metres with
respect to time, 7, in seconds is given by
the formula s = 2¢ - 5.

What is the rate of change of the object
from 0 to 587
A. 0.0 m/s

C. 2.5m/s

B. 2.0 m/s
D. 5.0 m/s

Castle Rock Research
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RC1.2 describe connections between the average
rate of change of a function that is smooth (i.e.,
continuous with no corners) over an interval and the
slope of the corresponding secant, and between the
instantaneous rate of change of a smooth function
at a point and the slope of the tangent at that point

UNDERSTANDING AVERAGE RATE OF
CHANGE AND INSTANTANEOUS RATE

OF CHANGE
The average rate of change of a continuous
function f(x) over an interval fromx =atox =5

is determined by calculating %}5@. This is

also the slope, myg, of the secant line, /, through
points (a, fla)) and (b, Ab)).
'y

/

(b, (b))

(a, f(a))

Therefore, the average rate of change over an
_fB) -1

b-a
The slope of the secant line gets closer to the slope
of the tangent line at point (a, f{a)) as point (b, b))
moves closer to point (a, fa)). Therefore, the
instantaneous rate of change of the function at the
point (a, fla)) is the slope of the tangent line, m,, at
(a, fla)). This can also be described as the
instantaneous rate of change of y (or f{x)) with
respect to x when x = a.

interval from x = a to x = b is mg

THE KEY - Math 12 Calculus and Vectors

This diagram shows the tangent line at (a, fla)).

J
)

LI—, 1y

0 a

Use the following information to
answer the next question.

The graph of a function, £, is given.

y

=S

—

SR =

Jr\ J; 1

=
R

3. What is the average rate of change of
between the points (-1, f(-1)) and

(-5, f(=5)?
1
A, -2 B.
1
C. 5 D. 2

| Written Response |

4. For a smooth function y = f(x), what
f(x) - f(x)

does the quotient
Xy =X

represent?

13 Rate of Change




RC1.3 make connections, with or without graphing
technology, between an approximate value of the
instantaneous rate of change at a given point on the
graph of a smooth function and average rates of
change over intervals containing the point (i.e., by
using secants through the given point on a smooth
curve to approach the tangent at that point, and
determining the slopes of the approaching secants
to approximate the slope of the tangent)

APPROXIMATING INSTANTANEOUS
RATES OF CHANGE

The instantaneous rate of change or slope of a
tangent at a fixed point of a graph of a function can
be approximated by calculating the slopes of secants
as one point approaches the fixed point.

The TABLE feature on a TI-83 Plus graphing
calculator can be used to find the instantaneous rate
of change of a given function at a particular x-value.

Example
Using the TABLE feature of a TI-83 Plus
calculator and x-values of —1.1, —0.9, —1.01,
-0.99, —1.001, and —0.999, estimate the
instantaneous rate of change of y with respect
tox fory = x2 —3x at x = —1 by finding the
slopes of secant lines of the
corresponding graph.

Solution

Before solving the problem, set up your
calculator by clearing the table entries. Press

, scroll down to CirTable, and press
twice.

Step 1

Determine the y-coordinate when x = —1.
y =(=1*-3-1

y =4

Therefore, the stationary point for the secant
lines is (-1, 4).

Class Focus
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Step 2
Enter the equations into the calculator.

Press , and enter Y, = X2 - 3X.

To enter Y, = (Y, — 4)/(X - (-1)), place the

cursor into Y, =. Press| ( |and then .

Scroll right to access the Y-Vars Menu. Select

1:Function..., and press | ENTER |twice to

bring up Y. Then, enter the rest of the equation.

Step 3

Generate a table for analysis.

Press [ 2nd | WINDOW | Highlight Indpnt:
ASK, Depend: AUTO.

Press GRAPH |,

Type the six x-values, —1.1,-0.9, -1.01, -0.99,
—1.001, and —0.999 into the first column,

pressing | ENTER |after each one. You should

see the window shown here.

# Y1 Yz
11 | 451 | 54
-§  [zEL | -4@
101 | WoEos | 501
-89 | 3/8E01 | -4 BE
-1.001 | 4005 | -Sl0od
- 3885 | -4.989

Step 4
Analyze the table.

The second function will give the slopes of the
secant lines for the various x-values of the
second point.

From the slopes of the secant lines (Y in the
table), you can see that the slope of the tangent
line at x = —1 is approximately —5. Therefore,
the instantaneous rate of change of y with
respect to x at x = —1 can be estimated to be
-5.

14 Castle Rock Research
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Use the following information to
answer the next question.

The instantaneous rate of change of a
function at x = -3 is 5.5.

S.  Which of the following pairs of points on
the graph of the function could be used to
best approximate the instantaneous rate of
change of the function at x = -3?

A. (-4, -16) and (-2, -4)

B. (-3.5, —11.31) and (-3, —-8)
C. (-3, -8) and (2.5, —5.657)
D. (-3.5, —11.31) and (2.5, —5.657)

Numerical Response

6. The instantaneous rate of change of the
function y = 2x3—5atx =2, tothe
nearest whole number, is

RC1.4 recognize, through investigation with or
without technology, graphical and numerical
examples of limits, and explain the reasoning
involved

UNDERSTANDING LIMITS

A limit is a boundary that can be approached,
possibly met, and usually not exceeded.

This boundary may be a number or a line or curve
that can be defined by a relation. Some functions
approach asymptotes when the independent variable
approaches positive or negative infinity or a value
for which the function is not defined. Functions can
also approach a numerical value rather than an
asymptote when a variable approaches an
undefined value.

3x2+2
xI-1
For very large values of | x |, the function

approaches 3. This can be determined by changing
the form of the function by dividing the numerator

For example, consider the function y =

2
and denominator by x 2. The result is y = xl

1 P —

2

THE KEY — Math 12 Calculus and Vectors

. 2
In this form, you can see that as x > +, — and

x
. 3+ %
— approach 0. Therefore, 1 approaches
X 1—-—
2
3
. 3.
This means that
. 2 . 2
+
lim 3x2 +2=3and lim 3x 2=3
x_)wx_l X— —oox2_1
2
Also, because the denominator of cannot

xZ-1

equal 0, x # £1. As x - * 1, the expression
3x2+2
x2-1
closer to 0, giving a result of +w.

approaches 5 divided by a number getting

Therefore,

lim 3x%+2 _ lim 3x%+2 _
2—_°°andx—> -1 .2 -

x=>1 521 x -1

These limit results are consistent with the details of
2

+
the graph of y = 3x2 2

= o and the graphs of its

asymptotes y = 3, x = 1,and x = —1. These graphs,
drawn using a computer graphing program, are
shown here.

I o

]
\\

0T o 3
/

PR iy JU S, O Wy Yoy

p) DO ==

Y

Rate of Change



Use the following information to
answer the next question.

The given table of values shows the values
of a function over the interval -5 < x < 5,
xel.
X S
-5 -32
—4 -16
-3 -8
-2 —4
-1 -2
0 -1
1 0.5
2 -0.25
3 -0.125
4 —0.0625
5 —-0.031 25

7. The data in the table suggests that the
function has
A. at least one x-intercept

B. ahole in the graphat x =0
C. avertical asymptote at x = 0

D. a horizontal asymptote at y =0

Class Focus
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RC1.5 make connections, for a function that is
smooth over the interval a [lesser than or equal to
symbol] x [lesser than or equal to symbol] a + h,
between the average rate of change of the function
over this interval and the value of the expression fla
+ h) —fla)/h, and between the instantaneous rate of
change of the function at x = a and the value of the
limit lim{h arrow 0] fla + h) — fla)/h

RATES oF CHANGE AND LiMITS

The average rate of change, or slope of the secant
line, of the graph of a smooth function, f(x), over
the interval of (a, f(a)) to (b, f (b)) is
W. If b — a is designated as A,

b = a+ h, and the slope of the secant line can be

fla+h)-fla)
h

written as . A graphical

representation using this notation is given.

J
[

/

Rath) (a+h, f(a+h))

L—A., 1y

|
0 a4 ath

As h — 0, the point (@ + &, f(a+ h)) approaches
the point (a, f(a)), and the secant line / approaches
a tangent line at (a, f(a)). The slope of this tangent
line at (a, f(a)) is the instantaneous rate of change
of the function at x = a.

16 Castle Rock Research



Not for Reproduction

Thus, the instantaneous rate of change of the
function y = f(x) atx = a is

im fla+h)- f(a)

h-0 h ’

| Written Response |

8. Discuss the difference between the

fla+h)-f(a) lim
f 2 andh_*o

meaning o

fla+h)-fla)
h

for a smooth,

continuous function, f. Provide at least
one example for which the use of each
expression would be most appropriate.

Use the following information to
answer the next question.

2 2

im (4+h)* (47

The expression P P

rate of change for a particular function.

can be used to determine the instantaneous

| Written Response |

9. Determine the function f(x) at the point
where x = —4.

THE KEY — Math 12 Calculus and Vectors

RC1.6 compare, through investigation, the
calculation of instantaneous rates of change at a
point (a, f(a)) for polynomial functions, with and
without fla + h) — fla)/h simplifying the expression
before substituting values of that approach zero

CALCULATING THE INSTANTANEOUS
RATE oF CHANGE

The instantaneous rate of change of a function,
f(x),atapoint, (a, f(a)),canbe predicted by using
values of & that approach 0, and the expression

fla+h)- fla)
. .

There are two methods using the expression,

fla+h)— fla)
h

, where the instantaneous rate of

change can be predicted:

1. Substitute values of 4 that approach 0 (0.01,
0.001,0.0001...etc) into the expression and then
evaluate the expression.

2. Simplify the expression, then substitute the
values of / that approach 0 (0.01, 0.001,
0.0001.. etc) into the new expression.

As the value of & gets closer and closer to 0, both
the simplified and non-simplified forms of the

flat+h) - f(a)
h

expression will approach a value

which will be the instantaneous rate of change of a
function, f(x), at a point, (a, f(a)).

10. For which of the following functions is the
instantaneous rate of change at x = —7 the

greatest?

A fx)=x°

B. f(x)=x—x
C. f(x)=x%+9

D. f(x)=2x2+3x

Rate of Change



[ Written Response |

11. Simplify the expression
fla+h)- fla)
h

for the function

f(x)=x3— 1, where a = -5.

RC2.1 determine numerically and graphically the
intervals over which the instantaneous rate of
change is positive, negative, or zero for a function
that is smooth over these intervals (e.g., by using
graphing technology to examine the table of values
and the slopes of tangents for a function whose
equation is given; by examining a given graph), and
describe the behaviour of the instantaneous rate of
change at and between local maxima and minima

ANALYZING THE INSTANTANEOUS RATE
oF CHANGE WITH RESPECT TO THE
MINIMA AND MAXIMA

The instantaneous rate of change of a function can
be determined from a graph or table by looking at

the slopes of the tangent lines. The instantaneous

rate of change of a function is:

« Positive where the slope of the tangent line is
positive. This is where the graph of the function
is increasing when viewed from left to right.

« Negative where the slope of the tangent line is
negative. This is where the graph of the function
is decreasing when viewed from left to right.

« Zero where the slope of the tangent line is zero.
These points where the slope of the tangent line
is zero are called stationary points.

The local maxima of a function f (x) are function
values where the graph achieves maximum values
relative to those regions of the graph. The slopes of
the tangent lines change from positive to negative at
points on the graphs where the local

maximums OCcCur.

Class Focus
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The local minima of a function f(x) are function
values where the graph achieves minimum values
relative to those regions of the graph. The slopes of
the tangent lines change from negative to positive at
points on the graphs where the local

minimums occur.

Use the following information to
answer the next question.

The slope of the tangent for a smooth
function is positive for x < -3 and x > |
and is negative for -3 <x < 1.

12. What is the maximum number of minima
possible for the function?

A. 0 B. 1
C.2 D. 3

Use the following information to
answer the next question.

A function, f, has the following
characteristics:

i. The instantaneous rate of change of f
is0atx=-5,x=-1,and x = 4.

The rate of change of f is positive on
x<-5and x > 4.

The rate of change of f is negative on
—5<x<-land-1<x<4

ii.

iil.

[ Written Response |
Sketch the graph of f.

13.

Castle Rock Research
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Use the following information to RC2.2 generate, through investigation using
answer the next question. technology, a table of values showing the
The graph of a smooth function is given. instar.ztaneous rate of change of a polynomial
Junction, f{(x), for various values of x (e.g., construct
) a tangent to the function, measure its slope, and
10 create a slider or animation to move the point of
8 tangency), graph the ordered pairs, recognize that
6 ey the graph represents a function called the
4 | derivative, f'(x) or dy/dx, and make connections
2 yd V1] between the graphs of f(x) and f'(x) or y and dy/dx
S -4-8-2-1 | 23 415] ¥ [e.g., when f(x) is linear, f'(x) is constant; when f{x)
ey 1/ is quadratic, f'(x) is linear; when f{x) is cubic, f(x)
6 is quadratic]
,,,,,, ‘0 ANALYZING THE DERIVATIVES OF
PoLyNOMIAL FuNCTIONS
GRAPHICALLY
[ Written Response | The derivative of a function for any value of its

variable is the instantaneous rate of change of the
function for that value of the variable. For the graph
of a function, the instantaneous rate of change for
any value of the variable is the slope of the tangent
line at the point where that value occurs.

14. On what interval is the rate of change the
greatest for the smooth function? Justify
your answer.

Given a function f(x), the derivative function is
commonly written in one of two ways:

1. Using prime notation—f ' (x) is the derivative
of f(x). If the function is written in the y =
form, the derivative can be abbreviated to y'.

dy

2. Using delta notation—:i; is the instantaneous

rate of change of y with respect to the x-variable.
The derivative of a function y = f(x) is

vy dy _lim fGeth) - fO0)
S = G T o h '

For polynomial functions of degree #, the derivative
functions are of degree n — 1. Therefore, when
f(x) is linear, /' (x) is constant; when f(x) is
quadratic, ' (x) is linear; when f(x) is cubic,
f"(x) is quadratic, and so on.

The following features can be determined when
comparing the graphs of f(x) and /' (x):

* f(x) has a local maximum or minimum when
f'(x)is equal to 0.

« Wherever f'(x) is positive (above the x-axis),
f(x) increases.

o Wherever /' (x) is negative (below the x-axis),
f(x) decreases.

THE KEY - Math 12 Calculus and Vectors 19 Rate of Change
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Use the following information to RC2.3 determine the derivatives of polynomial
answer the next question. Sfunctions by simplifying the algebraic expression f(x
The graph of a polynomial function + h) - Jx)/h and t%zen taking the limit of the
y = f(x) is given. simplified expression as h approaches zero [i.e.,
y determining lim[h arrow 0] f{x + h) — f{x)/h]

DETERMINING THE DERIVATIVE OF A
x PoLyNoMIAL FuncTioN USING THE
DEFINITION OF THE DERIVATIVE

The derivative of a specific polynomial function can
be determined algebraically using the definition of

15. Which of the following graphs represents o LN dy
the graph of the derivative of the the derivative, /" (x) = e
polynomial function y = f(x)? im fGe+h) - f(x)
A9 " h-0 h '
I Use the following steps to take the derivative of a
. polynomial using the definition of a derivative:
SRmEmEE f 1. Expand and simplify the expressions f(x + /)
CTHRTET and f(x).
B. y 2. Substitute the equations for f ())C) ancg f) (x+h)
- ; + —
into the equation lim fleth) - flx , and
h—-0 h
A < simplify.
/ 3. Factor & out of all the terms in the numerator.
y ~~~z-‘-z~? 4. Divide out the common factor, 4, and determine

the limit by substituting 0 for 4.

¢ o y‘ 16. Which of the following expressions can be
—F used to determine the value of /' (0) for
. f(x) = —12x + 9 from the definition of
\ ' the derivative?
TG o lim 120 +9) -9
o " h-0 h
Y ke g, lim (-12h +9)-9
) A AN 7
i
priifep e c lm (12900 +0) -9
: " h-0 h
p, lim —12(h +9) - (-12+9)
" h-0 h
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| Written Response |

17. When using the definition of the

derivative, ' (x) = }IliTO

fx+h)- fx)
h

, to determine ' (x) for

f(x)=x2+5x — 11, identify the
simplified expression in the numerator of
the limit just before substituting 0 for 4.

RC2.4 determine, through investigation using
technology, the graph of the derivative f'(x)or dy of
a given sinusoidal function [i.e., dx f{x) = sin x, f{x)
= cos x] (e.g., by generating a table of values
showing the instantaneous rate of change of the
function for various values of x and graphing the
ordered pairs; by using dynamic geometry software
to verify graphically that when f(x) = sin x, f'(x) =
cos x, and when f(x) = cos x, f'(x) = —sinx; by using
a motion sensor to compare the displacement and
velocity of a pendulum)

THE DERIVATIVES OF SINUSOIDAL

FuUNCTIONS

The functions f(x) = sin x and f(x) = cos x are
both sinusoidal functions, each with a period of
27. It follows that the derivatives of these functions
will also be sinusoidal, each with a period of 2x.
As with other functions, the graphs of sinusoidal
functions and their derivatives can be investigated
by using a table of values or graphing technology in
which the following can be determined.

o If f(x) = sin x, then "' (x) = cos x.
« If f(x) = cos x, then f'(x) = —sin x.

THE KEY — Math 12 Calculus and Vectors

18. Which of the following calculator screen
shots (each using the window

x:[—Zn, o, % yi-2,2,1])

corresponds to the graph of the derivative
of the sinusoidal function f(x) = —sin x?

A.
£
]

N

ALA
WV,
C.
N AN/
VARV

NNZEAN
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RC2.5 determine, through investigation using
technology, the graph of the derivative f'(x)or dy/dx
of a given exponential function [i.e., f{x) = a(x) (a
> 0, a #1)], and make connections between the
graphs of f(x) and f(x) or y and dy/dx

ANALYZING THE DERIVATIVES OF

EXPONENTIAL FUNCTIONS

GRAPHICALLY
An exponential function is a function of the form
f(x)=a*,wherea>0anda * 1.

The graphs for f(x) = (—;—)x and f(x)=2%, froma

TI-83 graphing calculator, are shown.

When 0 < a < 1, from left to right the graph falls
toward the x-axis, and the derivative of the function
will always be negative since it is always
decreasing. Whena > 1, from left to right the graph
rises from near the x-axis, and the derivative of the
function will always be positive since it is always
increasing.

The derivative of an exponential function is related
to the function itself by ' (x) = k f(x), where k is

a constant, and the value of k varies with the value
of a.

19. Given the function f(x) = 5°, the ratio

f'(x)

to the nearest thousandth, is

f(x)’
A, 0.207 B. 0.536
C. 1.864 D. 4.828

Class Focus
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| Written Response |

20. Using technology, generate a table of

values that shows the instantaneous rate of
change of the function f(x) = (%)x on the

interval -4<x <4, xel.

RC2.6 determine, through investigation using
technology, the exponential function f(x) = a(x) (a
> 0, a #1) for which f'(x) = f(x) (e.g., by using
graphing technology to create a slider that varies
the value of a in order to determine the exponential
function whose graph is the same as the graph of its
derivative), identify the number e to be the value of
a for which f'(x) = f(x) [i.e., given f(x) = e(x), f (x)
= e(x)], and recognize that for the exponential
function f(x) = e(x) the slope of the tangent at any
point on the function is equal to the value of the
function at that point

ANALYZING THE DERIVATIVES OF
ExpPoNENTIAL FuncTIONS WHEN

f(x)=f(x)

For functions of the form f(x) = a”, the derivative
function is of the form f'(x) = k f(x), where kis a
constant. Also, the value of k varies with the value
of a.

One approach to finding a value of a for the function
f(x)=a*(a>0,a* 1)sothat ' (x) = f(x) (the
value of k is 1) is to plot the graphs of

y = f(x) = a* and its derivative y = ' (x) for
various values of a until the graphs appear to
overlap.
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After enough trials, the graphs will overlap at a
number known as Euler’s number, e.

The number e is an irrational number. When written
as a decimal, it neither terminates nor repeats.

The first 13 decimal places are 2.718 281 8284 (59).
The derivative of f(x) =e” is f'(x) = ™. Itisthe
only function whose derivative is the function itself.

This means that the instantaneous rate of change of

f(x) =e” at any value of x is e *, which is also the
slope of the tangent line of the graph at that
particular x-value.

Use the following information to
answer the next question.

The slope of the tangent for the function
f(x)=a”is 1 at the point (0, 1).

Numerical Response

21. Calculated to the nearest hundredth, the
value of a is

THE KEY - Math 12 Calculus and Vectors

RC2.7 recognize that the natural logarithmic
Sfunction f{x) = log(e)x, also written as f(x) = Inx, is
the inverse of the exponential function f{x) = e(x),
and make connections between f(x) = In x and

Jx) = e(x)

INVESTIGATING THE NATURAL

LogGariramic Funcrion f(x) =1n x
A natural logarithm is any logarithm with a base
of the unique numeric value e. The value of e is

unique because the function of f(x) = e” has the
derivative of 1’ (x) = ¢*. The inverse of

f(x) =e” is the natural logarithmic function,

f(x) =log, x. The notation In, pronounced “lawn,”
is used to represent the natural logarithm log,.
Therefore, the function f(x) = log, x is written as
f(x)=1Inx. Thegraphsof y = e” and y = In x will
appear as reflections across the line y = x since two

inverse relations are graphed as reflections in the
line y = x.

y
; ’
[/ ’
/ .
[ ’
/ .
4 ‘/ .
, P
o ’ //
o’ ’ -

’

The functions of y = e and 'y = In x

Since f(x) =e”™ and f(x) = In x are inverse
functions, the operation of one undoes the operation
of the other. Consider the composite function

glx)= e"*. Let x = 20 therefore g(20) = e 20
The value of In 20 is approximately 3.0, and the

value of e =¥ is 20. Therefore,
g(20) = ™20 =20.

Rate of Change



Generally, e * = x and In e* = x.

22. What is the value of x in the equation

et =127
A.x=e 8
B. x=-8

C. x=In(12)-4
D. x=4-In(12)

RC2.8 verify, using technology (e.g., calculator,
graphing technology), that the derivative of the
exponential function f{x) = a(x) is f(x) = ax In a for
various values of a

INVESTIGATING THE DERIVATIVE OF
EXPONENTIAL FUNCTIONS
ALGEBRAICALLY

Given an exponential function of the form

f(x) =a”, the derivative is related to the function

itself by /' (x) = k f(x), where k is a constant, and
the value of k varies with the value of a. By building
a table of values and comparing the value of

f+h)— &)
i ;

a”In (a) to the expression,
where x is any value and /4 is a value that is
approaching 0, it can be verified that the value of k
is equal to In a. Therefore, if f(x) =a”, then the
derivative of the function is ' (x) = a*In (a).
23. The value of £ (1.5) for the function
f(x) = 4%, to the nearest hundredth, is
A. 041 B. 1.39

C. 8.50 D. 11.09

RC3.1 verify the power rule for functions of the form
f{x) = x(n), where n is a natural number

THE POWER RULE ON FUNCTIONS OF

THE Form f(x) = x", WHERE n IS A
NATURAL NUMBER

The derivative of a polynomial function of
degree n is of degree n — 1. The derivatives of

polynomial functions of the form f(x) = x",
where # is a natural number, have a specific form
that is described by the power rule.

Class Focus
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The power rule states that the derivative of
f(x)=x",wheren e N,is f'(x) =nx"L.

24. The derivative of y = ke, gives a

result of

A. % =k + 1e*
B Lt
C. % = kt*!

D. % = ki*

RC3.2 verify the constant, constant multiple, sum,
and difference rules graphically and numerically,
and read and interpret proofs involving lim[h arrow
0] f(x + h) — f{x)/h of the constant, constant multiple,
sum, and difference rules (student reproduction of
the development of the general case is not required)

THE CONSTANT, CONSTANT MULTIPLE,
SuMm, AND DIFFERENCE RULES

When taking the derivative of a function, the
following rules should be considered:

« The constant rule—the derivative of f(x) =k,
where k e R, is f'(x) = 0.
+ The constant multiple rule—the derivative of
g(x) =k f(x),where k e R, is g' (x) =k f' (x).
e Thesumrule— /' (x)+ g’ (x)=(f + g)’ (x).
¢ The difference rule—
) -g )= —-g)h).
Recognizing and interpreting proofs of the
derivative rules can be done using the definition of
lim f&+h) - f)
*h -0 h ’
25. Which rule is illustrated by the statement
that the derivative of f(x) =7 is
f{x)=0?

A. Sum rule

the derivative

B. Constant rule
C. Difference rule

D. Constant multiple rule
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| Written Response |

26. Explain and illustrate how the difference
rule for derivatives could be verified
graphically and numerically for the

functions f(x) = 3x? and g(x) = x°.

RC3.3 determine algebraically the derivatives of
polynomial functions, and use these derivatives to
determine the instantaneous rate of change at a
point and to determine point(s) at which a given rate
of change occurs

UsSING DERIVATIVES OF POLYNOMIALS
TO DETERMINE AN INSTANTANEOUS

RATE OF CHANGE ALGEBRAICALLY
The power, constant, constant multiple, sum, and
difference rules can be applied to finding the
derivatives of many polynomial functions. Once the
derivative of a polynomial function, f(x), is
determined, it can be used to do the following:

* The instantaneous rate of change of a function,
f(x), ata point can be determined by substituting
the value of the x-coordinate into the derivative
and solving for £’ (x).

+ The point or points where a function, f(x),
changes at a particular rate can be determined by
substituting the rate of change for /' (x) in the
derivative and solving for x.

27. The instantaneous rate of change of the
function f(x)=x* - 11x2+7x—1at

x=0is

A. f(0)=-1
B. /'(0)=0
C. f1(®=2
D. /'(0)=7

THE KEY — Math 12 Calculus and Vectors

28. For the function
f(x)=-3x3+12x2-15, ' Q) is

equal to
A. —63 B. -129
C. —-192 D. —288

Numerical Response

29. Given the function f(x) =x2-3,
the y-coordinate of the highest point on the
graphs of f(x)and f' (x) that satisfies the
equation f(x) = f'(x)is

[ Written Response |

30. Find the x-coordinates of the points on the

curve of f(x) = x> - x?—x+1 where
the tangent line to f(x) is horizontal.

RC3.4 verify that the power rule applies to functions
of the form f(x) = x(n), where n is a rational number,
and verify algebraically the chain rule using
monomial functions and the product rule using
polynomial functions

THE POWER, CHAIN, AND PRODUCT
RULES

The power, chain, and product rules can be applied
to determine the derivatives of various functions.
Each rule can be verified by comparing the
derivatives of functions that were determined by
using different methods.

Rate of Change




THE POWER RULE
The power rule states that the derivative of
f(x)=x"is f'(x)=nx"". It applies when n is a

rational number (a number of the form A,

where 4 and B are integers and B # 0). To verify
the power rule, the values of the slopes of tangents
to a function f(x) can be compared to the values of
its derivative function /' (x) found using the
power rule.

THE CHAIN RULE

For functions that are of the form f (x) = g(h (x)),
the derivative is often found by using the chain rule.
The derivative of f(x) = g(h(x)) is

f1(x)=g (h(G)Hh'(x).

Applying the chain rule to a function of the form
f(x) =(h(x))" gives a derivative of

£ (x) =n(h ()" h'(x). If the function / (x) is a
monomial, the chain rule can be verified by finding
the same derivative from a simplified form of

(h (x))".

Tue ProbpUCT RULE

Derivatives of functions of the form

f(x) = g(x)h (x) are often found by using the
product rule. The derivative of f(x) = g(x)h (x) is
1 (x) = goh'(x) + g'(x)h (x).

The product rule can be abbreviated as

(gh) =gh'+g'h

If a function is a product of other functions, the

product rule can be verified by finding the derivative
of a simplified form of the product.

31. Which of the following functions could be
used to verify the product rule for finding
the derivative of

Fx) =(Bx2=3)(5x3 +2x)?
A. f(x)=75x"-6
B. f(x)=15x"—6x
C. f(x)=15x>-9x> —6x
D. f(x)=75x*-27x*-6

Class Focus
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RC3.5 solve problems, using the product and chain
rules, involving the derivatives of polynomial
functions, sinusoidal functions, exponential
functions, rational functions, radical functions, and
other simple combinations of functions*

APPLYING THE PRoODUCT AND CHAIN
RULES

The product and chain rules can be used to
determine the derivatives of a variety of polynomial
and non-polynomial functions. To apply the chain
rule, rewrite a function as a power function.

To apply the product rule, change the form of a
function from a quotient to a product. The latter type
involves the application of both rules.

Example
Determine % ify= Vx?—4x.
Solution
Step 1
Change the radical to a power.
Yy =vxt-4x
1
= (x 2 _4x) 2
Step 2
Apply the chain rule.
i
Y = (x2- 4x) ?
i
L VI Y I )
d = E(x — 4x) (a;(x — 4x)
1
= %(x2 —4x) 1Qx—-4)
. 2x-4
- 1
2x2- 4x) 2
. x=2
T
(x2- 4x) 2
__x=-2
x2— 4x
26 Castle Rpck Research
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Example
Determine the derivative of f(x) = x2— 2 .
x“+2
Solution
Step 1

Change the function from quotient form to
product form.

_ox=2
A x2+2
=(x-2)(x2+2)"
Step 2

Letg(x)=x—2and h(x)=(x2+2)", and
determine g’ (x) and /' (x).
gx)=x-2
gx)=1
h(x)=(x2+2)"
h'(x) = 2x(x2+2)?
Step 3
Apply the product rule to determine 1’ (x).

S(x) =g(x)h(x)
S (x) =g Oh(x)+gh' (x)

(x2+2)"

“l+ (- (2x(x2+2))
1 2x(x —2)

x2+2 ()c2+2)2

dy

The derivative e of y=-3x"e

A. —18x%%
B. 3x’e® —9x%¥
C. —6x3e? —9x%?*

3 2 22
D. -3x°e¢“—9xe”

32. AT

Numerical Response

33. To the nearest tenth, what is the value of

£1(1) given f(x) = M?

X

THE KEY — Math 12 Calculus and Vectors
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34.

35.

36.

| Written Response |

Determine the equation of the tangent line
3

to the curve defined by y = (1+x3) ? at
the point (2, 27).

| Written Response |

3x

Determine the derivative of y = —-.
X

Use the following information to
answer the next question.

The functions ¢ and u are differentiable at
x=3.

| Written Response |

Ift(3)=4,+3)=5,u(3) =-2,and
#'(3) = —1, determine the value of the
derivative of tu when x = 3.

Rate of Change
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ANSWERS AND SOLUTIONS
RATE oF CHANGE

1. B 9. WR 17. WR
2. B 10. A 18. D
3. C 11. WR 19. D
4. WR 12. B 20. WR
5. D 13. WR 21. 2.72
6. 24 14. WR 22. D
7. D 15. A 23. D
8. WR 16. B 24. A

25. B 33. 2.7
26. WR 34. WR
27. D 35. WR
28. C 36. WR
29. 6

30. WR

31. C

32. C

. B

A positive rate of change means that as an
independent variable increases, the dependent
variable increases. Consider each of the given
variables individually.

The temperature of water being heated over time
increases as the time of heating increases.

The tension of a spring increases as the amount of
compression increases.

The average monthly temperature in Canada
increases from January to May (as the months of the
year increase).

The fuel economy of a vehicle decreases as a vehicle
increases its speed. This does not represent a positive
rate of change because as the independent variable
(speed) increases, the dependent variable (fuel
economy) decreases.

. B

Step 1
Determine the position, s, at ¢ = 0.
s=2t-5

=2(00-5

=-5m
Step 2
Determine the position, s, at ¢ = 5.
s=2t-5

=2(5)-5

=5m
Step 3
Determine the rate of change of the object.
Since the object moves from —5 m to 5 m (a total of

0m _ 5 0 mis.
5s

10 m) in 5 s, the rate of change is L

Answers and Solutions
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3. C

The average rate of change is the slope, m, between
the points (—1, 6) and (-5, 4).
L _4-6
-5-(-1)
-2
- 4
1

2

N
Therefore, the average rate of change is 3 units

of y for every unit of x.

. WR

I = /=)

The quotient - represents the slope of

27X
the secant line through the points (x,, f(x,)) and
(x1, f(x}))- ltalso represents the average rate of
change of the function y = f(x) over the interval
from x; to x,.

. D

To best approximate the instantaneous rate of change
of the function at x = —3, choose points close to
x = —3 on both sides of the point.

The closest pair of points (excluding the point at
x = —3) among the given pairs of points is
(3.5, ~11.31) and (-2.5, —5.657).

. 24

Use technology or a table of values to determine the
instantaneous rate of change at x = 2 by finding the
slopes of secant lines passing through the point

x = 2 and points with x-values close by, such as

x =199, x =2.01, x = 1.999, and x = 2.001.

Castle Rock Research
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Note that the point at x = 2 is
(2,202 - 5)= (2, 11).

Value of x Point Slope of Secant
10.7612 — 11
1.99 (1.99, 10.7612) 1.99 -2
=23.88
| 11241211
2.01 | (2.01,11.2412) 201-2
* =24.12
10.9760 — 11
(1.999, —_—
1.999 10.9760) _ 12.299 -2
| 102411
2.001 (2.001,11.024); 2.001 -2
- =24

According to the table of values, the slope of the
secant line approaches a value of 24. Therefore, the
instantaneous rate of change at x = 2 is 24.

. D

The table of values shows that there is no vertical
asymptote or hole at x = 0, since the point (0, —1)
exists. As x approaches larger positive values,
f(x) approaches 0, which implies a horizontal
asymptote at y = 0 and no x-intercept.

. WR

The expression can be used for

fla+h) - fla)
h

calculating average rates of change; for example, the
average speed of a vehicle between ¢ = a and

lim fla+h)- f(a)
h-0 h

can be used for calculating instantaneous rates of
change; for example, the instantaneous speed of a
vehicle at f = a.

t =a+h. The expression

. WR

The instantaneous rate of change at x = a fora
function, f, can be determined using the expression
lim fla+h)-fla)
h-0 h '
2 2
In the expression lim (4 +h )2 (_4)2
P h -0 h ;

fla) = (—2-)7, when a = —4. Therefore,
4

when x = g, the function is f(x) = %
X

THE KEY — Math 12 Calculus and Vectors

10. A

For each function, calculate the expression

lim fGrh)=fG) o 4
h -0 h )

Step 1

f)=x>

lim (<7+h) - (=7

h-0 h

_lim (49— 14k + B2 ) =7+ h) ~(-343)
h-0 h

_tim (34341478 —210 2 +13)+343
h-0 h

_lim 147h —21h% +h’>
h-0 h

_tim #(147-21h + 4 ?)
h-0 h

=147

Step 2

f(x)=x3—x

im (748 - C7+m) - (D - (D)

h-0 h

Cim (34341478 21k 2 R v 7—h) = (=343+7)

“h-0 h

_lim 146h —21h% +h°

“ho0 h

im h(146-21h +h?)

" h-0 h

= 146

Step 3

f(x)=x2+9

lim (—7+1)2+9) - (=7*+9)

h 0 2

lim (49— 145 + 12 +9)—(49+9)
T h-0 h

_lim —14h +h°
h-0 A
_ lim h(=14+h)

h-0  h
= _14

Solutions +~ Rate of Change



Step 4
Fx)=2x%+3x

im Q7 +1)2+ 37+ 1) = 72 +3(=7)
h -0 h

_tim (2049 14n + 1 %) —21+34) - (98—21)
h-0 h
_lim (98-28h +21% —21+34) - (77)
h—0 h
_ lim —25h +2h°
ho0 h
_lim A(-25+2h)
h-0  h
— 25

11. WR
Simplify £ hh) —S@ g F(x) = x? ~ 1, where

a=-5.

fla+h)~ fla)
h

_f5+m) - f(-9)
2
(5+n)P-1)-((5°-1)

h
_(s+m)25-10+h2) - 1) - (-125-1)
2
_(-125+75n — 1582 + k> 1) - (-126)
h
_75h —15h* +h’
h
(75— 15n +h?)
h
=75—15h +h*
=h? —15h +75
12. B

For the function to have slopes of tangents that are
positive for x < —3 and negative for -3 <x <1,
there must be a local maximum at x = —3.

For the slopes of tangents to go from negative for
-3 < x < l topositive for x > 1, there must be a local
minimum at x = 1. Therefore, the maximum number
of minima is 1.

Answers and Solutions
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13. WR

There is a local maximum at x = —5 because the
instantaneous rate of change is equal to 0 at x = -5
while the rate of change is positive on the interval
x < -5 and negative on the interval -5 <x < -1.
Similarly, there is a local minimum at x = 4 because
the instantaneous rate of change is equal to 0 at

x = 4 while the rate of change is negative on

—1 < x <4 and positive on x > 4. There is also a
turning point at x = —1 since the slope of the graph
is 0 at x = —1 while being negative on —5 < x < -1
and -1 <x <4,

The graph drawn should resemble the one

shown here.
y
z'}O
LN
\ 6
4
b 3

o @

14. WR

The rate of change is greatest for x > 5 because the
slopes of the tangents on this interval are the
greatest. The slopes are positive and very large
because the graph is steepest on this interval.

15. A

Atapproximately x = —3 and x = 2, the slopes of the
tangents of y = f(x) are 0. Therefore, the graph of
the derivative is equal to zero at x = -3 and x = 2.
The slopes of the tangents of y = f(x) in the
intervals x < —3 and x > 2 are positive, and the
slopes of the tangents in the interval -3 <x <2 are
negative. Therefore, the graph of the derivative is
positive in the intervals x < —3 and x > 2 and
negative in the interval -3 <x <2.

This graph fits these descriptions, so it is the graph
of the derivative of the function y = f(x).
y

Castle Rock Research
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16.

17.

18.

Also, since the original polynomial function looks
cubic, the derivative function should look quadratic.

B

The derivative of a function, f(x), is
veyo im fe+h)— f(x)
/=50 h '
To determine £ (0), substitute x = 0 and simplify
the limit for f(x) = -12x +9.
lim fO+h) - f(0)

10 = h-0 h
_lim (=1200+4)+9) — (-12(0) +9)
h-0 h
_lim (124 £9)-©)
h—-0 h
The simplified expression for f*(0) is }lziTO
122 +9)-9
A .
WR

Simplify the definition of the derivative for

Fx)=x%+5x-11.
f(x)
_lim fG+h) - fx)
h 0 h
Cim (P +5G+h) - 1) -2 s5x—11)
T h-0 h

_lim x?+2xh +h% +5x+5h —11 -x* - 5x+11

h-0 h
_lim 2xh +h 2 +5h
T h-0 h
lim AQx+h +35)
T h-0 h

_ lim
h_*02x+h +h

The simplified expression in the numerator of the
limitis 2x + A +5.
D

The derivative of £(x) = sin (x) is /' (x) = cos (x).
Therefore, the derivative of f(x) = —sin (x) is

[ (x) = —cos (x).

Verify using a graphing calculator by entering in the
function and its derivative, Y, = —sin (X) and

Y, = nDeriv(Y, X, X), as y-values and pressing
GRAPH |

THE KEY — Math 12 Calculus and Vectors
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19.

20.

The following screen shot corresponds to the graph
of the derivative of the sinusoidal function

f(x) = —sin x:

TAMFA
VAN

D

On a graphing calculator, enter the function, its
derivative, and the quotient %((}x)_) as y-values.
Y, =5M3X)

Y, =nDeriv(Y, X, X)

Y3 = Y)Y,

Adjust the window settings to x:[-2, 2, 1] and

y:{-1, 8, 1]. Press| GRAPH | and use the trace

function to determine the ratio [ .
&)
Y
2
1
= 4.828
WR
Step 1

Clear all entries in the table of a TI-83 or similar
calculator.

ENTER |twice.

Step 2
Enter the given function into the editor of the
calculator.

, enter (%)x in'Y, and press
ENTER |

Step 3
Enter the derivative of the given function in Y.

MATH ( and select 8:nDeriv(. Press
VARS |, and scroll right to select Y-VARS. Select

1:Function... and then 1:Y,. Press D to insert a
comma, and then enter X, X).

Press | scroll down to ClrTable, and press

Press

Press

Solutions —iRate of Change



21.

22,

Step 4

Create a table that shows x, f(x), and the
instantaneous rate of change of the function on the
interval -4<x <4 xe].

Press | 2nd | WINDOW | to bring up the TBLSET
menu. Enter —4 in TbiStart=and 1 in ATbl=. Then,

press GRAPH | Scroll down to see all the

values in the given table.

x S &) Rate of Change
4 256 3549
-3 64 -88.72
E 16 2218

1 4 5545
0 1 ~1.386

1 0.25 ~0.3466

2 | 0.0625 ~0.0866

31 0.01563 -0.0217

4 0.003 91 ~0.0054

272

The slope of the tangent at any point for f(x) = e”
is equal to the value of the function at that point, since
the derivative of f(x) =e™ is f'(x) =e*. Itis the
only function whose derivative is the function itself.
Therefore, if the slope at (0, 1) is 1, the function must
be f(x)=e”, where e = 2.72 to the nearest
hundredth.

D

Step 1
Take the natural logarithm of both sides of the
equation.

e4—x =12
In(e**) = (12)
Step 2

Simplify the equation.
Since In (e¥) = x, then In (e**) = 4 — x. Substitute

4 x for In(e* ™) in the equation and isolate x.

In{e**) =In(12)
4—x =1n(12)
x=4-In(12)

Answers and Solutions
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24,

25.

26.

32
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D

The derivative of f(x) =a” is f'(x) = a”In (a).
Therefore, f'(1.5) for the function f (x) = 4* can
be calculated as follows:
f(x) = 4%

() = 4"In (4)
f1(1.5) =411 (4)
S (1.5) = 8(1.386 294 361)
F1(1.5) = 11.09

A

The power rule states that the derivative of

F&)=x",neN,is f'(x) = nx""". Therefore,
applying the power rule will give the following
result:

y = gl
% = (k + 1) *rD-1
% =k + 1)k

B

The constant rule states that the derivative of
f(x)=k,wherek eR,is f'(x)=0.

The function f(x) = 7 has a k-value of 7, which is a
value in the real number domain, and has a derivative
of f'(x)=0.

Therefore, the constant rule is being illustrated by
the statement that the derivative of f(x) =7 is

f{x)=0.

WR

Graphically, verification would show that the graphs
of f'(x) — g'(x) and (f — g)'(x) are identical.
Numerically, verification could come in the form of
a table of values in which f"(x) — g'(x) is shown to
be equal to (f — g)'(x) for the chosen values of x.

Verified graphically:

o

()= ()= (-2

™~
7

L L SR
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27.

28.

29,

Verified numerically:
Some possible values for verification are shown in
the given table.

£(x) g'(x)2 f '(x)—g’(:zc) (f -2y
x| =6x} =3x"| =6x-3x =6x ~3x
3 18 | 27 45 45
2l -] 2 24 24
6 | 3 9 9
ol ol o 0 0
16 | 3 3 3
2 12| 12 0 0
|3] 18 | 27 -9 L9
D
Step 1

Apply the power rule to determine the derivative of
the function f(x)=x%—11x2+7x - 1.

Sy =xt—1x?+7x -1
) =ax? - 22x+7
Step 2
Substitute 0 for x in the equation
£'(x) = 4x> - 22x +7, and solve for 1" (0) to
determine the instantancous rate of change at x = 0.
) =ax3 - 22x+7

17(0) = 4(0)° - 22(0) +7

=7

C

Step 1
Apply the power rule to determine the derivative of

Flx)=-3x3+12x2 - 15.

f&) =-3x5+12x% - 15

F1(x) = —15x %+ 24x

Step 2

Substitute 2 for x in the equation

fx)= —15x* + 24x, and solve for ' (2).
F1(x) = —15x% +24x

£ = -1502)* +24(2)
= 240+ 48
=192

6

Step 1

Apply the power rule to determine the derivative of
the function f(x) = x 2.3,

fx)=x%_-3
f(x)=2x

THE KEY - Math 12 Calculus and Vectors
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33

Step 2
Equate f(x) with f'(x), and solve for x.
Fx) = 1" (x)
x2_3=2x
x2-2x-3=0

x-3)x+1)=0
Therefore, x =3 and x = —1.
Step 3

Substitute x = 3 into the equation f(x) =x 2_3,
and solve for f(3).

f(x) = xz— 3
f®=3)7%-3
=93
=6
Step 4

Substitute x = —1 into the equation f(x) = x2-3,
and solve for f(~1).

) =x%2-3
FED =12 -3
=1-3
=_2

The points (3, 6) and (-1, —2) both satisfy the
equation f(x) = f'(x). The y-coordinate of the
highest point is y = 6.

WR
When the tangent line of f(x) is horizontal,
fx)=0.
Step 1
Apply the power law to determine the derivative of
the function f(x) = x> —xtox+1,
f(X)=x3—x2—x+1

frx)=3x%2_2x-1
Step 2
Substitute 0 for £ (x) into the equation
£'(x) =3x2—=2x — 1, and solve for x.
1) =3x2—2x -1

0=3x2-2x-1

0=3x2-3x+x-1

0=3xGx-D+(x-1
0=0Cx+Dkx-1)

Therefore, x = —% and x = 1.

Solutions - Rate of Change
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32.

33.

C

Simplify the function f(x) = (3x2 - 3)(5x3 + 2x).

FG) =(3x2-3)(5x3 +2x)
= 15x5+6x3— 15x3—6x
=15x° - 9x3 —6x

Therefore, the function f(x) = 15x° — 9x> — 6x
could be used to verify the product rule.

C

Let g(x) = —3x> and h (x) = e >*
Step 1
Determine g'(x) and 4’ (x).
g(x) = —3x3
g'(x) = —9x2
h(x) =%
h'(x) = e2x(%2x)
=2¢%*
Step 2
Determine the derivative of the equation
y = —3x3e?* by applying the product rule.
y =gx)h(x)

% =g'(x)h (x) + g(x)h’ (x)

= (~9x ) + (=3x3)(2¢ %)

= Ox%e —6x3e®

= —6x’e?* —9x 2™
2.7
Step 1
Rewrite the function in product form.

(7x —3)*
f&x)=———
3x3

=(Tx - 3)2(3x 3)_1
1 _
=(7x — 3)2(§x 3)

Let g(x) = (7x — 3)%and & (x) = %x -3,

Step 2
Determine g’ (x) and /' (x).

g(x) = (7x - 3)?
g’ (x) = 2(7x 3)(%(7x _ 3))

=2(7x - 3)7)
=98x —42
h(x) = %x -3
h'(x) = —x~*

Answers and Solutions
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Step 3
Apply the product rule to find f* (x).
S(x) =g(xn(x)
[ =g () +glh' (x)
_ ( (98x — 42)(%); ‘3))
+ (7x - 3)H=x %)
_ ( 32.66x 2 - 14x 3 )
- 49x 2 +42x 3 _ox 74
=_1633x 2 +28x 3 —ox*
Step 4
Substitute 1 for x into the equation
f'(x)=-1633x “24928x 3 —9x"
£ (.
f1(x)=-1633x 2 +28x > —9x~*
(1) =-1633(1) 2+28(1)7 —9())™*
~16.33+28 -9
2.66
=2.7

4, and solve for

l

WR

Step 1
Apply the chain rule to determine the derivative of
3

=(1 +x3)2
3

=(1+x3)2

the equation y

I\)l-—‘

d
1+x (;,;
(

1
3) 2 3x 2)

1+x)

o N|u N|
—
-
+
=

=
a4
—
+
><

Find the slope of the tangent line at (2, 27).

Solve for @ when x = 2.

dx
%=%x2 1+x

- %(2)%/1 TP

= %(4)«/1 +8

= 180
=18(3)
=54

3
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35.

36.

Step 3
Substitute 2 for x, 27 for y, and 54 for m into the

equation of a line formula y = mx + b, and solve
for b.

y=mx+b

27=542)+b
27 =108+5b
-8l =5

The equation of the tangent line that goes through
the point (2, 27) is y = 54x — 81.

WR

Step 1
e 3x

Convert the equation y = —5- into product form.
x

= 3x(x —3)
Let g(x) = e3* and h(x) = x .
Step 2
Determine g’ (x) and /' (x).
glx) = ¢3%
g (x) =3¢3*
and
hx) =x -3
h'(x) = 354
Step 3
Apply the product law to determine the derivative of

3
e X

y=—
X
y =gxh(x)

D g () + g ()

B (3,99 Wz )

% =3x 33 _3x e
7

;l% =3x 43 (x -1

dy _ 33 (x - 1)

dx <4

WR

When finding the derivative of ru, apply the
product law.
(tu)'(x) = #'(u(x) + 1(x)u'(x)
() (3) = 1'(3u3) + 1(3)u'(3)
= (5)(=2) + (4)(-1)
=-10-4
=-14

THE KEY - Math 12 Calculus and Vectors
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UnNiT TEST — RATE OF CHANGE

1. Which of the following graphs best Use the following information to
represents the flow rate of a glacier-fed answer the next question.
river in Canada as a function of the month
of the year?

The given table shows the rate of change

y of some entity with respect to time for a
A. Flow Rate versus Time of Year panicular situation.

T

Time 1|4 8 10

Flow Rate

Rate ofcha.nge with ) 16 | 256 | 1024
respect to time : |

JFMAMIJIJTASOND
Month

2. Which of the following situations would
B. Ji Flow Rate versus Time of Year most likely create the data in the
given table?

el
x . .
"; A. A farmer recording population
2 numbers when breeding rabbits
VISV A S P N P B. A passenger recording speeds as a
Month vehicle accelerates to highway
C. ‘}" Flow Rate versus Time of Year speeds
)
£ C. A pilot recording the air temperature
n: as an airplane descends from
= 37000 ft
N e e S e S B S s e e s .
TEMAMI JASOND D. A student recording the temperature
Month on a thermometer when it is placed in

D. 31 Flow Rate versus Time of Year a pot of boiling water

Flow Rate

PR VT ST P UE S S VU T S S v
o — et

JFMAMIJI JASOND
Month

Unit Test 36 Castle Rock Research
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Use the following information to
answer the next question.

Use the following information to
answer the next question.

Newton’s law of cooling states that the
rate of change of the temperature of an
object is proportional to the difference
between its own temperature and the
temperature of its surroundings.

The position, s, in metres, of a particle at
a time, £, in seconds, is given by the

equation s = 2t2—31+3, where t 2 0.

3. A thermometer that has been stored at
room temperature is placed in a bucket of
ice. The absolute value of the
instantaneous rate of change in the
thermometer’s temperature
reading will be

A. constant

B. greatest immediately after being
inserted in the ice

C. greatest as it approaches the
temperature of the ice

D. equal to the average rate of change
over a given time interval

Use the following information to
answer the next question.

Which of the following pairs of points
would provide the best approximation of
the instantaneous rate of change when the
particle’s position is 8 m?
A.t=04sand?=06s

B. t=09sandf=1.1s
C.t=14sandf=16s

D.t=24sand?t=2.6s

Use the following information to
answer the next question.

The position, s, in metres, of an object
after a time, ¢, in seconds, is defined by the

function s = ¢2+2¢ — 8.

For five years, the front porch of a home
has been sinking a little bit more each
year. The given table shows the year and
corresponding sinking depth of the porch.

Ltear Sinking Depth (cm)T
2000 1.50
2001 3.10
| 2002 4.80
2003 6.70
2004 8.70
2005 | 10.90

| Numerical Response |

Calculated to the nearest tenth, the
instantaneous rate of change of the
object’s position with respect to time
whent=3.51s m/s.

Use the following information to
answer the next question.

The general term of a sequence is defined

. 1
=4+ —
by the equation 7, = 4 o

4. Calculated to the nearest hundredth, what
was the average rate of change in the depth
over this period?

A. 1.44 cm/a B. 1.56 cm/a

C. 1.57 cm/a D. 1.88 cm/a

THE KEY - Math 12 Calculus and Vectors

As n becomes infinitely large, 7,

approaches
A. 0 B. 4
C. 45 D. infinity

Rate of Change




Use the following information to
answer the next question.

Jamie determined that the expression

f(5+h)-7(5)
h

is 0 and concluded that

the average rate of change of the function
between x = 5 and x =/ is 0. Based on
her findings, she made the following
remarks:

1. The slope of the secant from x = 5 to
x=his0.

II. The slope of the tangent to the
function at x = 5is 0.

UL f(5+h)=f(5)

IV. The function has a maximum at
x=35.

Which of the given statements are certain?
A. Tand T B. Tand III

C. Il and IV D. Il and IV

| Written Response |

Provide an example of a function, f, for
which the evaluation of the expression
lim fla+h) - fla)
h-0 h
unnecessary for determining the
instantaneous rate of change of fat x = a.

would be

Unit Test
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| Written Response |

In simplified form, determine an
expression equivalent to

f=1+h)-f(-1)
h

for the function

Fx)=3x2-1.

| Written Response |

What expression can be used to
approximate the instantaneous rate of
change of a function or to calculate the
average rate of change of a function?

Which of the following statements about

a smooth and continuous curve is true?

A. To the immediate left of a local
minimum, the slopes of the tangents
to the curve are positive.

B. To the immediate left of a local
maximum, the slopes of the tangents
to the curve are negative.

C. To the immediate right of a local
minimum, the slopes of the tangents
to the curve are positive.

D. On either immediate side of a local

maximum, the slopes of the tangents
to the curve are negative.

For which of the following values of x is
the instantaneous rate of change of the
function y = x4 +3x3+6x?—4x -6
equal to zero?
A. 0 only

C. 0and 2

B. 0.25 only
D. 0.25 and -2
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Use the following information to
answer the next question.

A table of values for a continuous function
and the slopes of its tangents is given.
x f(x) |Slope of Tangent
-10 | -87.3 35
-9 -58 24
-8 -38.6 15
-7 | =273 8
-6 -22 3
-5 -20.6 0
-4 -21.3 -1
-3 =22 0
2 | 208 3
-1 -153 8
—4 [

[ Written Response |

14. Assuming the slope of the tangent is zero
only at the x-values indicated in the table,
and its sign changes only at these values,
identify the intervals or values for which
the instantaneous rates of change of the
given function are positive, negative,
and zero.

15. Ifapolynomial function is quadratic, then
the derivative of the function is
A. cubic

C. constant

B. linear

D. quadratic

THE KEY - Math 12 Calculus and Vectors

16. Using the definition of a derivative, the
value of /7 (5) for f(x) =—-3x*+4x s
determined from

lim
AT
3(5+n)P -4 +h)— (352 - 4(5)
h
lim
B. ",
35+ k)2 +4G+h) - (352 +4(5)
h
lim
c. ™
35+ h)*+45+h) — (=352 + 4(5))
h
lim
D. 7%
35+ h)2+45+h) - (=3(5)2 — 45))
h

[ Written Response |

17. Use the definition of the derivative to

determine % fory = x3—4x+9.

18. If the derivative of a certain function is
" (x) = 2sin (x), the function is
A. f(x)=2cos (x)

B. f(x)=cos(2x)
C. f(x)=—2cos(x)
D. f(x) = —cos (2x)

Rate of Change



19. Which of the following tables of values
corresponds to the instantaneous rates of
change, f'(x), of the function
f(x)=—cos x?

A | x | /@
0 0
yi4
T |oon
s
5 I
3n
2 0.7071
n 0
B. x S x)
0 0
E1
i -0.7071
T
5 i
3n
3 —0.7071
7 0
C. X L)
0 1
7
Y 0.7071
I
) 0
3n
T -0.7071
T -]
D. x | f®
0 —1
4
4 -0.7071
I
5 0
3n
] 0.7071
kd 1

Unit Test
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Which of the following graphs could
represent the graph of the derivative of the

function £(x) = (%)2"?
A. y

X

—— X

For which of the following types of
functions could the ratio between the
derivative of the function and the function
itself be constant?

A. Linear B. Sinusoidal

C. Polynomial ~ D. Exponential

Numerical Response

Given the function f(x) = e, the value of
f'(2.5) to the nearest tenth is

Numerical Response

Rounded to the nearest whole number, the
value of x in the equation In(e>* ") =5is

Castle Rack Research
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24. To the nearest thousandth, the slope of the
tangent of the function f(x) = (l)x at

3
x=31is
A. —0.041 B. 0.037
C. 0.041 D. 1.000

25. Which of the following equations uses the
definition of a derivative to verify the
power rule for finding the derivative of

f(x)=x%

A f(x)=x*
B. f'(x)=4x>
4 4
C. f'(x) = (x+hh) —-x
oo lim G+ h)t = x¢
D’f(X)_h—»O—h—

26. If f(x)=3x" and g(x) = -2 f(x), then
the graph of g’ (x) is the graph of 1 (x)
after a vertical stretch by a factor of
A. 2 about the x-axis

B. % about the x-axis

C. 2 about the x-axis and a reflection in
the x-axis

1 . .
D. 5 about the x-axis and a reflection in

the x-axis

27. Which of the following functions have the
same derivative?

A. f(x)=3x2and f(x) =2x>
B. f(x)=4xand f(x)=x+4

C. f(x)=5x*~12and
Fx)=5x2+7

D. f(x)=x*-5x+4and
Fx)=2x2—5x+4

THE KEY — Math 12 Calculus and Vectors
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28.

29.

30.

31.

At what point on the graph of the function
F(x)=x>+2x% = 11x + 15 does the
slope of the tangent to the function equal
-12?

A (1,7)

B. (1, -4)

C. (-1,27)

D. (-1, -12)

Numerical Response

The functions

f(x)=%x3—%x2+x—9and

3 32
- =X
2

identical instantaneous rates of change
when the value of x, to the nearest whole

number, is

glx) = %x —3x+5 have

Which of the following expressions could
be used to verify the product rule for
finding the derivative of the function

Fx)=0Qx-1)*?
A 6x° -1

B. 8x3-1
C. 8x>—12x%+6x
D. 8x3—12x2+6x 1

If p, q, and r are non-zero differentiable
functions in terms of x, then the derivative

of y = pr_q can be written as
A gx _ ?Iqlr _pqr!
* 2
dx r
B & _ partpqr-pgr
L "
c. Y _ pqr' — pq'r — p'qr
) dx r2
p. & _ p'9r*pqrtpgr’
o =

Rate of Change




32.

33.

34.

Numerical Response

To the nearest hundredth, what is the value
of x for which the tangent line of the
function f(x) = 372
50?7

is equal to

Numerical Response

Rounded to the nearest hundredth, the
value of | /' (x) | when

F) = cos (x2+ ) is

4o2x 20

| Written Response |

If the coordinates are rounded to the
nearest hundredth, at what point will the
line tangent to the curve y = 2xe ™ be
parallel to the line y —x — 1 =07

[ Written Response |

35. Determine the derivative of the function

y = sin (sin x).

Unit Test
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36.

37.
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| Written Response |

Sketch the graphs of £’ (x)+ g’ (x) and
(f +g) (x)given f(x) = %x3 and
g(x) = —4x.

[ Written Response |

At what point on the graph of

F(x) = x? = 3 is the line tangent to f(x)
perpendicular to the line 2y —x +1=0?
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ANSWERS AND SOLUTIONS — UNIT TEST

1. A 9. WR 17. WR 25. D 33. 4.08
2. A 10. WR 18. C 26. C 34. WR
3. B 11. WR 19. A 27. C 35. WR
4. D 12. C 20. B 28. C 36. WR
5. D 13. B 21. D 29, 2 37. WR
6. 9.0 14. WR 22. 122 30. D
7. B 15. B 23. 3 31. B
8. B 16. C 24. A 32. 1.60

. A 5. D
The flow rate from January to March is very low, Step 1

since most of the glacier is frozen. The flow rate
from March to June increases rapidly as the warming
temperatures melt the glacier. From June to
September, the flow rate gradually decreases as the
volume of the glacier decreases. Finally, from
September to December, the flow rate is very low as
the glacier becomes frozen.

. A

The population of rabbits breeding over time is the
only given situation that increases exponentially.
This would mean that the rate of change increases
rapidly, as illustrated in the given table.

. B

The absolute value of the instantaneous rate of
change in the thermometer’s temperature just after
insertion is very large since the difference between
its temperature and the surrounding temperature of
the ice is large. The absolute value of the
instantaneous rate of change becomes less and less
as the thermometer’s temperature approaches the
temperature of the ice.

. D

The average rate of change over the five-year period
is the slope, m, between the two points (0, 1.50) and

(5, 10.90).
~10.90 - 1.50
5-0
_ 940
s
=1.88

The average rate of change in the depth is 1.88 cm/a.

THE KEY - Math 12 Calculus and Vectors

1

43

Determine the value(s) of £ when the particle’s
position is 8 m.

s =212 -31+3

8=2/2_31+3
0=2/2_3¢-5
;_ —(=3)£4(=3)? - 4Q)(-5)
2(2)
3£4/49
t = —_—
4

_3%7
=73
t=—-1or25

The time when the particle’s position is 8 m is
2.5 s since t = —1 is extraneous (¢ 2 0).

Step 2

Determine the pair of points that will best
approximate the instantaneous rate of change at
t=25s.

Of the given alternatives, r =2.4 sand t = 2.6 s are
the best points for approximating the instantaneous
rate of change at ¢ = 2.5 s because they are closest to
t = 2.5 s and are located on either side of this point.

9.0

Use technology or a table of values to determine the
instantaneous rate of change at 7 = 3.5 by finding the
slopes of secant lines that pass through the point at
¢t = 3.5 and points with ¢-values close by, such as

t =3.49, 3.51, 3.499, and 3.501. Note that the point

atr =35is(3.5, 3.5)2+2(3.5) - 8) = (3.5, 11.25).

The solution can be calculated by following the steps
below with a TI-83 graphing calculator or a similar
calculator.

Step 1

Clear the table entries. Press , scroll down
to ClrTable, and press | ENTER |twice.

Solutions — Rate of Change




Step 2

Press , andenter Y| = X2 +2X - 8.

Step 3

Enter a second function that will give the slopes of
the secant lines for the various z-values of the
second point.

The equation that will be entered is
Y, =(Y, - 11.25)/(X - 3.5). To enter this

equation, place the cursor into Y, = . Press| ( |and

then| VARS | Scroll right to access the Y-VARS
Menu. Select 1:Function..., and press| ENTER |to

bring up Y. Then, enter the rest of the equation.

Step 4

Press | 2nd | WINDOW | and highlight Indpnt:
ASK, Depend: AUTO.

Step 5

Press , and type the ¢-values 3.49,
3.51, 3.499, and 3.501 into the first column. (Press

ENTER | after each entry.) You should see the
screen shot shown.

A Y1 YWz
2.48 1i16 | 8.89
e 14134 |80i
IyE9 | 11341 | B.989
ml 11,258 | 9,001

From the values in Y, (the slopes of secants), the

instantaneous rate of change of the object’s position
att = 3.5 s, to the nearest tenth, is 9.0 m/s.

. B
Find the limit of ¢, as n approaches infinity.
lim 1
+ JE—
n- 004 2n
_ lim 8n+1
n—-w 2n
el
_lim _n _ n

n —> x©

Answers and Solutions

44

10.

11.

12.
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B
Fo f(5+h) - f(5)
r h

f(5+h)— f(5)=0. Therefore, f(5+h)= f(5)is
f(5+h) - f(5)

h
describes the slope of the secant from x =5 to
x = h,which is 0. Statements II and IV apply to the
;IITO (5+ hh) AL and therefore are
not certain. Statements I and III are certain.

to equal O,

certain. Also, the expression

expression

WR

A constant function y = ¢ is a horizontal line where
the instantaneous rate of change is zero for all values
of x. For such a function, it would be unnecessary

. Th)_

to evaluate the expression lim fla+h) - /(@) at
h-0 h

x=a.

WR

Simplify £ +hh)’f(_1) for f(x)=3x%~1.
F1+R) = F(=D)
h

GE1+aP2-1)-6BED2-1)

h
B2 +h?)-1D-G-1)
- h
3-6h+3h%-1-2
N h

_ —6+3h°

T h

_ h(=6+3h)

- h

=-6+3h

WR

can be used to

fla+h) - fla)
h

The expression

approximate the instantaneous rate of change at
x = a for a function, £, or to calculate the average

rate of change fromx =a+h tox =a.

C

At a local maximum, the slopes of the tangents to a
smooth and continuous curve change from positive
(to its left) to negative (to its right).

At a local minimum, the slopes of the tangents to a
smooth and continuous curve change from negative
(to its left) to positive (to its right).
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13. B

Using a graphing calculator, graph the function using
the window settings x: [-5, 5, 1] and
y:[-10, 10, 1].

\

\/

By observing the graph, it is evident that there is a
minimum point at about x = 0.25. The slope of the
tangent at this point (instantaneous rates of change)
would equal zero.

14. WR

There are positive instantaneous rates of change on
the intervals —10 € x < -5 and -3 < x < 0 because
the slopes of tangents are all positive.

There are negative instantaneous rates of change on
the interval -5 < x < -3 because the slopes of the
tangents are all negative.

The instantaneous rates of change are zero at
x =-5and at x = 3.
15. B

The derivative of a polynomial function of
degree n has a degree of n — 1. Therefore, the
derivative of a quadratic function (n = 2) is linear

(n=1).
16. C

The derivative of a function, f(x), is defined as

lim f(x+h)—f(x)_

=75 7
Substitute 5 into /' (x) = AiTOWl to
determine f'(5).
),
_im G- fO)
h -0 h
Clim 3G+ 446+ h) - (2352 + 4(5))
~h-0 h

THE KEY — Math 12 Calculus and Vectors

17. WR

18.

The derivative of a function, y, is as follows:
dy _ lim fG&+h) - f&)

dx  h-0 h
Use the definition of a derivative to solve for Z—;/ for
the function y:x3—- 4x + 9.
ay
dx
_tim (AP -4 +h)+9) - (x3 - 4x +9)
h-0 h
_ lim
h-0
(Crme?r2eh +h2) dax 4h +9) (3 —4x+9)
h
_ lim
h-0
x43xh 2 +3x%h +h dx-4h +9 xP+4x 9
h
_lim 3xh? +3x%h + b —4h
h-0 h
_lim AGxh +3x2+12 —4)
h -0 h
_ lim 22032
-h_>03xh43x +h 4
=3x2-4
C

The derivative of f(x) = cos (x) is
f'(x) = —sin/(x). Therefore, the derivative of

F(x)=-2cos (x)is f'(x) = 2sin (x).

This result can also be verified by using a TI-83 or
similar calculator. To do so, follow the steps below.

Step 1

Press , enter —2cos {x) in Y. and press
[exter]

Step 2

Press| MATH | and select 8:nDeriv(. Press
VARS | and scroll right to select Y-VARS. Select

1:Function... and then 1:Y,. Press to insert a

comma, and enter X, X). Press| ENTER |

This procedure will enter the derivative of
f(x)=—2cos (x) into Y.

Solutions —Rate of Change




19.

Step 3
Enter 2sin (x) in Y.

The three entries should appear as shown.

Fiotl FIotz Flot:
B -2cos(R)
sYzBnDeriuiy e, X,

) ]
WYaB2Z2sindy)
nWy=

“Ye=

AYE=

Next, press | GRAPH | (Make sure that an
appropriate window setting has been selected such

as x:{—n, T, %} and y:[-3, 3, 1])

Graphs Y, and Y should be identical.

N

/

A

Clear all entries in the table in your calculator. Press

| 2nd [ 0] (CATALOG), then scroll to CirTable and
press | ENTER |twice.

Next, press and enter the function

y = —cos (x) and its derivative.
Y, =—cos (X)
Y, = nDeriv(Y,, X, X)

Then press GRAPH | and enter the values

x=0 —,-Z—,T,n.

Compare the values in the table to identify the
correct table.

This table corresponds to the derivative of the
function f(x) = —cos x.

x J'x)
0 0

g3

4 0.7071
z

> 1
3n

i 0.7071
n 0

Answers and Solutions
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20.

21.

22.

23.

24.

Copyright Protected

B

Press on a graphing calculator, and enter the
function and its derivative with a window setting of

x:[-1.5, 1.5, 1], y: [-10, 10, 1].
Y, =(@2/52X)

Y, = nDeriv(Y, X, X)

Press | GRAPH | Notice that the graph of the

derivative of f(x) looks like the given graph.
Y

D

When an exponential function f(x) is divided by its

derivative function /' (x), the quotient is

[ )
fx)

12.2

=k, where k is a constant.

The derivative of f (x)=e™is ' (x) =e™.
Solve for f'(2.5).
f1@25) =¢%?

=12.182 493 96

Rounded to the nearest tenth, ' (2.5) is 12.2.

3
Step 1
Since In (e*) = x, then In (e V) =2x-1.
Substitute 2x — 1 for In (e2*7!) in the equation
In(e>1) =5.
in(e1)=5

2x—-1=5
Step 2
Solve for x.
2x-1=5

2x =6

x=3

A

The slope of the tangent for a function y = f(x) is
the derivative of f(x) at any value of x.

The derivative of f(x)=a" is f' (x) = a’In(a).
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25,

26.

Calculate £ (3) for the function f(x) = (%)x
(3
-(3n3)
3/ 3
-(5)n(3)
3/ 3
= (0.037 037 037)(~1.098 612 289)
= —0.041

D

According to the power rule, ' (x) = nx"".

Therefore, the derivative of £(x) = x*is
Fr(x)=4x3.
The definition of a derivative is ' (x) = h"T 0

fx+h)- f(x)
h

. Calculate the derivative of

FG)=x4
()
_lim Ge+h)*—x*
h =0 h
Cim Gt axdn vex?h? vaxhd +n ) - x*
T h-0 h
Clim 4x’h v 6xn? +axn’ +n?
T h-0 h
=}1|T04x3+6x2h +4xh2+h3
=43

The result matches the result from the power rule.

Therefore, the equation

v lim Gerh)t Xt
f(x)_h—»O—————h

derivative to verify the power rule.

uses the definition of a

C

The constant multiple rule states that the derivative
of glx) =kf(x),keR,isg (x)=kf'(x).

If g(x) = -2f(x), then g’ (x) = =21 (x).
Therefore, g’ (x) is the graph of £’ (x) multiplied by
a factor of —2, which causes a vertical stretch by a
factor of 2 about the x-axis and a reflection in

the x-axis.

THE KEY — Math 12 Calculus and Vectors

27. C

Step 1

Take the derivative of f(x) =3x%and f(x) = 2x>.
fx) = 3x?

f(x)=6x
fx) =253

f1(x) =6x?

The derivatives are not the same.

Step 2

Take the derivative of f(x) = 4x and f(x) = x + 4.
f(x) =4x

f'(x)=4
fGx)=x+4

) =1

The derivatives are not the same.

Step 3

Take the derivative of f(x) = 5x2— 12 and

Fx)=5x2+7.
fx) =5x2-12

fx)=10x
F&) =5x2+7

£1(x) = 10x

The derivatives are the same.

Step 4

Take the derivative of f(x) = x*—5x+4and
fx)=2x2-5x+4.
f)=x*_5x+4

f(x) =4ax 3_5
f &) =2x2-5x+4
flx)=4x-5
The derivatives are not the same.
28. C
Step 1

Take the derivative of the function
F)=x3+2x% - 11x +15.

f&)=x3+2x2 - 11x+15

f0) =3x2+ax - 11

Step 2

Since the slope of the tangent is —12, f' (x) = —12.
Substitute —12 for £’ (x) in the equation

£ =3x2+4x — 11,
f16) =32 +4x - 11
-12 =3x%+4x - 11

0=3x%+4x+1

Solutions —Rate of Change
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Step 3

Factor the equation, and solve for x.
0=3x2+4x+1

0=3x2+3x+x+1

0=3x(x+1)+(x+1)

0=0Cx+Dx+1)

Therefore, the x-values are x = —~1 and x = —é—.
The only viable option is x = —1 because none of the

given points have an x-value of f%.

Step 4

Substitute —1 for x in the function

flx)= 42 lx+ 15, and solve for f(-1).
fO) =x3+2x2 - 11x+15

FED =P 42617 - 11D+ 15

(=D =—142+11+15

f=n=27

Therefore, the point on the graph of

F(x)=x3+2x%— 11x + 15 where the slope of the

tangent is —12 is (-1, 27).

2
Step 1
Take the derivative of the function
f(X)=%x3—-;-x2+x—9.
_23 T2,
f(x) R 9
) =2x2-7x+1
Step 2
Take the derivative of the function
1 3 3 »
=—x - Zx"-3x+
glx) 3% - 3x 3x+5.
1 3 3 »
=—x"—=x"-3x+
g(x) 35 T3 3x+5
g () =x? 3x-3
Step 3

Since the instantaneous rate of change is found by
taking the derivative of a function, for the two
functions to have identical instantaneous rates of
change, /' (x) = g’ (x). Equate the derivatives of the
two functions, and bring all the terms to one side.

f(x)=g"x)
2x247x+1 :x2—3x—3
x2_4x+4=0

Answers and Solutions
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30.

31.
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Step 4
Factor the equation, and solve for x.
x?—4x+4=0
(x-=2x-2)=0
(x=2?2=0

x =2
Therefore, the functions f(x) and g(x) have
identical instantaneous rates of change at x = 2.

D

Simplify the function £(x) = Qx - 1)°.
f&) =@x-1)?

= (2x - 1)2x - 1)?

= (2x - Ddx?—4x+1)

—gx’ - 12x2+6x — 1

The function f(x) = 8x> — 12x% + 6x — 1 can be
used to verify the product rule for finding the

derivative of the function £(x) = 2x — 1)°.

B
Step 1

P

Rewrite the function y = p

in product form.
- P4
Yooy

= par”'
Step 2
Substitute ffor pq, and apply the product rule to the
function.

v =pgr!

y=f"
L s 1 26)
gx}i =f’r71 —fr’r_2
Step 3

Determine /' by applying the product rule to the
function f = pq.

f=pa
f'=pq'+pq
Step 4

Substitute pq’ + p'q for /" into the derivative

% =f'r L fr'v “2, and simplify.

dy 1 2
r =fr 7~ fr'r
= (pg'+ p')r '~ (pg)r'r *22
1, ’ -1 f.e
= pq'r '+ plgr ~ par'r
pq'r +p'qr — pgr

2
r
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32. 1.60
Step 1

Take the derivative of the function f(x) = e>* 2,
Apply the chain rule.

f (x) = e3x—2

f(x)= e3x72(-j;(3x - 2))
— e3x72(3)
=3¢ 3x-2

Step 2

Since /' (x) is equal to the tangent line, substitute 50
for /' (x) in the derivative function

F'(x) = 3¢>*72, and solve for x.

f’(x) :383)(‘2
50 :3e3x—2
50
T 263’(72
50
()= me
50}
ln( 3 )~3x~2
7]
—i+2 =
ln( 3 2 =3x
()2,
3
1.604 4702... = x
1.60 = x
33. 4.08
Step 1

Change the function from quotient form to
product form.
cos (x + 1)

2
de 2x 720

fx)
(L _(ox 2720))

4

=(cos (x + n))(%e -2 2+20)

= (cos (x +m))

THE KEY - Math 12 Calculus and Vectors

Step 2

2
Let g(x) = cos (x + ) and h (x) = %e ~2x%420

Determine g'(x) and 4 '(x) by applying the
chain rule.
g(x) =cos(x+x)

g'(x) = —sin{x + n)(j—x(x + n))

g'(x) = —sin (x + zX(1)
g'(x) = —sin(x + )

2
hx) = 4o 280

4
iy - L —2x2+20( d( .2 )
h'(x) ¢ e (=2x2+20)
2
h(x) = %e*b‘ 20(_4y)

h ’(x) = _ye -2x 24—20

Step 3
Determine the derivative of 7 (x) by applying the
product rule.
F(x) =gloh(x)
F1 ) =g’k (x)+ gl)h '(x)

: 1 2520
F100 = ( (—sin (x + 7[))(4e ))

* (cos (x + n))(—xe —2¥ 2+20)

Step 4
Substitute z for x in the derivative function

- 1 2520
fx)= ( (=sin (x + 7[))( 4° ) )), and solve
* (cos (x + n))(—xe “2x7420
for f' (x).
- 1 2200
£ (—sin (x + n))( 7€ )

¥ (cos (x + z))(—xe —2x 2+20)

. 1 272420
£ = (—sin (z + n))(ze )

* (cos (x + n))(—xe i 2+20)

(~sin (27;))(% e 2" 2+20)

 (cos (27r))(*7re -2 2+20)
Fr() = (O)(%eo.%o 79...) (1) e 0260 79...)

£ (@) = _ge 026079

f'(x) = —4.077 65...

Rounded to the nearest hundredth,
| £ (x)| =4.08.

@ =

Solutions = Rate of Change



34. WR

Step 1
Rearrange the equation y — x — 1 = 0 in the form
y=mx+b.
y-x—-1=0
y=x+1
Notice that the line has a slope of 1. For the tangent
of the curve y = 2xe” to be parallel to the line, the
derivative of y = 2xe” must be equal to 1.
Step 2
Apply the product rule to determine the derivative of
y=2xe”.
Y =2xe”
¥ =@0le®) +@)e")
V' =2xe* +2e*
Y =2*(x+1)
Step 3
Substitute 1 for y’ into the derivative
y'=2e”*(x + 1), and bring all the terms to one side.
Y'=2"x+1)

1 =2¢%(x+1)
0=2¢"(x+1)-1
Step 4

Determine the value of x.

Using a graphing calculator, graph the equation

y =2e*(x +1) — 1 and determine the zero. On a
TI-83 graphing calculator, the key strokes to find the

the zeros of a function are as follows: press

TRACE |and select 2:zero.

The graphing calculator will give the value of
—-0.314 9231.

Therefore, x = —0.314 9231 when the tangent line of
the curve y = 2xe” is parallel to the line
y—x—-1=0.

Step 5§

Substitute —0.314 9231 for x into the equation

y =2xe”, and solve for y.

Y =2xe”®
Yy :2(_0-3149-..)6_0'3]49'“
y =-0.459 66...

Therefore, the coordinates when the tangent line of

the curve y = 2xe™ is parallel to the line
y —x ~1=01is (-0.31, —0.46), rounded to the
nearest hundredth.

Answers and Solutions
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35. WR

36.

Use the chain rule to find the derivative of
y = sin (sin x).

» = sin (sin x)
% = cos (sin x)(de_ sin x)

= cos (sin x)(cos x)
= cos? x(sin x)

WR

Step 1

Determine f'(x) and g’ (x).
fx) = %x 3

f(x) =x?
glx) = —4x

g kx)=-4

Step 2

Determine f' (x)+ g’ (x).
fr)+g' () =x2-4
Step 3
Determine (f + g)’' (x).
(f +2)x) = f(x)+gx)
= gx 3 _4x

(f+gr(x)=x2-4
Step 4
Sketch the graphs of £’ (x) + g’ (x) and
(f +g) ).
The graphs of ' (x) +g'(x) and (f + g)' (x) are
identical.
frf)+g x)=x2-4

(f+g)&x)=x%-4

_),

=4+ 2)'(x)

P
-_— N G b N
——
-

G0 NI e
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37. WR
Step 1
Rearrange the equation 2y — x + 1 = 0 into the form
y=mx+b.
2y-x+1=0
2y =x -1
11

Y722
Step 2
Determine the slope of a line perpendicular to the

. 1 1

line y = X5

The slope of the line is % To determine the slope

of a perpendicular line, take the negative reciprocal
of % Therefore, the slope of a perpendicular line is
as follows:

_ 1

m,

1
2
=-2
Step 3
Determine the derivative of the function
fx)=x 2_3,
f&)=x2-3
f(x)=2x
The derivative of a function gives the slope of the
tangent, so for the tangent line to be perpendicular to
the line2y —x+1=0, f'(x) = -2.
Step 4
Substitute —2 for /' (x) into the equation
/' (x) = 2x, and solve for x.

Frix)=2x
-2 =2
-1=x

Step 5

Substitute —1 for x into the function f(x) = x2 - 3,
and solve for £(-1).

fx) = x2-3
F=D =(=1)*-3
f(-1)=1-3
f(=1)=-2

Therefore, the point on the graph of f(x) = x 2_3
where its tangent line is perpendicular to the line
2y —x+1=0is (-1, -2).
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DERIVATIVES AND THEIR APPLICATIONS

Outcome

Practice
Questions

Unit Test
Questions

Practice
Test 1

Practice
Test 2

DERL (0

Connecting Graphs and Equations of Functions and Their Derivatives

DERI.1

sketch the graph of a derivative function, given the graph of
a function that is continuous over an interval, and recognize
points of inflection of the given function (i.e., points at which
the concavity changes)

1,2,3,4

1, 2a, 2b

17

DERI.2

recognize the second derivative as the rate of change of the
rate of change (i.e., the rate of change of the slope of the
tangent), and sketch the graphs of the first and second
derivatives, given the graph of a smooth function

3,4,5,6

17

18

DERI.3

determine algebraically the equation of the second derivative
f""(x) of a polynomial or simple rational function f{(x), and
make connections, through investigation using technology,
between the key features of the graph of the function (e.g.,
increasing/decreasing intervals, local maxima and minima,
points of inflection, intervals of concavity) and
corresponding features of the graphs of its first and second
derivatives (e.g., for an increasing interval of the function,
the first derivative is positive; for a point of inflection of the
Sfunction, the slopes of tangents change their behaviour from
increasing to decreasing or from decreasing to increasing,
the first derivative has a maximum or minimum, and the
second derivative is zero)

6,7,8

7,8,9

18, 19,20

19,20, 21

DERI 4

describe key features of a polynomial function, given
information about its first and/or second derivatives (e.g.,
the graph of a derivative, the sign of a derivative over specific
intervals, the x-intercepts of a derivative), sketch two or more
possible graphs of the function that are consistent with the
given information, and explain why an infinite number of
graphs is possible

9,10, 11

10, 11

21,22

22,45

DERILS

sketch the graph of a polynomial function, given its equation,
by using a variety of strategies (e.g., using the sign of the first
derivative; using the sign of the second derivative;
identifying even or odd functions) to determine its key
features (e.g., increasing/ decreasing intervals, intercepts,
local maxima and minima, points of inflection, intervals of
concavity), and verify using technology

12,13, 14

12,13, 14,
15

23,24

23

DER2.0

Solving Problems Using Mathematical Models and Derivatives

DER2.1

make connections between the concept of motion (i.e.,
displacement, velocity, acceleration) and the concept of the
derivative in a variety of ways (e.g., verbally, numerically,
graphically, algebraically)

15,16, 17

16,17, 18

25

24

DER2.2

make connections between the graphical or algebraic
representations of derivatives and real-world applications
(e.g., population and rates of population change, prices and
inflation rates, volume and rates of flow, height and
growth rates)

18,19, 20

19,20

26

25

DER2.3

solve problems, using the derivative, that involve
instantaneous rates of change, including problems arising
from real-world applications (e.g., population growth,
radioactive decay, temperature changes, hours of day-light,
heights of tides), given the equation of a function*

21,22,23

21, 22a,
22b, 23,
24, 25

27

26

Class Focus
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DER?2.4 | solve optimization problems involving polynomial, simple 24, 25, 26, 26, 27,28 28,29 27,46
rational, and exponential functions drawn from a variety of | 27
applications, including those arising from real-world

situations
DER2.5 | solve problems arising from real-world applications by 28,29, 30 29, 30, 31, 30 28
applying a mathematical model and the concepts and 32

procedures associated with the derivative to determine
mathematical results, and interpret and communicate the
results
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DERI.1 sketch the graph of a derivative function,
given the graph of a function that is continuous over
an interval, and recognize points of inflection of the
given function (i.e., points at which the concavity
changes)

DER].2 recognize the second derivative as the rate
of change of the rate of change (i.e., the rate of
change of the slope of the tangent), and sketch the
graphs of the first and second derivatives, given the
graph of a smooth function

GRAPHING THE FIRST AND SECOND
DERIVATIVE FUNCTION

When the graph or type of a polynomial function is
given, the first derivative function over a continuous
interval can be sketched by approximating the slope
of the graph, which is the slope of the tangent line,
at various x-values.

A point on a graph of a function where the
concavity of the graph changes from concave up to
concave down, or vice versa, is called a

point of inflection.

The points of inflection on the given graph are
located at approximately x = —2 and x = 0.

\ Points of
! inflect

A\

In the same way that the graph of the first derivative
function of a given graph is sketched, the graph of
the second derivative function can be drawn by
approximating the slope of the graph of the first
derivative function at various x-values.

Class Focus
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Example

The graph of a cubic function is shown.

On the same set of axes, sketch the graphs of the
first and second derivatives of the given cubic
function.

Solution

Step 1
Analyze the slope of the graph from left to right
using approximate x-values.

When x < —1.4, the slope is positive and
decreasing.

When x = —1.4, the slope is 0.

When —1.4 < x < (0.7, the slope is negative
and decreasing.

When 0.7 < x < 2.7, the slope is negative and
increasing.

When x = 2.7, the slope is 0.

When x > 2.7, the slope is positive and
increasing.
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Step 2

Graph the first derivative.

Graph the approximate slope values and the
corresponding x-values on the same set of axes
as the original function. Draw a smooth curve
through these points to produce the curve shown
here by the dotted line. Since the original graph
is a cubic function, the first derivative is
quadratic; thus, its graph is a parabola.

Y

\;
> /2

Step 3
Analyze the slope of the graph of the first
derivative using approximate x-values.

+ When x = -3, the slope is negative, such as
-22.

* When x < 0.7 the slope is negative and
increasing.

* When x > 0.7 the slope is positive and
increasing.

* When x = 4, the slope is a positive number,
such as +20.

THE KEY — Math 12 Calculus and Vectors
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Step 4

Graph the second derivative.

Notice that as the x-values of the graph increase,
the slope of the graph increases. Therefore,
because the graph of the first derivative is a
parabola, the second derivative is a linear
function.

Two points are required to graph a linear
function. Notice that the slope of the first
derivative is 0 when x is approximately 0.7, and
the slope is approximately 20 when x is 4.
Graph the points (0.7, 0) and (4, 20), and draw
a straight line through these points to produce
the graph shown here by the thick solid line.
This graph is the second derivative of the
original function.

7
(x)" TR0 ) 7
y \
"
/ o A
A N ]
A 2
X
; - \_‘ /' D JI
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Use the following information to
answer the next question.

The graph of f(x) is shown.

X < A

\ vy
N A £y
N arhsi

A

Which of the following graphs best
represents the graph of 1’ (x)?

A.

Class
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Use the following information to
answer the next question.

The graph of the derivative of f(x)
is shown.

i

Which of the following graphs best
approximates the graph of f(x)?

A.

y

4
»l
@ EAV))
y
4
T/
X
Ay
1
\n flx
- \‘I *
»l
nan
578
L1 1]
1Yy g
P
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Use the following information to
answer the next question.

The graph of f(x) is shown.

B Y
1w
217

J X
-2
L
/

| Written Response |

Given the graph of f(x), sketch the graph
of f'(x).

| Written Response |

A function f(x) is not differentiable at

x = a. If the graph of f(x) were shown,
what might be two of the reasons that are
evident on the graph of f(x) for this lack
of differentiability at x = a?

THE KEY — Math 12 Calculus and Vectors

Use the following information to
answer the next question.

The graph of y = f(x) is shown.

y 4
3 fX)]'
/
/
/
1 B4R NN
/
/
o

For what approximate value of x is the
instantaneous rate of change of f(x) equal
to 0?

A. 0 B. 0.7

C. 2.0 D. 33

Derivatives and their Applications




DERI1.3 determine algebraically the equation of the
second derivative f""(x) of a polynomial or simple
rational function f(x), and make connections,
through investigation using technology, between the
key features of the graph of the function (e.g.,
increasing/decreasing intervals, local maxima and
minima, points of inflection, intervals of concavity)
and corresponding features of the graphs of its first
and second derivatives (e.g., for an increasing
interval of the function, the first derivative is
positive; for a point of inflection of the function, the
slopes of tangents change their behaviour from
increasing to decreasing or from decreasing to
increasing, the first derivative has a maximum or
minimum, and the second derivative is zero)

DERI.4 describe key features of a polynomial
function, given information about its first and/or
second derivatives (e.g., the graph of a derivative,
the sign of a derivative over specific intervals, the
x-intercepts of a derivative), sketch two or more
possible graphs of the function that are consistent
with the given information, and explain why an
infinite number of graphs is possible

DER]1.5 sketch the graph of a polynomial function,
given its equation, by using a variety of strategies
(e.g., using the sign of the first derivative; using the
sign of the second derivative; identifying even or
odd functions) to determine its key features (e.g.,
increasing/ decreasing intervals, intercepts, local
maxima and minima, points of inflection, intervals
of concavity), and verify using technology

SKETCHING A POLYNOMIAL FUNCTION
GIVEN ITS FIRST AND SECOND
DERIVATIVE

The first and second derivative of a polynomial
function can be used to determine key features of
the graph of the function. The second derivative is
the derivative of the first derivative. Once the key
features of the polynomial function are found, the
graph of the function can be sketched.

The graph of a polynomial function can be sketched
given the equations or graphs of its first and second
derivative.

Class Focus
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When sketching the graph of a polynomial function
from the graphs of its first and second derivative,
translating the graph of a function vertically does
not change the graph of the derivative. Conversely,
if the graph of the derivative is given, the graph of
the original function may be any one of an infinite
family of functions that are vertical translations of
each other. Knowing one point on the graph of the
function will specify which function is required.

The following features of the function, f(x), can be
determined and used to sketch the graph:

« The function is odd when f(~x) = — f(x) or even
when f(-x) = f(x).

« The function approaches positive or negative
infinity for extreme positive or negative x-values.

« For the x-intercepts, set f(x) = 0 and solve for x.

« For the y-intercept, set x = 0 and solve for f(x).

« Intervals of increase and decrease occur when
f'(x)>0and f'(x) <0, respectively.

« Flattening of the slope, usually local maximums
and minimums, occurs when f'(x) = 0.

« The points of inflection occur when f"(x) = 0.

« The function is concave up when f"(x) >0 and
concave down when f"(x) <0.

6. The first derivative of a rational

. 4
expression is defined by f'(x) = -—.
X

Which of the following statements about

the graph of f(x) is true?

A. The function f(x) is concave up for
all real values of x.

B. The function f(x) is concave up on
the interval —eo <x <0.

C. The function f(x) is concave down
on the interval 0 <x <.

D. The function f(x) is concave down
on the interval —o < x <0.
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| Written Response | Use the following information to
answer the next question.

7.  Usingthe first and second derivative of the -
function f(x) = x* - 2x3, determine the Inforr.natlon abouta partlcularlpolyn(?mlal
maximum or minimum point or points and functlor_l, S (x), where x € R, is provided
the intervals of concavity. in the glyen table. ) o
x | W @] e |
5 i
— = + _
! 3
5
1 - —
3 0
3 1 0 +
AERERE
| Written Response |
8. Determine the first and second derivatives 9. Which of the following conclusions can be
of the function made about the graph of f(x) at x = 4?
Sx)=x 0 _2x7+3x% - 6x-09. A. The graph is increasing and concave
up.
B. The graph is decreasing and concave
up.

C. The graph is increasing, and there is
a point of inflection.

D. The graph is decreasing, and there is
a point of inflection.
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Use the following information to
answer the next question.

The graph of f’ (x) the derivative of a
function f(x), is shown.

)?

10. On approximately which of the following
intervals is the graph of f(x) increasing?
A, -2<x<0and4<x<w

B. 0<x<2and5<x<wo
C. w<xy<-land 1 <x <2
D.

25<x<4ands55<x<w

| Written Response |

11. How does knowing the x-intercepts of the
graph of the derivative of a polynomial
function help to sketch the graph of the
function itself?

12. One conclusion that can be reached when
the second derivative of a polynomial
function is equal to zero at x = a is that the
function

A. is concave down atx =a

B. has an x-intercept at x = a
C. has a local maximum at x = a

D. may have a point of inflection at
X =a

Class Focus
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Numerical Response

13. Calculated to the nearest hundredth,
the y-coordinate of the local maximum of

the function f(x) =2x>+ -;—x 2_2x+9

18

Use the following information to
answer the next question.

A curve can be defined by the following
characteristics:

* Odd or even

* y-intercepts and x-intercepts

* Intervals of increase or decrease
¢ Local extrema

 Points of inflection

* Intervals of concavity

| Written Response |

14. Explain the curve defined by

4 .
fx)= 3% 3+ 4x? - 3x according to
the given characteristics, and use this

information to sketch a graph of f(x).

DER?2.1 make connections between the concept of
motion (i.e., displacement, velocity, acceleration)
and the concept of the derivative in a variety of ways
(e.g., verbally, numerically, graphically,
algebraically)

MAKING CONNECTIONS BETWEEN THE
ConNceEPTS OF MOTION AND
DERIVATIVES

If a car is travelling due north on a straight road, the
car’s speedometer gives its instantaneous velocity
in a northward direction at any particular time.
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Instantaneous velocity is the instantaneous rate of
change of displacement with respect to time. If the
driver of the car accelerates, then the instantaneous
acceleration is the instantaneous rate of change of
velocity with respect to time.

Displacement is defined as the net change in
position of an object from start to finish. In other
words, displacement refers to how far away an
object is when it finishes moving relative to where
it started. If displacement from a starting point, s,
is defined by a function of time, ¢ so that s = £(¢),
then the instantaneous velocity, v, at any time is the
derivative of the displacement with respect to time.
This can be expressed in the formula

v=%=f’(t).

The instantaneous acceleration at any time, a, is the
instantaneous rate of change of the velocity, which
is the derivative of the velocity with respect to time.
This is also the second derivative of the

displacement function. This can be expressed in the

2
formula a = v _ % = £ ().

dt

15. Which of the following position functions
has a constant acceleration?

A s()=2t2 -9t +7
s =73~ 4> -3¢
s()=3t3—5t2+4r -1

B.
C.
D.s()=5t*—43+4r-3

THE KEY - Math 12 Calculus and Vectors
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16.

17.

Use the following information to
answer the next question.

The displacement-time graph of an object
is shown and is divided into six stages.

-

567891011
Time

On which stage is the magnitude of the
velocity the greatest?
A. 1 B. 2

C. 4 D. 6

Use the following information to
answer the next question.

A rock is thrown vertically upward from
ground level with an initial velocity of
30 m/s. At some point, the rock stops
travelling upward and falls back toward
the ground. The height, 4, in metres, of
the rock is a function of the time, ¢, in

seconds, defined as # (¢) = —5¢% + 301,
where £ 2 0.

Numerical Response

To the nearest metre, the maximum height
reached by the rock is m.
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DER?2.2 make connections between the graphical or
algebraic representations of derivatives and
real-world applications (e.g., population and rates
of population change, prices and inflation rates,
volume and rates of flow, height and growth rates)

CONNECTING REPRESENTATIONS OF
DERIVATIVES IN REAL-WORLD
SITUATIONS

There are numerous real-world situations where it
is important to know and understand historical,
current, and predicted rates of change.

Since derivatives are measurements of
instantaneous rates of change, working with rates of
change often involves analyzing, calculating,
estimating, and graphing derivatives.

Example
A particular species of fish grows in length for
the first two weeks after birth at a rate measured
in millimetres per day given by
L (d) = 0.06zd?, in which d is the number of
days after birth.

Explain why L (d) is a formula for a derivative
and how it is a derivative of a quantity with
respect to another quantity.

Solution

The formula is a derivative because it is a rate
of change formula.

Because the formula involves a change in length
given in millimetres, over a period of time in
days, the formula is a derivative of length with
respect to time.
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What is the degree of the function that has the
derivative L (d) = 0.06zxd *?

Solution
The power rule of derivatives states that if
f(x)=x", in which # is a natural number, then
the derivative is /'(x) = nx"!. From the power
rule of derivatives, the original function has a
degree of n, and the derivative function has a
degree of n — 1, in which » is a natural number.
Since the derivative function,
L (d) =0.06zd > has a degree of 2, then the
degree of the original function is found as
follows:
2=n-1
n=73
Therefore, the degree of the function that has the
derivative L (d) = 0.06zd ” is 3.

Rounded to the nearest day, what number of
days results in a growth rate that is 10 mm/day?

Solution

Ifthe growth rate is 10 mm/day, solve for d when
L (d)=10.
L (d) = 0.067d"

10 = 0.067d >
0 _
0.067
[10
0.067 =d
7=d

Therefore, the growth rate is 10 mm/day by the
seventh day.

How would doubling the number of days after
birth affect the growth rate?

Solution
Determine the growth rate if the number of days
were doubled from d to 2d.
L (d) =0.067d*
L 5(d) = 0.067(2d)
= 4(0.067d?)
=4L (d)

Doubling the number of days would quadruple
the growth rate.
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Use the following information to
answer the next question.

Gasoline is leaking from a fuel truck at a

rate of R(r) = 2 000e ~%* gal/h, where ¢
represents the time in hours.

18. The rate of leakage first drops below
225 gal/h after approximately

A. 12h B. 29h
C.57h D. 109h

Use the following information to
answer the next question.

A tank with a capacity of 5 000 L drains
completely in 40 min. The graph provided
shows the volume of water remaining in
the tank after draining for ¢ min.

10004 NG
A~
5 10152025303540
Time (min)

19. At which of the following times is the rate
of drainage the greatest?
A. 5 min B. 15 min

C. 25 min D. 35 min

Use the following information to
answer the next question.

A bacteria culture grows at a rate
proportional to its population. The growth
rate, in bacteria/h, of the culture of
bacteria is given by the function

t
g(#) =1000(2.5) %, in which ¢ is the time
measured in hours.

Numerical Response

20. To the nearest whole number, what is the
rate of growth of the bacteria culture after
S h? bacteria/h
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DER2.3 solve problems, using the derivative, that
involve instantaneous rates of change, including
problems arising from real-world applications
(e.g., population growth, radioactive decay,
temperature changes, hours of day-light, heights of
tides), given the equation of a function*

SOLVING INSTANTANEOUS RATE OF
CHANGE PROBLEMS

If a known function describes a real-world quantity
in terms of an independent variable, such as time,
the derivative will give the rate of change of that
quantity with respect to the independent variable.
The derivative can be used to determine the
instantaneous rate of change of the quantity for any
particular value of the independent variable.

Example

The future size of the population of a particular
species of birds in northern Ontario can be
8 000

estimated by the formula P = ———————,in
1+53(0.3)

which ¢ is the time in years.

Rounded to the nearest whole number,
determine the rate of growth of the population
after 7 yr using the derivative.

Solution

Find the derivative to determine the rate of
growth of the population after 7 years.

Step 1
In order to find the derivative, write the quotient,
8 000

1+53(0.3)"°
P =8000(1 +53(0.3)) "

Step 2
Find the derivative of

P =8000(1 +53(0.3)) " using the
derivative rules.

The derivative of (0.3) is (0.3)'1n 0.3.
P =8000(1 +53(0.3))""

as a product.

id};— = 8 000(—1)(1 + 53(0.3)) >
(0+53(0.3)'1n0.3)

— _8000(1 +53(0.3)")*(53(0.3)'In 0.3)

Derivatives and their Appiications



Step 3
Calculate ap whent =7.

dt
dP

< = -8000(1 + 53(0.3)7) " 4(53(0.3)"1n 0.3)

Using a calculator, the result is approximately
109.1.

After 7 yr, the population is growing at a rate of
approximately 109 birds/yr.

21. The electric potential (voltage) of a battery
that is dying is given by the equation
P =10 -(0.04)t%, where ¢ is the time
elapsed in hours. What is the rate of
change of the electric potential of the
battery after 3 h?

A. -37.5V/h
B. -024V/h
C. 9.64 V/h

D. 1323 V/h

Use the following information to
answer the next question.

The volume of water in a certain
cylindrical tank is increasing at a rate of
80 cm3/min, and the radius of the tank is
12 cm.

22. The rate of change of the height with
respect to time of the given cylindrical
tank, to the nearest hundredth, is

A. 0.183 cm/min  B. 1.06 cm/min
C. 1.75cm/min = D. 2.12 cm/min

Class Focus
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Use the following information to
answer the next question.

Wind chill is the temperature determined
from a combination of the actual air
temperature and wind speed. For an air
temperature of 32, the wind chill, ¥, in
degrees Fahrenheit, is given by the
function W (s) = 55.6 — 22.15 16,

where s is the wind speed in mi/h.

Numerical Response

23. To the nearest hundredth, at what rate is
the wind chill decreasing when the wind
speed is 20 mi/h? °F/h

DER?2.4 solve optimization problems involving
polynomial, simple rational, and exponential
Sfunctions drawn from a variety of applications,
including those arising from real-world situations

SOLVING OPTIMIZATION PROBLEMS

An optimization problem involves finding the
preferred or optimum amount of a specific quantity.
If a function represents an application involving
optimization, the optimum quantity or amount
occurs at either the relative maximum or minimum
or at the end values of the function.

The following steps can be taken to solve
optimization problems:

1. Find the derivative of the function, f(x).

2. Determine the potential local maximum or
minimum by setting f” (x) = 0.

3. If necessary, such as for maximum revenue
questions, substitute the local maximum value
into f(x) to determine the maximum value
desired.
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Use the following information to
answer the next question.

A wire with a length of 30 cm is cut into
two pieces. One piece is bent into the
shape of a square. The other piece is bent
into the shape of a rectangle whose length
is twice its width. The relationship
between the lengths of wire for the two
shapes is given by 30 = 4x + 6y, in
which x is the width of the square and y is
the width of the rectangle, both in metres.
The sum of the areas of the square and the
rectangle is given by 4 = x> +2y 2.

The sum is also a minimum.

24. What is the length of the longer piece of
wire, to the nearest tenth of a metre?
A. 2.6m B. 35m

C. l41m D. 159 m

Use the following information to
answer the next question.

The cost of producing x amount of dolls is
defined by the function

C (x) = 4x? - 64x +381.

Numerical Response

25. How many dolls are produced when the
cost is at a minimum?
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26.

27.

Use the following information to
answer the next question.

The equation P = xy 3 represents the
product of one positive number, x, and the
cube of another positive number, y.

| Written Response |

If the sum of the two numbers is 12, find
the numbers that would yield a maximum
product, P.

Use the following information to
answer the next question.

A certain courier company will only
accept cylindrical packages whose height
and circumference combined do not
exceed 10 ft.

[ Written Response |

What must the height of the cylindrical
package be to maximize its volume if the
volume of a cylinder is given by

v = zr*h, in which V represents the
volume in cubic feet, » represents the
radius in feet, and % represents the height
in feet?

Derivatives and their Applications




DER2.5 solve problems arising from real-world
applications by applying a mathematical model and
the concepts and procedures associated with the
derivative to determine mathematical results, and
interpret and communicate the results

SoLvING PROBLEMS USING
MATHEMATICAL MODELS

It is a common practice in many fields of study to
attempt to describe changing situations with
mathematical models. Because rates of change or
maximums and minimums are often of interest in
these situations, the mathematics usually involve
finding the derivative. The models are seldom one
hundred percent accurate, but they are usually good
estimates for particular values of the independent
variable.

Example
Factories A and B are 10 km apart. Factory B
emits four times the pollutants into the air as
factory A. The number, N, of particles of
pollutants in the air from a given factory is
inversely proportional to the square of the

distance from that factory (y = _f_](cx-))

John and Irene want to build a house adjacent to
a straight road that connects the two factories.
They want the house to be located at the point at
which the pollution from the factories is

the least.
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How far from factory A, to the nearest tenth of
a kilometre, should John and Irene build their
house in order to experience the minimum
amount of pollution from the two factories?
Explain your answer.

Solution

Step 1
Determine a function that represents the total
number of particles emitted by both factories.

» Let x be the distance from the house to
factory A.

» Let (10 — x) be the distance from the house to
factory B.

. .k
The number of particles from factory A is —,
X

and the number of particles from factory B is
_ 4k

(10 — x)*’

The total number of particles of pollution at the

house would be N = L3 + 4k

x2 (10-x)?*
Step 2
Determine the derivative of N with respect to x.
4k
+ 2
(10 —x)
N =kx2+4k(10 - x)?

2
X

dN

X
dN _ -3 -3
o = 2ex T 8k(10 — x)

The derivative of N with respect to x is
~2kx 3 +8k(10 - x) .
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Step 3
Determine the minimum amount of pollution
particles using the derivative.

The minimum amount of pollution will occur

dN
when I =0.

2kx 3+ 8k(10-x)3 =0
8k(10 — x) = 2kx 3

4 _ 1
10-x? x3
4x3=(10-x)°
Fax =10-x
Vax +x =10
x(i/Z+1)=10
__10
Y@

x=39
Therefore, John and Irene should build their
house approximately 3.9 km from factory A.
The answer is a minimum because the pollution
would increase as you get closer to either of the
factories.

You can see this from the form of the function

N = L + _4k because as the

x2 (10 -x)?
denominators of the rational expressions
approach 0, their values approach infinity.

Use the following information to
answer the next question.

A bacterial culture begins with 1 000
bacteria, and after 4 h, the count is 5 000.
The bacterial culture grows according to
the equation C () = Ae™ ., where A is the
initial number of bacteria in the

culture, k is a constant, and ¢ is the time
in hours.

28. Rounded to the nearest whole number,
what is the rate of growth of the bacterial
culture after 5 h?

A. 3 008 bacteria‘h

B. 3 009 bacteria’h
C. 7 476 bacteria’h
D. 7 477 bacteria’/h
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Use the following information to
answer the next question.

The velocity of a flowing river at a popular
picnic area is modelled by the function
v(£) =32+ 5sin (W +5),0 < 7 < 68,
where v(¢) is the velocity measured

in m/min and ¢ is the time in minutes.

If a swimmer jumps into the water and
begins swimming against the current at a
constant rate of 85 m/min, his rate of
acceleration in the water after 10 min will
be approximately

A. —28.66 m/min’
—0.48 m/min’
0.48 m/min’
56.34 m/min”

° 0w
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Use the following information to
answer the next question,

After having been shaped by using heat, a
piece of metal with a temperature of

1 500°C must be dropped into a tank of
water to cool. The tank of water is kept at
a temperature of 35°C. After 10 min in the
cooling tank, the metal’s temperature
drops to 750°C. The rate of decrease in
the metal’s temperature is said to be
negligible when the metal reaches 75°C,
so the metal is removed from the tank
when it reaches this temperature.

The change in temperature of the piece of
metal follows Newton’s law of cooling,
which states that the difference in
temperature between an object and its
surroundings decreases exponentially
according to the relationship

T —T,=(Ty—T,)e™, where T'is the
object’s temperature at time #, T, is the
temperature of the surroundings, 7' is the

initial temperature of the object, and k is a
constant representing the relative rate of
cooling of the given object.

Numerical Response

To the nearest hundredth, what is the
negligible rate of temperature decrease for
this particular metal? °C/min
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ANSWERS AND SOLUTIONS
DERIVATIVES AND THEIR APPLICATIONS

1. C 7. WR 13. 9.96 19. A 25. 8
2. C 8. WR 14. WR 20. 9882 26. WR
3. WR 9. A 15. A 21. B 27. WR
4. WR 10. A 16. B 22, A 28. A
5 C 11. WR 17. 45 23. 0.29 29. C
6. D 12. D 18. D 24. D 30. 2.87
. C . WR
On the graph of f(x), there is an abrupt change in Step 1

slope at x = —1. Therefore, the derivative graph will
be undefined at x = —1.

To the left of x = —1, the slope is constant at

4-0 L
230D = —~1.2. Therefore, on the derivative
graph 17 (x), there is a horizontal line at y = —1.2
defined on the interval —o < x < 1.

To the right of x = —1, the slope is constant at
4-0
23-(-1
graph f”(x), there is a horizontal line at y = 1.2

defined on the interval —1 < x <,

= 1.2. Therefore, on the derivative

Graph C best represents the graph of £’ (x).

. C

Analyze the y-values from left to right of the graph
of the derivative.

* —w < x <0, y-values are negative and increasing
e x =0, y-value is zero

» 0 < x < 1.4, y-values are negative and decreasing
+ 1.4 <x <2, y-values are negative and increasing
e x =2, y-value is zero

+ 2 < x <o, y-values are positive and increasing

Since the y-values of the graph of the derivative are
equal to the slopes of f(x), the following slope
values should occur in the graph of f(x):

» —w < x <0, slope is negative and increasing
« x =0, slope is zero

» 0 <x < 1.4, slope is negative and decreasing
+ 1.4 < x <2, slope is negative and increasing
+ x =2, slope is zero

» 2 < x <, slope is positive and increasing

The graph in alternative C is the only graph that
shows these slope values.
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71

Analyze the slope of the graph, when it is viewed
from left to right, using approximate x-values.

* x < -2, the slope is positive and decreasing

* x = -2, the slope is 0

* —2 <x < -1.4, the slope is negative and
decreasing

¢ x =-1.4 is a point of inflection

s —1.4 <x <-0.9, the slope is negative and
increasing

+ x =-0.9, the slope is 0

» —0.9 < x <0, the slope is positive and increasing

* x =0 is a point of inflection

» 0 < x <1, the slope is positive and decreasing

s x =1, theslopeis 0

» x > 1, the slope is positive and increasing

Step 2

Graph the approximate slope values. Connect the

points using a thick line. The resulting graph is the
derivative of the function.

y

S
"~
=
|

[}

N

<

. WR

The function f(x) may be undefined at x = a.
The graph would have a vertical asymptote or a hole
atx = a.

Solutions — Derivatives andtheir Applications




The derivative of the function may be undefined at
x = a. The graph might have a cusp or an endpoint
atx = a.

The function may be a piecewise function.
The graph of f(x) would show a break and not be
continuous at x = a.

. C

The instantaneous rate of change is equal to 0 when
the slope of the tangent is equal to 0 on the graph of
f(x). Atapproximately x = 2.0, the slope of the
tangent is equal to 0.

Therefore, the instantaneous rate of change of f(x)
is equal to 0 at approximately x = 2.0.

. D

Step 1
Determine the second derivative of the function

fx).

fx)= —_42‘

x
frx)=—ax?
S (x) =8x -3
Step 2

Determine the x-coordinate of the inflection point.
Solve for x when f" (x) = 0.

fr(x)=gx?
0=28x"?
0=yx3
x=0

Step 3

Determine the intervals of concavity.

Substitute any value greater than 0 into f (x),
and solve.

Letx =1.

f7(x) =8x 3

Q) =83
=8

The function " (x) is positive on the interval
x > 0. Therefore, f(x) is concave up on the interval
0<x<w,

Substitute any value less than 0 into £ (x),
and solve.
Letx =—1.
fr(x) =gx 3
frED =g(-1)73
- -8

The function 1" (x) is negative on the interval
x < 0. Therefore, f(x) is concave down on the
interval —o < x <0.

Answers and Solutions
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. WR

Determine the values of x when f"(0) = 0.
) = x4 - 253
f(x) = 4x3 — 6x2

0 =2x2%(2x - 3)
x =O,—?2,-

Using test points on either side of x = 0 and x = %

reveals that the first derivative is negative on the
. 3 . .
interval —o < x < 3 and positive on the interval

3 . o .

5 < x <w, A negative first derivative on a given
interval corresponds to a decreasing function on that
interval. Similarly, a positive first derivative on a
given interval corresponds to an increasing function

on that interval. Therefore, the graph of f(x) is

. . 3
decreasing on the interval —o < x < 3 and
. . . 3
increasing on the interval 3 < x <,

In addition, at the point where the first derivative of
a function is equal to zero and changes sign from
negative to positive, the function has a local
minimum. For the function f(x), a local minimum
_3 3. 27

occursatx—zoff(z) 6
Determine the values of x when /" (x) = 0.
f1(x) = 4x3 - 6x2
1) =122 - 12x

0=12x(x-1

x=0,1

Using test points on either side of x =0 and x = 1
reveals that the second derivative is negative on the
interval 0 < x < 1 and positive on the intervals
—w<x<0andl <x <, A negative second
derivative on a given interval corresponds to a
function that is concave down on that interval.
Similarly, a positive second derivative on a given
interval corresponds to function that is concave up
on that interval. Therefore, the graph of f(x) is
concave down on 0 < x < 1 and concave up on
~o<x<0and1<x <

In addition, at the point where the second derivative
of a function is equal to zero and changes sign from
negative to positive or positive to negative, the graph
of the function moves from concave down to
concave up or concave up to concave down, resulting
in points of inflection where /" (x) = 0. On the
graph of f(x), points of inflection occur at x = 0 and

x=10f (0, £(0)=(0, Dand (1, F(1))=(, -1).
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8.

10.

11.

12.

13.

WR

Step 1

Determine the first derivative of the function.
f&) =x10—2x7+3x4—6x—9

F'O0) =10x" - 14x°+ 1263 6

Step 2

Determine the second derivative of the function.
F'0) =106 - 14x0+ 1223 6

S"(x) =90x8 - 84x% + 3612

A

At x =4, f'(x) is positive; therefore, the function
f(x) is increasing.

At x =4, " (x) is also positive; therefore, the
function f(x) is concave up at x = 4.

A

The graph of f(x) is increasing on intervals where
the graph of £'(x) is positive.

Observing the given graph, ' (x) is positive on the
intervals -2 < x <0 and 4 < x <,

Therefore, the graph of f(x) is increasing on the
intervals -2 <x <0 and 4 < x <,

WR

The coordinates of the x-intercepts of the derivative
function correspond to the x-coordinates of local
extrema on the graph of the function itself.

More information is required about the first
derivative in order to conclude whether the extrema
are local maxima or local minima.

D

When the second derivative function is equal to zero
at a particular point, then there is a point of inflection
on the original function at that point. Thus, when the
second derivative graph of a polynomial function is
equal to zero at x = g, there is a point of inflection
on the function graph at x = a.

9.96

Step 1
Find the first derivative of the function f(x).

£(x) =2x3+%x2—2x+9

Fx) =6x2+x-2

THE KEY — Math 12 Calculus and Vectors

Step 2
Determine the intervals where the function is
increasing and decreasing.
Solve for x when f(x) = 0.
S ) =6x2+x-2
0=6x2+x-2
0=6x2+4dx -3x-2
0=2x(Bx+2)-13x+2)
0=02x-1)3Bx+2)

2x—-1=0
1
2
Ix+2=0
2
3
. -2
Test interval —o < x < 3

/1 (x) =6x2+x—2

FED =6(-1)2+ (1) -2
=3

Test interval _72 <x< %

1) =6x2+x-2

£1(0) = 6(0)* +(0) - 2
=2

. 1
Test interval > <x <o,

() =6x%2+x-2
£ =601+ -2
=5

The given table summarizes the behaviour of the
function.

Interval | f’(x)|Increasing / Decreasing
—0<x < _T + Increasing
_TZ <x< % - Decreasing

1 .

0} <x<ow + Increasing
- _J
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Step 3
Determine the local maximum point.
The derivative is positive to the left of x = ——i— and

negative to the right of x = —%. Therefore, there is

a local maximum at x = -3
2

Solve f(x) when x = -3

f(x)=2x3+%x2—2x+9

YA A

Therefore, the y-coordinate of the local maximum of
the function f(x) is 9.96.

WR

Since the curve is a cubic function with a negative
leading coefficient, the graph will begin in the
second quadrant (for infinitely small values of x,
f(x) is very large), and the graph will end in the
fourth quadrant (for infinitely large values of x,
f(x) is very small).

Step 1

Test the function to determine if it is odd or even.
Rewrite the equation when f(—x).

f&) = ——%x3+4x2— 3x
o0 = =30 + 407 - 30)
f=x) = %x3 +4x2 +3x
Since f(—x) # f(x) and f(-x) * —f(x), the

function is neither odd nor even.
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Step 2
Determine the coordinates of the y intercept.
fx) = ——;—x3 +4x?-3x
4
£(0) = =5(0)° +4(0)* =30
f0) =0
The y-intercept is at (0, 0).

Determine the coordinates of any x-intercepts.

&)= ~%x3+4x2—3x
= —%x3+4x2—3x

0=_4x3+12x2-9x
0= —x(4x2— 12x +9)
0=-x(2x-3)(2x-3)

f(x)=0whenx =0, % Therefore, the x-intercepts

are at (0, 0), (%, 0).

Step 3

Determine intervals of increase/decrease and local
extrema.

Solve for x when f'(x) = 0.

f(x)=—§x3+4x2_3x

f'x) = —4x%+8x -3
0=(=2x+1DQ2x-3)

_13
T2
Interval ') f)
o< x < % — Decreasing
1 3 .
= = +
> <x< ) Increasing
3 .
> <x<w - Decreasing

There is a local minimum at
1 IyW_ (1 2 )
(2, f(Z))_(Z’ —3)andalocalmax1mumat

(z./G)-(-0)
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15.

Step 4

Determine the point of inflection and the intervals of
concavity.

Solve for x when f"(x) = 0.
f'0) = _4x?+8x -3

f(x)=-8x+8
0=-8x-1
x=1

The function has a point of inflection at

1 . ..
1, Fay= (1 , —3) Using test points in the regions
—o<x <landl <x <o, thefunction is concave up
on —o < x < 1 and concave downon 1 < x < ,
Step 5

Use the characteristics identified to graph an
approximate solution.

[

A

When given the position function of an object, the
acceleration of the object can be found by taking the
second derivative of the position function.

To determine which of the given position functions
would yield a constant acceleration, find the second
derivative (acceleration function) of each position
function.

Determine the second derivative of
s() =2t -9 +7.

s() =262 -9 +7

sty =v(t)=4t-9
s")y=v(@)=a(t)=4
Determine the second derivative of
s(t)=7t> — 4t - 3¢,

s() =713~ 42 -3¢

s =v(e) =212 -8 -3
s"@) =v'(t)=a(t) =42t -8

THE KEY — Math 12 Calcuius and Vectors
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Determine the second derivative of
s@) =33 —512+4r 1.

s(t) =313 - 5¢2+4r -1

s'(0) = () =912~ 10¢ +4
s"@) =v'(t) = alt) = 18t - 10
Determine the second derivative of
s()=5t%— a3+ 4s - 3.

s(t) =5t —ar3+ 41 -3

s'(6) =v(1) =20¢3 ~ 12¢2 + 4
s"(t) = v'(t) = a(t) = 60t % - 24¢

The function s(¢) = 2¢2 — 9¢ + 7 has a second
derivative with a constant value; therefore, it has a
constant acceleration.

B

The velocity of an object is the instantaneous rate of
change of the object’s displacement with respect to
time. In other words, the first derivative graph of a
displacement-time graph is a velocity-time graph.
In this case, the velocity-time graph is made up of
six polynomial elements to correspond with the six
polynomial elements of the displacement-time
graph. The degree of each element in the
velocity-time graph will be 1 degree less than the
corresponding element of the

displacement-time graph.

The velocity during each stage of the graph is
described as follows:

Stage 1

The displacement is constant. In other words, the
rate of change of the displacement at this stage is
zero. Therefore, the velocity over the same time
interval will be zero.

Stage 2

The displacement is decreasing in a linear fashion.
This line is a polynomial of degree 1. Therefore, the
velocity over the same interval will be constant
(degree 0) and negative.

The rate of change of the displacement at this stage
is approximately —4. Therefore, the velocity at this
stage is approximately —4.

Stage 3

The displacement is constant. In other words, the
rate of change of the displacement at this stage is
zero. Therefore, the velocity over the same time
interval will be zero.

Solutions — Derivatives and their Applications
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Stage 4

The displacement is decreasing in a linear fashion.
This line is a polynomial of degree 1. Therefore, the
velocity over the same interval will be constant
(degree 0) and negative.

The rate of change of the displacement at this stage
is approximately —%. Therefore, the velocity at this

stage is approximately —%.

Stage 5

The displacement is constant. In other words, the
rate of change of the displacement at this stage is
zero. Therefore, the velocity over the same time
interval will be zero.

Stage 6

The displacement is increasing in a linear fashion.
This line is a polynomial of degree 1. Therefore, the
velocity over the same interval will be constant
(degree 0) and positive.

The rate of change of the displacement at this stage

is approximately % Therefore, the velocity at this

stage is approximately %

The velocity-time graph that relates to the given
displacement-time graph is shown.

ﬁ

4t
3...
2..
&1t

412
24

-3+
44

Veloci

Time

From the velocity-time graph, the magnitude of the
velocity is greatest on the interval 2 <7 <3 which
corresponds to stage 2.

45

Because the height function, 4 (¢) = -5t 24 30z, has
a negative a-value in a quadratic function of the form

h(t) = at® + bt +c, it is a parabola that opens
downward. Therefore, the function reaches a
maximum (rather than a minimum).

The maximum height occurs when the rock stops
travelling, just before it begins to fall toward the
ground. The velocity of the rock at its maximum
height is 0 m/s.

Answers and Solutions
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Step 1
Determine when the rock reaches its
maximum height.
Find the velocity function (the first derivative of the
position function), set it equal to 0, and solve for ¢.
h(e) = —5¢%+30t
h'(t) = v(®) = -10t + 30

0=-10t+30

t=3
Therefore, the rock reaches its maximum height after
3s.

Step 2
Determine the maximum height of the rock.
To determine the maximum height reached by the
rock, evaluate the height function when ¢ = 3, i.e.,
h(3).
h(e) = —5¢%+30¢
h(3) = -5(3)* +30(3)

=-45+90

=45
The maximum height reached by the rock is 45 m
after 3 s.

D
The rate of change of the amount of gasoline ina fuel
truck is given by R(¢) = 2 000e —0.2 oal/h.
Solve for ¢ when R(r) = 225.
225 =2 000e "%
_ﬁ_ e -0.2t

The rate of leakage first drops below 225 gal/h after
approximately 10.9 h.

A

On the volume-time graph, the instantaneous rate of
drainage is shown by the slope of the line tangent to
the curve at any given instant within the draining
period. As the curve indicates, the rate of drainage
is greatest immediately after drainage begins (at the
steepest part of the curve). With time, the rate slows
as the volume in the tank decreases (as the curve
flattens out).

Therefore, compared with the other times given, the
rate of drainage at 5 min is the greatest.

Castle Rock Research
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20.

21.

22.

9882

To determine the rate of growth of the bacteria after
5 h, evaluate g(5).

‘
2(t) = 1000(2.5)2
5

2(5) = 1 000(2.5) 2
=1000(2.5)%7
=9 882

The growth rate is 9 882 bacteria/h.

B

If the electric potential of a dying battery is given by

the function P = 10 — (0.04)¢ 2, then the rate of
change of the battery’s electric potential after 3 h can
be found by evaluating the derivative of the given
function at £ = 3.

P =10 (0.04)>
dP

g = —(0.04)(2¢)
= —0.08¢
ap -
i i 0.08(3)
=-0.24

The rate of change of the electric potential of the
dying battery after 3 h is —0.24 V/h.

A

Step 1

The volume of a cylinder is given by the formula

V = zr*h in which ris the radius, and / is the height.

|
!

For this particular situation, it is given that the radius
is 12 cm. Since the radius of a right circular cylinder
is constant, the given radius may be immediately
inserted into the volume function.
V =nr’h

= 2(12)%h

= 144xh

THE KEY — Math 12 Calculus and Vectors
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Step 2
Determine the rate of change function of the height
of water in the tank with respect to time.

Differentiate the volume function with respect
to time.

V = 144zxh
v dh
7 1447 I
Step 3

Determine the rate of change of the height of water
in the tank with respect to time, given that the rate of
volume increase is 80 cm?/min.

Replace a with 80 cm3/min, and solve for d—h

dt dt

e dh

ar = 144r r

s dh

80 = 144r 7
80 _dh
144x dt
_dh
0.18 = o

The rate of change of water height with respect to
time is approximately 0.18 cm/min.

0.29
Step 1
Determine the derivative function W '(s).
W(s) =556 -22.1s 16
W'(s) = -22.1(0.16)s ~*¥
=-3.5365 ¥
Step 2
Determine the rate of change of the wind chill when
the wind speed is 20 mi/h.
Evaluate for W'(s) when s = 20.
W'(s) = —3.536s 084
w'(20) = —3.536(20) "%
= -0.29
Therefore, the wind chill is decreasing at a rate of
approximately 0.29°F/h when the wind speed is
20 mi/h.

Solutions — Derivatives and their Applications



24. D

Step 1

Write down the information that is provided, and
draw a diagram to illustrate the problem.

The relationship between the lengths of wire is given
by 30 = 4x + 6y. The sum of the areas of the square

and rectangle, 4 = x 242 y 2, is to be a minimum.

X y

X 2y

Step 2
Solve for y in terms of x using the relationship
30 = 4x +6y.

30 =4x + 6y
30-4x =6y
30-4x _
6

5- %x =y
Substitute the resulting expression for y into the area
formula.
A=x+2 y2

2
=x2+2(5—%x)

- o2

1 4
=x2+2(25—%x—?0x+—9~x2)

4
=x2+2(25—23—0x+§x2)
=x2+50—?x+%x2

17 o 40
= = -+
9x 3x 50

Answers and Solutions
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Step 3

A minimum of a function occurs when its derivative
is equal to zero and the function is decreasing on the
left of the zero and increasing on the right.

17,2 40

——x+
A 5 X 3 x+50
,_34 40
A="gx-73
_34 4
0=9%"73
40 _34
3 9
360 _
102
60 _
17
Confirm the minimum as follows.
Interval A'(x) A(x)
0<x< 80 - Decreasing
17
% <x< % + Increasing
60 . ..
When x = 17 the sum of the areas is a minimum.
Step 4
. 60
Determine the value of y when x = 17
5-— %x =y
2(80).
573 ( 17) 7%
85 40 _
17177
45 _
177
Step 5

Determine the length of the two wires.
Given the relationship 30 = 4x + 6y, the two lengths
of wire will be as follows.

_ (80
4"_4(17)

_ 240
17
= 14.1m

_ ﬁ)
6y_6(17

_ 210

Y]

=159m
Therefore, the longer piece of wire will be
approximately 15.9 m.
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25. 8

26.

The cost function C (x) = 4x2 — 64x + 381 is a
quadratic function that opens upward and has a
minimum value.

To determine the amount of dolls produced at
minimum cost, find the first derivative, C’ (x), set it
equal to 0, and sotve for x.

C(x) = 4x? — 64x + 381

C'(x) =8x - 64
0=8x-64
x=28

The cost is at a minimum when the number of dolls
produced is 8.

WR

Step 1

Write an equation for the relationship between x
and y.

The sum of two numbers, x and y, is 12. An equation
that represents this relationship is 12 = x + y.

Step 2

Isolate x in the sum equation.
12=x+y

12-y=x

Substitute the expression for x into the product
formula, P = x y3.

P = xy3
=(12-y)y?
— 123 p*

Step 3

A maximum of a function occurs where its derivative
is equal to zero and the function is increasing on the
left of the zero and decreasing on the right. Find the
first derivative of the function, and solve for y when
P'=0.

P=12y°-y*
P =36y2—4y3
0=4y%9-y)
y=0or

y=9

THE KEY - Math 12 Calculus and Vectors
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Step 4

Determine the numbers that yield the maximum
product.

Since the goal is a maximum product, y cannot be
zero. Thus, only consider y = 9.

Using the sum equation, determine the value of x
when y = 9.

x=12-y
=12-9
=3

Therefore, the numbers that yield a maximum
product are 3 and 9.

WR

To determine the height, 4, of a cylinder that results
in a maximum volume, the radius, », must be written
in terms of 4 (or vice versa) in the volume formula
V=nrh.

Step 1

Relate the variables 4 and r.

While the formula for the volume of a cylinder is
given, the relationship between » and /2 must be
established using the information that

h + C =10 ft, in which C is the circumference of the
cylinder’s base and 4 is the height.

Since C = 2xr,

h+C=10
h+2rr =10
h =10-2zar
In this case, it is easier to find % in terms of 7.
Step 2
Substitute 10 — 2z» for 4 into the volume formula.
V =nr 2h

V =ar (10 - 2ar)

vV =10zr® - 2n%r>

Step 3

Determine the derivative of the volume function.
Set it equal to zero, and solve for r.

V =10ar? - 223
dv
= = 20mr —6x’r?
0 =207rr—67z'2r2
0 =22r(10 = 37r)
10
r=0, i

Solutions — Derivatives and their Applications




Step 4
Test the validity of r.
A radius of O ft is not a possibility because that would

result in a volume of 0 ft3. Test only » = % to see

if this radius yields a maximum volume.

dv
Interval dr | 4
10 .

<p < — +
0<r e Increasing
10 10 )
—<pr<— | =
3 <2 ‘Decreasmg‘

. . 10
Therefore, the volume is a maximum when » = 3

Step §

Determine the height of the cylinder.

The height of a cylinder with a maximum volume is
as follows:

h =10-2nr
=10—277.'(';‘?;)
=10—%
o,

Answers and Solutions
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28. A

Step 1

Using the given information, determine the
exponential function that represents the number of
bacteria in the culture.

The number of bacteria in the culture is given by the
equation C () = Ae™,
At ¢ = 0, the culture contains 1 000 bacteria.

Solve for 4.
Cle) = 4e™
1000=4

After 4 h, the culture contains 5 000 bacteria;
therefore, C (4) = 5 000.

Solve for k.

C(t) = de*

C(4) =1000e*

5000 = 1 000 *

5= e4k

In5=4k

%m5=k
Therefore, the exponential function that represents

the number of bacteria in the culture is
In
C (t) =1000e

t
o3
Step 2
Determine the rate of growth of the bacterial culture
after 5 h.
Find the derivative function C' (¢), and evaluate
when ¢ = 5.
t
o5)

t

In 5 7 1
C'(t) =1 000e . (Z)ln 5

In
C(r)=1000e

5
In 5y~
C'(5) = 1 000e (4) . (%)ln 5

= 3 008
Therefore, the rate of growth of the bacterial culture
after 5 h is 3 008 bacteria/h.
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29. C
Step 1
Determine the swimmer’s actual velocity.
If the swimmer swims against the current at a rate of
85 m/min, his actual velocity in the water, V' (¢), will
be the difference between his swimming rate and the
velocity of the river’s water flow.
V() =85-v(t)
=85 - (32 + 5sin (v + 5))
=85~32-S5sinvr+5
=53~ Ssinvr+5
Step 2
Determine the swimmer’s acceleration in the water
after 10 min of swimming.
Find the derivative of the function
V() =53 — 5sin#/t + 5, and evaluate when ¢ = 10.
Make sure your calculator is in radian mode.

V (¢) =53 - 5sinvt+5

4
2

V (£)=53-5sin(t+5)
1 1
V() = ale) = —Scos (z+5)2(%)(z+5) 2
= ~2w5T§COSVt+5
_ 5
a(10) —~————2m—scosv10+5

= (.48
After 10 min of swimming, the swimmer is
accelerating in the water at a rate of approximately
0.48 m/min?.

THE KEY - Math 12 Calculus and Vectors

30. 2.87
Step 1
Determine the exponential function that represents
the object’s temperature after time 7.

Substitute known values into the formula for
Newton’s law of cooling.

T~T,=(Ty-T,)e"
750 - 35 = (1 500 — 35)e '

715 = 1 465¢ %
Solve for the constant, %.
715 = 1 465¢ %
715

1465 =l

% _ 0k

In (%) =10k
1ot (353) =+

Therefore, at time ¢, the object’s temperature can be
determined by using the following function:

T - 35 = (1500 — 35)e ¥
143 t
Int=—=0N+¢
T =1 465¢ (293)(10)
Step 2

Determine the time, ¢, when T = 75°C.
i35 55
293 A\ 10

183y
75 =1 465e1n(fiz Il
01 sose " (5170
0y

40

tn ( 1 465) =l (;—;‘%)({—0)

+35

T =1465¢e +35

+35

40
[0ln ( 1465 )

) (ﬁi)
"\293

50.196 min

=t
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Step 3

Find the rate of change of the metal’s temperature

after 50.196 min.

Take the derivative of the function

ln(—li:i
T=1465¢ '
t = 50.196.
143
In
T =1 465¢

T'=1465¢ '
7(50.196)

143
Inl=—=
Y
~ 287

293 5)

)
10

+ 35, and evaluate 7' when

+35
!

n{5er i) (5 )in (322)

50.196

(53

The rate of temperature decrease of the metal is
approximately 2.87°C/min when the temperature of
the metal reaches 75°C.

Answers and Solutions
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UNIT TEST — DERIVATIVES AND THEIR APPLICATIONS

Use the following information to Use the following information to
answer the next question. answer the next multipart question.
Four pairs of graphs are shown. 2. |A function, f(x), is cubic and has a
| positive leading coefficient.
N o | Written Response |
5. 1) y J)
, a) Describe the shape and orientation of the
. = ; graph of 1’ (x).
2.
V. NIL3) 2 )
3 X
2N =
g AN A
A Y NSNS b) If the graph of f(x) was transformed by a
3 reflection in the x-axis to become the
' . . graph of g(x), describe the differences, if
4 4 any, that would be evident between the
agrON SRS graphs of f'(x) and g’ (x).
- 4
M SDZN 5
4.
41 4 I'A
/ |
N6 BTG
/o N
Ll A
(2N “

1. Which pairs of graphs represent the graph
of a function and the graph of its

derivative?
A. land 4 B. land 2
C. 3and 4 D. 2 and 3
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Use the following information to
answer the next question.

The graph of a function is shown.

y
| :
54

S

| Written Response |

Using approximate values of x, describe
the concavity of the graph for all values
of x.

Unit Test

84

Copyright Protected

Use the following information to
answer the next question.

The graph of f(x) is shown.

¥

)

5

A

3

2

1

B G s 2% 4535 "

-1

2

-3

-4

-5

For which of the following approximate
values of x would the graph of /" (x) be
equal to zero?

A, x=-23,05
B. x=-21,3
C. x=-0.6

D. x=1
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Use the following information to
answer the next question.

The graph of the derivative f'(x) of a
smooth function f(x) is shown.

y

~
)

Use the following information to
answer the next question.

5.  Which of the following shapes best
describes the graph of f"(x) on
-1.7<x<27?

A. Cubic

B. Parabolic
C. Diagonal line

D. Horizontal line

THE KEY - Math 12 Calculus and Vectors

1

The graph of a function is shown.

¥

e
S

¥

Which of the following pairs of relations
describes characteristics of the first and
second derivatives at point P labelled on
the given graph?

A f'(x)=0,f"(x)>0

B. f'(x)=0,f"(x)<0

C. '(x)>0, f"(x)<0

D. /'(x)>0,f"(x)>0

On which of the following intervals is the
graph of

F)=x*+4x3—18x2 - 14x +3
concave up?

A, 3<x<l1

B. 3<x<w»
C. —o<xy<land -3 <x<w

D. —o<xy<-3and1<x<w

Derivatives and their Applications
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Use the following information to Use the following information to
answer the next question. answer the next question.
A function is defined by The partial graph of a polynomial function
F)=x +ax?+bx+1. is shown.
Y
[ Written Response | ol .
8. For what values of the constants a and b 7
would (1, 6) be a point of inflection on the 6§
graph of f(x)? A
N
34 B
2
e ,
0 1 23

10. At which point on the graph are the first

[ Written Response | and second derivatives both positive?
9. Determine the first and second derivatives A. 4 B. B
C. C D. D
of the function f(x) = —%.
x
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Use the following information to Use the following information to
answer the next question. answer the next question.
The graph of 1’ (x), the derivative of a A continuous function satisfies all of the
function, f(x), is shown. following conditions:
y A F0)=f3)=0,
fED=71)=-2
s /r\ B. f'(-D=f0)=f(1)=0
[ \ C. f'(x)<0on
\ 1 \ —o<xy<-land0<x<1
o D. f'(x)>0on
-5 \ : -1<x<0and 1 <x<w
V " (_l) e (_1_) T —
i E frl-5)=/"\7)=/"@=0
=5 ; F. f"(x)>0o0n
: —oo<x<—%and%<x<2
G. f"(x)<0on
11. For approximately which of the 1
following x-values does the graph of o <X<7 and 2 <x <o
f(x) have a local minimum? i
A . x=-2,4 H x- oof(x)=oo
B.x=-2,0 LM re==
C. x=-350,4

D. x=-2,0,3,4
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| Written Response | Use the following information to
12. On the axes provided, sketch the graph of answer the next question
a continuous function that satisfies all of Half the graph of an even polynomial
the given conditions. function f(x) is shown.
Y -

Lh
Lh

(x

[ Written Response |

15. Sketch the entire graph of f'(x) on the grid
provided.

13. Which of the following steps are
necessary for finding the local extrema of
a polynomial function, f(x)?
A. Finding /" (x) and solving
f(x) = f'(x) forx
B. Finding 1" (x) and solving
f(x) = f"(x) for x
C. Finding /" (x) and solving
f"(x)=0forx

D. Finding ' (x) and solving
f'(x)=0forx

Numerical Response

14. The y-coordinate of the point of inflection
of f(x)=x3—6x2+11x+6is )
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Use the following information to
answer the next question.

The position function of a particle is given
by s(t) = 21> - 24:%+ 90t + 7 for ¢ 2 0.

16. For what values of ¢ is the velocity of the
particle increasing?

A. t >4 only

B. > 5 only

C. 3<t<4only

D. 0<¢t<3andt>5

Use the following information to
answer the next question.

The displacement of an object is defined
by the function s(r) = 4¢> — 9% + 6¢ + 2,
t 2 0, in which s is the displacement in
metres, and ¢ is the time in seconds.

17. What is the total distance travelled by the
object in the first 4 s?

A. 126.0 m B. 136.5m
C. 138.0m D. 146.5m

Use the following information to
answer the next question.

The displacement-time graph of an object
is shown.

)

Displacement

LRI VR RN . SN
et

Time
18. The instantaneous acceleration of the
objectat 11 s appears to be m/s.

THE KEY - Math 12 Calculus and Vectors
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19.

20.

Use the following information to
answer the next question.

The power loss, P, in watts per kilometre
in a particular electric conductor is given

A .
by P=C 2 o where C is the current

in amps, 4 is a positive constant, and  is

the resistance in ohms per kilometre
(Q/km).

For a given current, what is the resistance
required for a minimum loss of power per
kilometre?

A A oxm B. —QQ/km
c? C
JC A

C. ~~Q/km D. «/ 3¢ Ykm

Use the following information to
answer the next question.

The average monthly daytime
temperatures of a city in the United States
over a period of six years were recorded
and connected in a smooth curve as shown
in the graph.

035“

Saeq A \ Al
Hivviivn
§_f‘5’l \VIW/ J \ \[
ElU‘» l |

t } ¢
1985 1986 1987 1988 1989 1990
Year

During which year did the average
monthly temperature have the greatest
sustained rate of increase between January
and June?
A. 1985

C. 1987

B. 1986
D. 1990

Derivatives and their Applications




21.

22.

a)

b)

Use the following information to
answer the next question.

The rate of change of the height in metres
of a rocket is given by the function

v(£) = 24 + 4t %, where 1 is the time in
seconds after liftoff.

Numerical Response

The rate of change of the height of the
rocket 7 s after liftoff is m/s.

Use the following information to
answer the next multipart question.

The rate at which cars pass through an
intersection is known as traftic flow.
The cars were counted at a busy
intersection over a 30 min period of time.

The function f(z) = 6cos (% - n) + 4,

where 0 < ¢ < 30, models the total number
of cars passing through the intersection
after # minutes.

What was the approximate traffic flow
8 min into the monitoring period?
A. 1.73 cars/min

B. 2.27 cars/min
C. 3.32 cars/min
D. 4.12 cars/min

[ Written Response |

At 8 min into the monitoring period, was
the traffic flow increasing or decreasing?

Unit Test
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Use the following information to
answer the next question.

The volume of gasoline, g(x), in litres
used by a sport utility vehicle to travel a
distance, x, in kilometres is defined by the

X
function g(x) = 0.06x(2 —e ? )

23. What is the rate of gasoline consumption
250 km into a trip?
A. 0.12 L/km B. 3.21 L/km

C. 30.00 L/km  D. 30.12 L/km

Use the following information to
answer the next question.

A small community’s water tank holds
1 500 gal of water at midnight ( = 0).
Over the course of the next 18 h, fresh
water is pumped into the tower at a rate
defined by R(r) = 85v1sin (%), where
R(z) is in gal/h. Over the same 18 h, water
is withdrawn from the tower such that the
total amount withdrawn from the tank, in
gallons, after ¢ hours is defined by

T(t) = —520cos (%)

Numerical Response

24. To the nearest tenth of an hour, how long
after midnight does the water tank’s
volume begin to increase? h
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Use the following information to
answer the next question.

When the brightness, b, of a flashlight
shone into a person’s eye is increased, the
eye reacts by decreasing its pupil size, P.
The sensitivity, S, is defined to be the rate
of change of pupil size with respect to
brightness. The equation
0.3

p= 42 + 251(7) 3

1+4b™
of pupil size on the brightness, in
which P is measured in square
millimetres, and b is measured in
appropriate units of brightness.

shows the dependence

| Written Response |

25. To the nearest hundredth of a square
millimetre per unit of brightness, using the
unsimplified equation for the sensitivity,
evaluate the sensitivity for a brightness of
7 units.

Use the following information to
answer the next question.

After colliding with an iceberg, a ship
began to take on water at a rate defined by
R(#) =2 000te % where R(?) is
measured in litres per hour and ¢ is the
number of hours since the collision.

26. How long after the collision was the rate
of water intake at a maximum?
A.Oh B. 5.0h

C. 10.0h D. 15.0h

THE KEY - Math 12 Calculus and Vectors

27.

28.

Use the following information to
answer the next question.

Graham is designing a new home and
wants to put in a Norman window, which
is a window in the shape of a rectangle
with a semicircle on top. He wants to use
the 12 m of window casing he already has
in storage for the perimeter of the
window. The perimeter of the window is
given by the equation P = 2x + 2r + zr, in
which x is the height of the rectangular
portion of the window in metres, and r is
the radius of the semicircle in metres.

If area is given by the equation
2

A=2xr+ % what radius will yield a
window with maximum area?
6 12
A 4+z B. 4+ ™
24 48
“dig 0 D. 4+z ™

Use the following information to
answer the next question.

Rumours in a high school spread
according to the equation

s(@)= !
1

————— where s (¢) is the
+10e %

proportion of the school’s population that
knows the rumour at time ¢ in minutes.

Numerical Response

To the nearest tenth of a minute, the rate
of spread of a rumour is a maximum after
min,

Derivatives and their Applications
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Use the following information to Use the following information to
answer the next question. answer the next question.
The function v(¢) defined by A family driving across the United States
(1) = 6+ cos ( t ) 4 3sin (1) s used to in the summer experienced a delay when
10 40 their motor home’s engine overheated to
model the velocity of a test plane in miles 200°C. After waiting 7 min in the
per minute for 0 < ¢ < 15, scorching 30°C heat, they checked the
engine’s temperature and discovered it
29. Rounded to the nearest hundredth, what is had cooled to 160°C. The engine must
the acceleration of the plane after 8 min, cool to 70°C before they can resume
assuming this model is valid for all flights driving.
in the test plane? The change in temperature of the motor
A. 0.02 mi/min? B. 0.04 mi/min? home’s engine follows Newton’s law of
C. 032 mi/min> D. 0.34 mi/min? cooling, represented by the exponential

relationship T — T, = (T, — T,)e”, in
which T is the object’s temperature at
time ¢, T, is the temperature of the
surroundings, T, is the initial temperature

of the object, and k is a constant
representing the relative rate of cooling of
the given object.

30. If the temperature difference between the
engine and the air outside changes at a rate
proportional to this temperature
difference, then the rate of decrease of the
engine’s temperature at the instant when
the family can get moving again, to the
nearest hundredth, is

A. 37.76°C/min

B. 2.68°C/min
C. —1.53°C/min
D. —23.15°C/min

31. A small city increased in population from
45 000 to 70 000 in 35 years. Rounded to
the nearest whole number, what will the
rate of population increase be when the
city grows to 90 000, if the population
grows exponentially? people/yr
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Use the following information to
answer the next question.

The half-life of a highly reactive substance
is 6 months. The law of natural decay uses

a function of the form /() = 4e* to
describe exponential decay, where f(¢) is
the amount present after time 7, 4 is the
initial amount present, and k is a constant
to be determined from given information.

| Written Response ]

32. Use the law of natural decay to determine
to the nearest tenth when the rate of
decrease of mass will reach 7 kg/month if
there is 84 kg initially.
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ANSWERS AND SOLUTIONS — UNIT TEST

1. A 7. D 14. 12 21. 220 27. B

2. a) WR 8. WR 15. WR 22. a)A 28. 4.6
b) WR 9. WR 16. A b) WR 29. A

3. WR 10. B 17. B 23. A 30. C

4. C 1. A 18. 0 24. 5.0 31. 1136

5. B 12. WR 19. B 25. WR 32. WR

6. B 13. D 20. A 26. B

. A Step 4
Step 1 Analyze the fourth pair of graphs.

Analyze the first pair of graphs.
In the first pair, the slope of the first graph is constant.
2=n _0-(-4)
X —x;  0-(=2)

=2
The graph of its derivative should be a horizontal line
at y = 2. Therefore, the second graph is the
derivative graph of the first graph.
Step 2
Analyze the second pair of graphs.
In the second pair, the first graph is a quadratic
function and its derivative graph is a quadratic
function. This is incorrect since the derivative graph
of a quadratic function is a linear function.
Therefore, the second graph is not the derivative
graph of the first graph.
Step 3
Analyze the third pair of graphs.
Analyze the slope of the first graph in the third pair
from left to right.

* Where —» < x < -3, the slope is negative and
increasing.

« Where x = -3, the slope is zero.

+ Where —3 < x < 0, the slope is positive and
increasing.

« Where 0 < x < 3, the slope is positive and
decreasing.

+ Where x = 3, the slope is zero.

« Where 3 < x < =, the slope is negative and
decreasing.

Graphing the slope values of f (x) gives the shape of

the graph of the derivative. In the second graph,

the y-values start positive and decrease and then start

to increase at x = 0. The y-values of the second
graph do not correspond to the slope of the first
graph. Therefore, the second graph is not the
derivative graph of the first graph.

Answers and Solutions
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In the fourth pair, the first graph is a cubic function
and its derivative graph is a quadratic function.
Inspect the points on the first graph to see that the

first graph is the function f(x) = x 3. The derivative
of f(x)is f'(x) = 3x2. Examine a few key points
on the second graph, such as (-1, 3), (0, 0), and
(1, 3). The second graph represents f*(x) = 3x2,

Therefore, the second graph is the derivative graph
of the first graph.

Pairs 1 and 4 represent the graph of a function and
the graph of its derivative.

. a) WR

Since the original function, f(x), has a degree of 3,
its derivative function, ' (x), will have a degree of
2. Since f' (x) has a degree of 2 and f(x) hasa
positive leading coefficient, the graph of £ () will
be a parabola that opens upward.

b) WR

The graph of g’ (x) would be a reflection in the x-axis
of the graph of f' (x).

. WR

The concavity of the graph for all values of x may be
described as follows:

« On x < -2, the graph of the function is
concave down.

« Atx = -2, there is a point of inflection.

+ On -2 < x <0, the graph of the function is
concave up.

« At x = 0, there is a point of inflection.

« On0 < x < 3, the graph of the function is
concave down.

« Atx =3, there is a point of inflection.

« On x > 3, the graph of the function is concave up.
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4. C

When the graph of /" (x) is equal to zero, there is a
point of inflection on the graph of f(x). At

x = —0.6 on the graph of f(x), there is a point of
inflection.

Therefore, the graph of /' (x) is equal to zero at
x =-0.6.

5. B

Using approximate x values, analyze the slope of the
derivative graph on the interval —~1.7 < x < 2.7 when
it is viewed from left to right.

* x =-1.7, slope is zero

*+ — 1.7 <x < 0.8, slope negative and decreasing
* 0.8 <x <2.7, slope is negative and increasing
» x =2.7, slope is zero

When the approximate slope values are graphed, the
result is the following:

» x = —1.7, there is an x intercept

+ —1.7<x <0.8,y values are negative and
decreasing

* x =0.8, there is a local minimum

* 0.8 < x <2.7,yvalues are negative and increasing

* x = 2.7, there is an x intercept

Therefore, the result is a parabolic shape with a local
minimum. Also, since the first derivative graph
represents a cubic function, the second derivative
graph should represent a quadratic function.

6. B

Point P on the graph of the function is a local
maximum where the slope is zero. Therefore, the
first derivative graph will be equal to zero at

x = P. In other words, at point P on the first
derivative graph, 1’ (x) = 0.

At point P on the graph of the function, the graph is
concave down and decreasing. Therefore, the
second derivative graph will be negative at x = P.
In other words, at point P on the second derivative
graph, 1" (x) <0.

7. D
Step 1
Determine the first derivative of the function f(x).
S =x*+4x7 - 18x2 — 14x+3
SO =ax¥+12x2 - 36x - 14

THE KEY — Math 12 Calculus and Vectors

Step 2
Determine the second derivative of the function
F ().
S'0) =4x®+12x% — 36x — 14
") =12x%+24x - 36
Step 3
Find the inflection points.
The points of inflection occur at the points where the
second derivative is equal to 0.
f") = 12x2+24x - 36
0 =12x2+24x — 36
12(x2 +2x - 3)
12(x — 1)(x +3)
Therefore, the inflection points occur at x = 1 and
x=-3.
Step 4
Identify the intervals of concavity.
The function is concave down where the second
derivative is negative and concave up where it is
positive.

Interval f"(x) |Positive / Negative
o < x < =3|f"(-4) =60 Positive
—3<x<1|f"0)=-36 Negative

1<x<w | f"(2)=60 Positive

Therefore, the function is concave up on the intervals
—o<y<-3and | <x <,

. WR

The points of inflection occur at values of x when
frx)=0.
Step 1
Determine the second derivative of f(x).
f&) =x3+ax?+bx+1
G =352+ 2ax +b
f"(x) =6x+2a
Step 2
Determine the value of a.
Since (1, 6) is a point of inflection on the graph of
f(x), then £" (1) = 0.
If £" (1) = 0, substitute into the second derivative
equation, and solve for a.

f"(x) =6x+2a

(1) =6+2a
0=6+2a
a=-3

Solutions — Derivatives and their Applications
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Step 3
Determine the value of b.
Since the constant b is not part of the second
derivative, its value can be determined by
substituting the value of ¢ = —3 and the coordinates
of the point (1, 6) into the original function
F)=x3+ax?+bx+1.
f(x) =x34ax’+bx+1

6= (1)’ + (=3} +b(1) + 1

6=1-3+b+1
7=5b
Therefore, the constants are ¢ = -3 and b = 7.
WR
Step 1
Determine the first derivative of the function.
5
f&x)=-——=3
x
fl) = 5% -3
£ =15¢*
15
"x)=—%
f 4
Step 2
Determine the second derivative of the function.
15
=73
x
f(x) =154
£ (x) = —60x >
60
frx)=-——7%
x
B

The first derivative graph will be positive at points

on the original function where the slope is positive.
The second derivative graph will be positive at points
on the original function where concavity is positive.

The first derivative is positive at point B because the
slope is positive. The second derivative is positive
at point B because the concavity is also positive.

Points 4 and D are not positive on the first derivative
graph because slope is zero at point 4 and slope is
negative at point D. The first derivative is positive
at point C because the slope is positive. However,
the second derivative is negative at point C because
the concavity is negative.

Answers and Solutions
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11. A

12.

Step 1

Determine x-values of the local maxima/minima.
The points of local maxima/minima occur when the
first derivative is equal to 0.

The first derivative graph is equal to zero at
x=-2,0, 3, and 4. There is a local maximum or
local minimum at these points.

Step 2

Find the x-value(s) of the local minima.

At a local minimum point, the derivative is negative
to the left and positive to the immediate right of
the point.

From the derivative graph f” (x), the derivative is
negative to the left and positive to the immediate
right of the point at x = -2 and x = 4.

Therefore, there is a local minimum at x = -2 and
x =4,

WR

The function graph has the following characteristics:

A. Passes through the points (0, 0), (3, 0),
(=1, =2),and (1, -2).

B. There are local extrema at (-1, —2), (0, 0), and
1, -2).

C. Decreasing on the intervals — < x < -1 and

0<x<l

D. Increasing on the intervals —1 < x <0 and
I <x <eo,

E. There are points of inflection at x = f%, %, and
2.

. 1
F. Concave up on the intervals —o < x < ) and

%<x<2.

G. Concave down on the intervals —% <x< % and

2 < x <o,
H. As x approaches infinity, y approaches infinity.

As x approaches negative infinity, y approaches
infinity.

e
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13.

14.

Using the characteristics listed, sketch the graph of
the function.

) S, g
R

n

D

The local extrema of a polynomial function, f(x),
occurs when the first derivative (slope) of the
function is equal to zero. Therefore, necessary steps
involved in finding the local extrema of £ (x) include
finding the derivative function, f’ (x), and solving
f'(x)=0forx.

12

Step 1

Determine the second derivative function of f(x).
SO =x? —6x?+11x+6

S =3x -~ 12x+ 11

f1(x) =6x-12

Step 2

Determine the x-coordinate of the point of inflection.

The inflection point occurs when the second

derivative, f"(x), is equal to zero.

Solve for x when f"(x) = 0.

f"x) =6x—12
0=6x-12
12 =6x
x=2
Therefore, there is an inflection point at x = 2.
Step 3

Determine the y-coordinate of the point of inflection.
Solve for f(x) when x = 2.

FO) =x3_6x?+11x+6

@ =2°_602)*+11()+6
=8-24+22+6
=12
The y-coordinate of the point of inflection is 12.

THE KEY - Math 12 Calculus and Vectors

15.

16.

WR

When a polynomial is even, the graph of the
polynomial is symmetrical about the y-axis. Reflect
the half of graph 7(x) about the y-axis to obtain the
other half.

Step 1
Choose key points on the half graph of f(x), and
multiply the x-coordinates by —1 to obtain a new set
of points.
(45,5 > (-4.5, 5)
(4,0) > (-4, 0)
(29, -4) > (-2.9, -4)
2, -3) > (-2,-3)
(1, =) » (-1, =D
(0, 0) » (0, 0)
Step 2
Graph the new points, and connect the points using
a smooth curve.

-

T

I

A

Step 1
Determine the second derivative of s(¢) to get the
acceleration function a(z).
s(0) =263 2412+ 901 +7
s'(t) = v(¢) = 6¢% — 481 + 90
s"(@) =v'(@t)=a(t) =12t — 48
Step 2
Determine when acceleration is zero.
Calculate ¢ when a(t) = 0.

a(t) =12t — 48
0=12¢r-48
t=4

Solutions ~ Derivatives and their Applications
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Step 3

The velocity of a particle is increasing when the
acceleration of the particle is positive.

Use a test point on the interval 0 < ¢ < 4 to determine
when v(¢) is increasing or decreasing.

Solve a(r) when f = 1.

a(t) = 12t — 48
a(1) =12(1) - 48
=-36

Acceleration is negative; therefore, the velocity of
the particle is decreasing on the time interval
0<t<4.

Step 4

Use a test point on the interval 4 < ¢ < «to determine
when v(¢) is increasing or decreasing.

Solve a(t) when ¢t = 5.

a(t) =12t — 48
a(5) =12(5) - 48
=12

Acceleration is positive; therefore, the velocity of the
particle is increasing on the time interval 4 < ¢ <o
(i.e..t > 4) only.

B
Step 1
Find the first derivative of the displacement function
to get the velocity function.
s@W) =413 - 9% +61+2
s'0) =v(t) = 126> - 18t +6
Step 2
Find when the velocity of the object is zero. That is,
determine when the object stops and possibly
changes direction.
Determine the value or values of # when v(#) = 0.
v(t) =122 - 18+ 6
0=6(2r2-3¢+1)
0=6(2r2-2t—1£+1)
0=6Qt¢-1)-10¢-1)
0=6(—-12t-1)

1
t—l,t—2

Answers and Solutions
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18.

19.
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Step 3

Calculate the total distance travelled by the object.
The object is in motion over the following time
intervals:

1
< —
0 t<2

1
3 <fr<1

1<t<4
Take the sum of the distance travelled in each time
interval to find the total distance travelled. Disregard
the direction of travel in each time interval.
The total distance travelled is calculated as follows:

[ s +[s(1)_s(%)}

{2)-w0)
_ ([138 -3]+[3~ 3.25])

+[3.25 - 2]
=135+0.25+1.25
=136.5m

0

Att = 11 s, the slope of the displacement-time graph
is decreasing in a linear fashion, which means that
the velocity at that same time would be a negative
constant. Therefore, the accelerationats = 11s
would be 0 m/s2.

B

Step 1
Find the derivative of the power loss function,

P=C%4+ %, with respect to r.

p-ch+d
r
P=C%+4r!
[/ S
g ~CT A
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20.

21.

22,

Step 2
Solve for » when P _ 0.
dr
dP
@ =€ 2o 4r?
2 A
0 = =
L2
A
2=C
A
A
2’
VA _
ra
The resistance required for a minimum loss of power
per kilometre is gﬁ/km.
A

In 1985, the average monthly daytime temperature
for the first part of the year increased the most.

The average temperature in January 1985 started at
the lowest recorded value of the given six years and,
by June, had reached the highest recorded value of
the given years. This resulted in the greatest
six-month rate of increase.

220

Since the rate of change function for the height of the
rocket is given, evaluate the rate of change function
(velocity function) for ¢ = 7.
v(t) =24+ 4¢2
v(7) = 24 + 4(7)?

=24+196

=220

The rate of change of the height of the rocket 7 s after
liftoff is 220 m/s.

a)A
Step 1
Determine the first derivative of f(#).

f(t) = 6cos (—;— - 7:) +4¢
f' () = —6sin (% - 7[)(%) +4
£'(®) = ~3sin (é - 71') +4

The derivative, ' (¢), models the rate of change of
the number of cars (traffic flow) passing through the
intersection at some time, .

THE KEY - Math 12 Calculus and Vectors

99

23,

Step 2
Solve 7' (8) when ¢ = 8. Remember to make sure
the calculator is in radian mode.

@) =—3sin(%—n’)+4
f'(8) =—3sin(%—n)+4
f(®) =173

Therefore, at 8 min into the monitoring period, the
traffic flow was 1.73 cars/min.

b) WR

Step 1

Determine the function that represents the rate of
change of traffic flow.

Find the second derivative of f(z).

£(¢) = 6cos (% - n) + 4

% - n) +4
o=l of}

3 t
ol
Step 2
Using the second derivative function, determine if
traffic flow was increasing or decreasing 8 min into
the monitoring period.
Solve f" (¢) whent = 8.

fr = —%cos (é - n)

n(g) = 3o (8 )
f7(8) 5 cos ( 7
= —0.98
Since the rate of change of the traffic flow is

negative, the traffic flow was decreasing 8 min after
monitoring.

= —3sin(

A

Step 1
Determine the function that represents the rate of gas
consumption.

Find the first derivative function of g(x).

g _ 0.06x(2 - e%)
() = 0.06x(—e :3—)(—%)
+(2 e _?)(0.06)

X

—0.02xe 3 +0.12-0.06e

X
3

Solutions — Derivatives and their Applications
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Step 2
Determine the rate of gas consumption 250 km
into a trip.

Solve for g’ (250).

X

v lo02xe 34012
g'lx) = x
~0.06e 3
250
, ~10.02250)e  * +0.12
g'(250) = 250
~0.06e 3

=0.12

The rate of gasoline consumption 250 km into a trip
is 0.12 L/km.

5.0

Step 1

Determine the function that represents the rate at
which water is withdrawn from the water tank.
Find the first derivative of the function

T(t) = —520cos (%)

T(r) = ~520cos (i)

Step 2

Determine the function that represents the rate at
which the amount of water in the water tank is
changing.

The rate at which the amount of water in the tank is
changing, C, can be determined from the difference
between the rate at which fresh water is being
pumped into the tank, R(¢), and the rate at which
water is being withdrawn, 7'(¢).

C@O) =R -T'Q)

. t . t
= 854/7sin (g) — 260sin ( 7 )

Answers and Solutions
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Step 3

Determine how long after midnight the water tank’s
volume begins to increase.

Graph the rate of change function

C(1) = 854/1sin (é) ~ 260sin (%
what time, ¢, it first becomes positive; this will
correspond to the time at which the overall volume
in the tank starts increasing.

Using a graphing calculator, enter

Y, = 85v(X)sin (X/5) - 260sin (X/2) in the

window. Then, press| WINDOW | enter

x:(0, 18, 2] and y:[-1 000, 1 000, 200], and press
GRAPH |.

Press TRACE |and select 2:zero to determine

that the rate of change of the water volume is 0 when
x =1 =4969. Immediately after this time, the rate
of change of water volume is positive and increasing.
Therefore, the volume in the tank begins increasing
5.0 h after midnight.

), and determine at

WR

Step 1

Determine the function that represents sensitivity, S.
Since sensitivity, S, is the rate of change of pupil
size, P, with respect to brightness, b, an equation for
the sensitivity can be found by differentiating the
given function, P, with respect to b.

P=(42+256%3)(1 +45°3)7"

dP
=S
(42 +256°3)
=[x 1 +4693)2(1.26707)
+ (1+45°3) (7.5 97)
Step 2

Determine the sensitivity for a brightness of 7 units.
Calculate S when b = 7.
(42 +255°3)
S={* 11 +46°%) (12677
+ (1+46%%) (7.557°7)
(42 +25(7)%3)
Sy =1 CD(1+4*) 7 x 120707

+ (1+4*) ' (7.5)7°7)
= —0.16
Therefore, the sensitivity for a brightness of 7 units
is approximately —0.16 mm?/unit of brightness.
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26. B
Step 1
Find the derivative of the given function R(?).
R(1) =2 000e 0%
R'®) =2 000/(e *)(-0.2)
+(e 7022 000)
=2000e ~%¥(-0.2¢ + 1)
Step 2

Determine how long it will take for the water intake
to reach a maximum.

Set R'(t) = 0, and solve for ¢.

R'(t) =2 000e ~"%(~0.2¢ + 1)
0 =2000e %% (~0.2t+1)
0=¢0%or0=-02¢t+1

Since the expression e ~0.2¢ will never equal O (it will
always be positive), there is only one value of ¢ to

consider.
—02t+1=0
0.2t = -1
t=5

Step 3

Confirm the existence of a maximum at ¢ = 5.
Interval | R'(9) R(®)
0<t<5 + Increasing
5<t<w - | Decreasing l

The ship’s water intake was at a maximum 5 h after
the collision.

27. B
Draw a diagram of the window. /\
It is given that the perimeter of 3
the window is P = 2x + 2r + zr.
Since there is 12 m of window x

casing available,
12 =2x+2r +ar.

Isolate x in the perimeter
equation.
12 =2x+2r+mr
12-2r —mr =2x

12-2r—mr _
2
Substitute the expression of x into the area formula.
2
A=2xr+ 2
=2(12—2;’—717’) ar
2 2
= 12r -2+ %rz
=12r - 22242

THE KEY - Math 12 Calculus and Vectors

A maximum of a function occurs when its derivative
is equal to zero and the function is increasing on the
left and decreasing on the right of the zero.

Determine the derivative function of 4, and solve
for x when 4’ = 0.

A=12r =277 Zr?
A =12 —-4r —nr
0=12—-4r —ar
4r +ar =12
rd+m) =12
= 12
4+
Confirm the maximum as follows:
Interval A A
12 .. .
0<x< Positive | Increasing

(4+m)

12 24
— < x <
@rm) " G

Negative| Decreasing

When the radius, #, is (—12— m, the area of the

4+7)
window will be at a maximum.

28. 4.6

Step 1
Determine the first derivative s’ (¢) of the function
s (1).

1

RO S
s (0= T o0t

= (1+10e05)"!
s'(0) = 101 + 10e 703) (10e ~*3)(~0.5)
5¢ —-0.5¢

(1 +10e —0.51‘)2

101 Solutions — Derivatives anqtheir Applications
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Step 2
Use technology to find the location of the derivative
function’s maximum.

Using a graphing calculator, press and enter
Y, =5¢M(-0.5X) [ (1 + 10e™(-0.5X))"2.

Then, press| WINDOW | and enter x:[-10, 10, 1],
y:([-0.5, 0.5, 0.1].
To find the maximum value of the derivative

function, press TRACE |, and select

4:maximum. Move the cursor to just left of the

maximum, and press | ENTER | Then, move the

cursor to just right of the maximum, and press

ENTER |twice. The maximum occurs at

approximately (4.6, 0.125).
Therefore, the rate of spread of a rumour is at a
maximum after 4.6 min.

A

Since the function representing the velocity of the
airplane is given, the function representing its
acceleration can be determined.

Step 1
Find the derivative of the velocity function.

v(p) = 6+cos(10)+3s1n(z(t))
v'(t) = alt)

= sin( 55 )+ 3005 G5 5]
1010 40 \ 40
1 21 7t
ES‘“( 10) 40 S( )
Step 2
Determine the acceleration of the plane after 8 min.

Calculate the acceleration function for 7 = 8.
Remember to make sure the calculator is in

radian mode
TS 10 40 %

at) =
sm( 10)* G0 (7(8))

a(8) =
= 0.02

Rounded to the nearest hundredth, the acceleration

of the plane after 8 min is 0.02 mi/min”.

Answers and Solutions
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30. C

Step 1
Determine the exponential function that represents
the motor home’s engine temperature after time ¢.
Substitute known values into the formula for
Newton’s law of cooling.

r- TS = (TO - Ts)ekt
160 — 30 = (200 — 30)e 7

130 = 170 7
Solve for the constant, k.
130 = 170 7
130 %
170 ~ ¢
13 )
ln( 17 Tk

1(17)—]‘

Therefore, at time 7, the engine’s temperature can be
determined as follows:

T —30=(200- 30)e X

n55)5)

T = 170e +30
SDteetle)rfnine the time, £, when T = 70°C.
T =170¢ (%)(%) +30
70 =170¢ (%)(%) +30
40 =170¢ " (37ks)
PREY

_t
ln(ﬁ) 7
17
4
7in (5] _,
13
1“(17)
37755 = 1
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31.

Step 3
Find the rate of change of the motor home’s engine
temperature at r = 37.755.

Take the derivative of the function
(55 )5)

T =170e

t =37.755.

of2)

+ 30, and evaluate 7' when

37.

= -1.53
The rate of change of the engine’s temperature is
approximately —1.53°C/min when the temperature
of the engine reaches 70°C.

1136
Step 1
Determine an exponential function that models the
population’s growth.
Use a function of the form £(¢) = de* to describe
exponential growth, where f(¢) is the population
after time ¢, 4 is the initial population, and k is a
constant to be determined from the given
information.
Solve for 4.
At t = 0, the population is 45 000.
£(0) = 4¢%
45000 = 4
After 35 years, the population of the city has grown
to 70 000. Therefore, £(35) = 70 000.
Solve for £.
£ () = 45 000
70 000 = 45 000¢*©
14 3sk
=e

I
—
5
[\

W
¥4
ES

—_—
=
—

._
=
—
— — ot
\°|-l> ‘°|4>‘°|4> NS

—~— — —
Il
W
W
S

I
b

350
35ln

Therefore, the exponential function is

n(5)35)

£(t)= 45000 .

THE KEY - Math 12 Calculus and Vectors

Step 2
Determine when the population will reach 90 000.
Set the function f'(¢) = 90 000, and solve for z.

(5)55)
5155)

In
£ (t) =45 000e

90 000 = 45 000e i
)

wa-nft2

The population will reach 90 000 after
approximately 54.908 years.

Step 3

To determine the rate of population increase when
the population reaches 90 000, determine the
derivative, 1" (¢), and evaluate for 7 = 54.908.

7O _ 45 000" (5)5)
Fo-| % oooeln(%)(;—s)
Ghls) ]
£1(54908) =| # Oooe'"(—ff)( )
<350 (5)
= 1136

When the population reaches 90 000 in
54.908 years, the rate of population increase will be
approximately 1 136 people/yr.

103 Solutions — Derivatives anﬁtheir Applications
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32. WR

Step 1

Determine an exponential function that models the
decay of the reactive substance.

When the time is equal to zero, there is 84 kg of the
substance.

Solve for A.

@) = ge

OBy
84=4

The half-life of the substance is 6 months.
This means it takes 6 months for the substance to
decrease to half its initial amount. Therefore,

f(6) =42.
Solve for k.
= 84e '
42 — 84ek(6)
1
5 _ ok
In (%) = 6k
—16—ln 2=k
—%an =k

Therefore, the exponential function to work with is

)

f(2) = 84e

Answers and Solutions
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Step 2
Find the first derivative of the function f(¢).

£(1) = 84e nalg)
-In 2(%) 1

f'(1)=84e (—gln 2)

Solve for t when f' (1) = -7

70 -ggp " 2(%)(—1111 2)

6
t
~In2\—
—7 =84 (6)(—1111 2)
6
t
_7 B —In Z(Z)
—— e
84(—gln 2)
¢
-7 _ —In 2(g)
—14In2
'
1 e—ln 2(5)
2ln2
(21 2) ~In 2( )
ln( )
2in2/ _ 1
~In2 6
1
61“(21n2) _
-In2
28=¢

The rate of decrease in mass will reach 7 kg/month
after approximately 2.8 months.
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GEOMETRY AND ALGEBRA OF VECTORS

Outcome

Practice
Questions

Unit Test
Questions

Practice
Test 2

Practice

VECL.0

Representing Vectors Geometrically and Algebraically

Test 1

VECI.1

recognize a vector as a quantity with both magnitude and
direction, and identify, gather, and interpret information
about real-world applications of vectors (e.g., displacement,
Jorces involved in structural design, simple animation of
computer graphics, velocity determined using GPS)

1,2 1,2 29

VECI.2

represent a vector in two-space geometrically as a directed
line segment, with directions expressed in different ways
(e.g., 320° N 40° W), and algebraically (e.g., using
Cartesian coordinates; using polar coordinates), and
recognize vectors with the same magnitude and direction but
different positions as equal vectors

3,4 3 31

VEC1.3

determine, using trigonometric relationships, the Cartesian
representation of a vector in two-space given as a directed

line segment, or the representation as a directed line segment
of a vector in two-space given in Cartesian form x

32 30

VEC1.4

recognize that points and vectors in three-space can both be
represented using Cartesian coordinates, and determine the
distance between two points and the magnitude of a vector
using their Cartesian representations

6,7 5,6

VEC2.0

Operating With-Vectors

VEC2.1

perform the operations of addition, subtraction, and scalar
multiplication on vectors represented as directed line
segments in two-space, and on vectors represented in
Cartesian form in two-space and three-space

8,9,10 7,8,9 33 31

VEC2.2

determine, through investigation with and without
technology, some properties (e.g., commutative, associative,
and distributive properties) of the operations of addition,
subtraction, and scalar multiplication of vectors

11

VEC2.3

solve problems involving the addition, subtraction, and
scalar multiplication of vectors, including problems arising
from real-world applications

12a, 12b, 32

13a, 13b

10a, 10b,
i1

34a, 34b

VEC2.4

perform the operation of dot product on two vectors
represented as directed line segments (i.e., using vector a—
vector b = vector ab cosine 0) and in Cartesian form (i.e.,
using vector a — vector b = a'b! plus a®b? or vector a minus
vector b equals a'b’ plus a’b? plus a’b) in two-space and
three-space, and describe applications of the dot product
(e.g., determining the angle between two vectors;
determining the projection of one vector onto another)

14,15 12,13 33

VEC2.5

determine, through investigation, properties of the dot
product (e.g., investigate whether it is commutative,
distributive, or associative; investigate the dot product of a
vector with itself and the dot product of orthogonal vectors)

14

Class Focus
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VEC2.6 | perform the operation of cross product on two vectors 18,19 16a, 16b, 36,37 35
represented in Cartesian form in three-space [i.e., using 16¢
vector a x vector b = (a’b® — &’b, &°b' — a'b?, a'b? - a?b1)],
determine the magnitude of the cross product (i.e., using |
vector a x vector b | = | vector a | | vector b | sin 8), and
describe applications of the cross product (e.g., determining
a vector orthogonal to two given vectors; determining the
turning effect [or torque] when a force is applied to a wrench
at different angles)

VEC2.7 | determine, through investigation, properties of the cross 20 17
product (e.g., investigate whether it is commutative,
distributive, or associative; investigate the cross product of
collinear vectors)

VEC2.8 | solve problems involving dot product and cross product (e.g., | 16a, 16b, 15,18, 19 35,38 34, 36a,
determining projections, the area of a parallelogram, the l6c, 17,21 36b
volume of a parallelepiped), including problems arising from
real-world applications (e.g., determining work, torque,
ground speed, velocity, force)

VEC3.0|Describing Lines and Planes Using Linear Equations

VEC3.1| recognize that the solution points (x, y) in two-space of a 22 20 39 37
single linear equation in two variables form a line and that

the solution points (x, y) in two-space of a system of two linear
equations in two variables determine the point of intersection
of two lines, if the lines are not coincident or parallel

VEC3.2 | determine, through investigation with technology (i.e., 3-D | 23,24 21,22 40 38
graphing software) and without technology, that the solution
points (x, v, z) in three-space of a single linear equation in
three variables form a plane and that the solution points (x,
¥, z) in three-space of a system of two linear equations in
three variables form the line of intersection of two planes, if
the planes are not coincident or parallel

VEC3.3 | determine, through investigation using a variety of tools and | 25 37 47
strategies (e.g., modelling with cardboard sheets and
drinking straws, sketching on isometric graph paper),
different geometric configurations of combinations of up to
three lines and/or planes in three-space (e.g., two skew lines,
three parallel planes, two intersecting planes, an intersecting
line and plane); organize the configurations based on
whether they intersect and, if so, how they intersect (i.e., in
a point, in a line, in a plane)

VEC4.0| Describing Lines and Planes Using Scalar, Vector, and Parametric Equations

VEC4.1 | recognize a scalar equation for a line in two-space to be an | 26 23,24 41a, 41b 39
equation of the form Ax + By + C = (), represent a line in
two-space using a vector equation (i.e., vector r = vector r (
+ t vector m.) and parametric equations, and make
connections between a scalar equation, a vector equation,
and parametric equations of a line in two-space

VECA4.2 | recognize that a line in three-space cannot be represented by | 27,28 25,26 42 40
a scalar equation, and represent a line in three-space using
the scalar equations of two intersecting planes and using
vector and parametric equations (e.g., given a direction
vector and a point on the line, or given two points on the line)

VEC4.3 | recognize a normal to a plane geometrically (i.e., as a vector | 29, 30a, 27,28 43
perpendicular fo the plane) and algebraically, and 30b
determine, through investigation, some geometric properties
of the plane (e.g., the direction of any normal to a plane is
constant; all scalar multiples of a normal to a plane are also
normals to that plane; three non-collinear points determine
a plane; the resultant, or sum, of any two vectors in a plane
also lies in the plane)

THE KEY - Math 12 Calculus and Vectors 107 Geometry and Algebra of Vectors
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VEC4.4

recognize a scalar equation for a plane in three-space to be
an equation of the form Ax + By + Cz + D = 0 whose solution
points make up the plane, determine the intersection of three
planes represented using scalar equations by solving a
system of three linear equations in three unknowns
algebraically (e.g., by using elimination or substitution), and
make connections between the algebraic solution and the
geometric configuration of the three planes

31,32

29,30

41

VEC4.5

determine, using properties of a plane, the scalar, vector, and
parametric equations of a plane

33,34

31,32

44

42

VEC4.6

determine the equation of a plane in its scalar, vector, or
parametric form, given another of these forms

35,36

33,34

45

43

VEC4.7

solve problems relating to lines and planes in three-space
that are represented in a variety of ways (e.g., scalar, vector,
parametric equations) and involving distances (e.g., between
apoint and a plane; between two skew lines) or intersections
(e.g., of two lines, of a line and a plane), and interpret the
result geometrically

37,38

35, 36a,
36b

46

44

Class Focus 108
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VECI1.1 recognize a vector as a quantity with both
magnitude and direction, and identify, gather, and
interpret information about real-world applications
of vectors (e.g., displacement, forces involved in
structural design, simple animation of computer
graphics, velocity determined using GPS)

VECI.2 represent a vector in two-space
geometrically as a directed line segment, with
directions expressed in different ways (e.g., 320°; N
40° W), and algebraically (e.g., using Cartesian
coordinates; using polar coordinates), and
recognize vectors with the same magnitude and
direction but different positions as equal vectors

REPRESENTING VECTORS IN
Two-DIMENSIONAL SPACE

Quantities that have only magnitude are called
scalar quantities. The magnitude of a scalar quantity
can be specified by a real number. Mass, speed,
distance, volume, and time are all examples of scalar
quantities.

Quantities that have both magnitude and direction
are called vector quantities. Vector quantities are
specified by a real number for their magnitude and
by a direction in space. Force, displacement,
velocity, and acceleration are examples of vector
quantities.

GEOMETRIC VECTORS

A geometric vector is represented in
two-dimensional space, or two space, by a directed
line segment that is drawn as an arrow. The length
of the line segment represents the magnitude, and
the arrowhead points in the direction of the vector.

THE KEY — Math 12 Calculus and Vectors

The direction of a geometric vector in
two-dimensional space can be expressed in several
different ways:

+ Tt can be expressed as an angle measure relative
to the positive horizontal axis on the Cartesian
plane. A rotation counterclockwise is positive; a
rotation clockwise is negative.

+ It can be expressed as a value using compass
directions and angle measurements.

The directions of north or south are listed first,
with the angle toward east or west listed second.

» It can be expressed as a bearing. The direction is
measured in degrees clockwise from north so that
due north is a bearing of 0°, east is a bearing of
90°, and so on.

ALGEBRAIC VECTORS

Vectors in two-dimensional space are often
represented algebraically using either Cartesian
coordinates or polar coordinates.

Cartesian coordinates are used if a vector is
positioned on the Cartesian plane with its tail at the
origin. The ordered pair of coordinates at the end
(head) of the vector can represent the vector.

For example, vector & can be written algebraically
asa = (-4, 3).

G2 b

(&

Polar coordinates are used if the position of a vector
on a plane can be described by its magnitude
(length) and the angle it makes with a horizontal
polar axis. The counterclockwise rotation from the
horizontal axis is positive, and the clockwise
rotation is negative.

Geometry and Algebra of Vectors



For example, a vector with polar coordinates
(7, 50°) can be drawn.

[
(7,50°%)

50°

Polar axis

1.  Which of the following measurements is
considered a vector quantity?
A. Mass B. Speed

C. Weight D. Volume

2.  Which of the following quantities is a
scalar quantity?

A. Displacement B. Temperature
C. Velocity D. Force

Class Focus
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Use the following information to
answer the next question.

N

a

s
A
v
m

v

S

3. Using the given image as a reference for
the direction of north, which of the
following diagrams shows a geometric
vector representing a displacement of
75 km northwest?

A.
75 km
B.
75 km
C. \
75 km

D.
75 km

4. An algebraic vector with Cartesian
coordinates of (0, 4) has polar
coordinates of

A. (4, 0°) B. (4, 30°)
C. (0, 90°) D. (4, 90°)
110 Castle Rock Research
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VEC1.3 determine, using trigonometric
relationships, the Cartesian representation of a
vector in two-space given as a directed line segment,
or the representation as a directed line segment of
a vector in two-space given in Cartesian form x

REPRESENT VECTORS USING

CARTESIAN AND POLAR COORDINATES
Consider an arbitrary vector 4B in two space
defined by the points 4(x, y;) and B(x,, »,).

The Cartesian representation of B can be
determined by subtracting the coordinates of the
tail, 4, from the coordinates of the head, B:

AB = (x2 = x1, y2 = »1)-

The magnitude of ZB can be calculated using the
Pythagorean theorem.

AB =y(x, - 1)’ + (- »)’
The relationship between Cartesian coordinates

(x, y) and polar coordinates (r, 6) is shown in the
given diagram.

y

The value of r can be determined using the
Pythagorean theorem.

.= '/x2+y2
. x
Since cos § = PL then x = rcos 4.

Since sin § = —r)i, then y = rsin 6.

Also, tan 8 = 2
x

These relationships can be used to change
coordinates from polar form to Cartesian form and
vice versa.

THE KEY — Math 12 Calculus and Vectors

5. Whatis the approximate Cartesian form of
a vector with a magnitude of 16 and a
rotational direction of 65°
counterclockwise to the positive x-axis?

A. (7.23, 15.00)

B. (6.76, 14.50)
C. (5.25, 12.33)
D. (8.91, 13.74)

VECI.4 recognize that points and vectors in
three-space can both be represented using
Cartesian coordinates, and determine the distance
between two points and the magnitude of a vector
using their Cartesian representations

REPRESENTING VECTORS AND THEIR
MAGNITUDES IN THREE SPACE

Vectors are usually treated as two-dimensional

objects in two space and are denoted by R
However, vectors can also be treated as
three-dimensional objects. Three-dimensional

vectors in three space are denoted by R>. Points in
three space are represented by ordered triplets of
real numbers based on three axes that are
perpendicular to each other.

The axes are labelled using x, y, and z so that any
point has the form (x, y, z).

A representation of the three axes with the points
A(3, 4, 6), B(1, -3, 3), and C(-5, 5, —1) is given.

f

46,4,6)

‘”39 3) E 5

3 20055 1)
] " . Ly

B(1

"o o - -
p— L4
pe [ P e

4

The distance between two points in three space,
A(x,, 1, 7)) and B(xy, ¥,, z,), is given by

AB = (- x,) 2+ (= )P+ (2 — 2

Geometry and Alpebra of Vectors
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Algebraic vectors in three space are represented
using the Cartesian coordinates of the point.

The coordinates (x, y, z) are located at the end of a
directed line segment that starts at the origin.

The vector ¥ = (=2, 4, 5) is the vector that starts at
the origin and terminates at (-2, 4, 5), as shown.

The magnitude of the algebraic vector
v = (x, y, z) is found by using the distance formula
and the points (0, 0, 0) and (x, y, z) so that

1] =AxZ+y?+22

6. What is the distance between the points
A(4, 3, —=7) and B(-2, 4, 2)?

A. V35 B. V118
C. W14 D. 6v62

7. Calculated to the nearest hundredth, what
is the magnitude of v = (3, 7, —2)?
A. 6.83 B. 7.35

C. 7.87 D. 8.04

VEC2.1 perform the operations of addition,
subtraction, and scalar multiplication on vectors
represented as directed line segments in two-space,
and on vectors represented in Cartesian form in
two-space and three-space

OPERATIONS WITH VECTORS

Both geometric and algebraic vectors can undergo
the common mathematical operations of addition,
subtraction, and multiplication.

Class Focus
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ADDING GEOMETRIC VECTORS

To add geometric vectors in two space, place the
vectors so that the terminal point of one line segment
is the initial point of the other line segment. The line
segment from the initial point of the first vector to
the terminal point of the second is the sum of the
two vectors.

In the given diagram, 4B + CD = 4D.

B C

THE NEGATIVE OF A VECTOR

The negative of a vector, ¥, is denoted by —v.

The vector —7 is equal in magnitude to ¥ but in the
opposite direction. The negative of AB is —4B,
which is equal to BA.

SUBTRACTING GEOMETRIC VECTORS

To subtract a geometric vector in two space, add its
negative vector.

In the given diagram,
AB+(-CD)=A4B+DC = AC.

B

Cw
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MULTIPLYING GEOMETRIC VECTORS

BY A SCALAR

When a vector, v, is multiplied by a scalar, &, then
the magnitude, or length, of the vector k¥ is | & |
times the magnitude of v.

lev | =] kv

The direction of £V is the same as ¥ when &£ > 0 and
opposite when k& < 0.

ADDING AND SUBTRACTING VECTORS

IN CARTESIAN FOrRM

Add or subtract algebraic vectors in two and three
space in Cartesian form by adding or subtracting
their x-, y-, and z-components.

o« Ifi = (x;, y;) and v = (x5, »,),
then &t + v = (x; + x,, y; +»,) and
— v =(x =X ¥1 — ¥2)-

* Ifi = (x;, ¥y, z) and ¥ = (x5, ¥y, 2,), then
i +9=(x;+ x5 ¥, + », z; + 2,) and
il == (x; = X, Y1 = V2 21 ~ 2)-

MULTIPLYING ALGEBRAIC VECTORS BY
A SCALAR

When multiplying algebraic vectors by a scalar, &,
if & = (x,, y,), then kit = (kx|, ky,). If

it = (x,, ¥y, z;), then kit = (kx,, ky,, kz).

8. Ifa=(2, -1, ¥2), how can —8ii be
represented?

A. (—4v2, -2v2, -4)
B. (-4V2, 242, -4)
C. (-4, -242, -4)
D. (-4, 2¢2, -4)

Numerical Response

Given p =(—h, 2k)and § = (-4h, -3k),
if 2p — 3 is expressed as (ah , bk), then
the sum of @ and b is

THE KEY - Math 12 Calculus and Vectors

Use the following information to
answer the next question.

—

=1

Two vectors are given.

[ Written Response |

10. Given the two vectors shown, sketch the
vector it — 29.

VEC2.2 determine, through investigation with and
without technology, some properties (e.g.,
commutative, associative, and distributive
properties) of the operations of addition,
subtraction, and scalar multiplication of vectors

INVESTIGATING PROPERTIES OF
OPERATIONS ON VECTORS

The following properties for vector addition and
scalar multiplication exist for any of the vectors i,
¥, and W in two or three space and the scalars

m, neR:

+ The commutative property, it + v = v + i

» The associative
@+V)+w=a+@+w)
property, (mn)v = m(nv)
+ The distributive property, m(it + V) = mii + mv

» The identity property, v +1g _

<L <
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| Written Response | Example

An airplane is heading on a bearing of 60° at
200 km/h. A wind of 75 km/h is blowing from

11. Given the vectors i = (1, 1, 1),
v=(-3,-2,4),and w = (2, 3, -1),

] o
determine algebraically if the associative a bearing of 340°.
property for vector subtraction, To the nearest whole number, determine the
(@ —)-w=0—-n),is true. airplane’s velocity and its direction of travel.
Solution
Step 1

Sketch a diagram with representative vectors on
a coordinate system.

The vectors do not need to be drawn exactly to
scale, nor do the angular directions need to be
measured. The purpose of the diagram is to
represent the situation and determine the relative
positions of the given vectors and the resultant.
A vector equal to the wind vector is drawn with
its tail at the head of the airplane vector.

A resultant vector R is then drawn from the tail
of'the airplane vector to the head of the new wind
vector. The vectors are labelled with their

VEC2.3 solve problems involving the addition,
subtraction, and scalar multiplication of vectors,
including problems arising from real-world
applications

APPLICATIONS WITH VECTORS

magnitudes.
There are many applications of vectors in If the angle between the tails of the two vectors
mathematics, science, and engineering. The most is 80°, then the angle between the head and tail
fundamental applications have physical quantities of the two vectors is 180° — 80° = 100°.
such as force and velocity, which have both N
magnitude and direction. 4
These terms are often used in application problems:
: B 75 km/h

1. Resultant—a single force that has the same 60° 7000

effect as the given forces. The resultant is often

symbolized by R. 4 500 km/h
2. Equilibrant—a single force that maintains a

body in a state of equilitlrium. The equilibrant We \ / »E

is often symbolized by E. The equilibrant is 340°

equal in magnitude but opposite in direction to

the resultant. ¥
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Step 2
Determine the velocity of the airplane.
The velocity is represented by the
resultant vector.
Apply the cosine law to find the magnitude of
the resultant.
a’=b*+c* - 2abcos 4
| B |2 =200°+75°
—(200)(75)cos 100°
| R |2 =40000+5 625
~ 15 000(-0.1736)
| R|?=48229.7
| R | =+48229.7
= 219.6
Step 3
Determine the direction of the airplane.
The angle 6 is determined by applying the
sine law.

a b ¢
sind sinB sinB
75 _ 219.6
sin@ ~ sin 100°
sin 6 = 75sin 100°
219.6
_ 75(0.9848)
T 2196
= (.3363
6 =19.7

The velocity of the airplane is approximately
220 km/h, and the direction of travel is
approximately on a bearing of 60° — 20° = 40°.

THE KEY — Math 12 Calculus and Vectors

Use the following information to
answer the next multipart question.

12. | An airplane is heading on a bearing of
125° at 400 km/h. A wind is blowing from
a bearing of 225° at 200 km/h.

[ Written Response |

a) Determine the magnitude of the resultant
ground velocity (R) of the airplane to the
nearest kilometre per hour.

b) Determine the direction (as a bearing) of
the resultant ground velocity of the
airplane to the nearest degree.

Use the following information to
answer the next multipart question.

13. | Two dogs pull a heavy sled due east.
Each dog pulls with a force of 1 000 N,
where the angle between them is 40.

D 1
1 000 N o8

Sled =402 -}~ a oo -~ - » Fast

1 000 N

Dog 2

a) To the nearest newton, the magnitude of
the resultant force on the sled is
A. 1414 N B. 1532 N

C. 1879N D. 2000N

Geometry and P’Igebra of Vectors




b) What is the magnitude of the southerly
force with which a third dog would have
to pull so that the resultant force due to all

three dogs would be 40°?
A. 118N B. 1208 N
C. 1577N D. 1678 N

VEC2.4 perform the operation of dot product on
two vectors represented as directed line segments
(i.e., using vector a — vector b = vector ab cosine
6) and in Cartesian form (i.e., using vector a—vector
b = a'b! plus a’b? or vector a minus vector b equals
a'b! plus a?b? plus a’b’) in two-space and
three-space, and describe applications of the dot
product (e.g., determining the angle between two
vectors, determining the projection of one vector
onto another)

VECZ2.5 determine, through investigation,
properties of the dot product (e.g., investigate
whether it is commutative, distributive, or
associative, investigate the dot product of a vector
with itself and the dot product of orthogonal
vectors)

VEC2.8 solve problems involving dot product and
cross product (e.g., determining projections, the
area of a parallelogram, the volume of a
parallelepiped), including problems arising from
real-world applications (e.g., determining work,
torque, ground speed, velocity, force)

PROPERTIES AND APPLICATIONS OF

THE Dot PrODUCT

The dot product is a scalar and not a vector. It is

sometimes called the scalar product.

« Ifa=(ay, @)and b = (b}, by), the dot product
a - bis defined as @ - b = a\b; + ayb,.

o Ifa=(a, @, a;)and b= (b, by, by), the dot

product & - b is defined as

Class Focus

Copyright Protected

The properties of the dot product apply to all
algebraic vectors in two space and three space.
The dot product has the following properties:

* The dot product is commutative: &-b =5 - a.

+» The dot product is distributive over addition:
a-b+e)=a-b+a-e.

+» The dot product is not associative:
@-b)-¢%a-(-2).

+ The dot product of a vector with itself is equal to
the square of its magnitude: a-a= |a|>.

+ Two non-zero vectors & and b are orthogonal if
and only ifa - b =0.

The term orthogonal is used to refer to two non-zero

vectors that have an angle of 90°.

The dot product in two and three space has several
applications. These include determining the angles
between two vectors, determining the projection of
one vector onto another, and calculating work.

DETERMINING THE ANGLE BETWEEN
Two VECTORS

The angle between two vectors can be found using
the dot product. For any two vectors with angle 6
between them, & - b =] @]l b | cos 6, or

a-b

allbl =cos 6.
This relationship holds for vectors in two space or
three space.

DETERMINING THE PROJECTION OF
ONE VECTOR ONTO ANOTHER

The dot product can be used to determine the
projection of one vector onto another. The

vector projection of a onto b is the projection of
the line segment representing & on the line segment
representing b. In the given diagram, the vector
projection of a onto b is the vector component of
a, namely OP, in the direction of b.

y
A
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Therefore, OP = proj;a.

The vector projection of & onto b can be expressed
as proj;a = (a—'Z;)B
“o\bp )T

The magnitude of the projection is also called the
scalar projection of & onto 5. It can be expressed
as | projza| = | @| cos 6 and

.. la-b|
|pr0Jba| —W——.

CALCULATING WORK

Work is a force that is applied over a particular
distance. Work is a scalar quantity. When the force
is in newtons and the distance is in metres, the work
done is in joules.

Consider a force a acting on an object being
displaced in the direction of b at an angle 6.

a

[

v

b

The work done on the object is the product of the
magnitude of the force acting in the direction of
motion and the magnitude of the displacement
travelled by the object.

work = ((magnitude of force along | b | ))
(magnitude of displacement)

= | projza | | 5|

_la-bl
5] |51

=la-b|

Use the following information to
answer the next question.

Vectors it = (=3, b, 2) and v = (5, 2, 7)
are given. The dot product of these vectors
(i - 9) is 15.

Numerical Response

14. The value of b is

THE KEY - Math 12 Calcuius and Vectors

15.

16.

b)

[ Written Response |

Determine the values of g and b so that the
vector & = (1, 2, 3) is orthogonal to both
vectors v = (a, b, S) and w = (3, a, b).

Use the following information to
answer the next multipart question.

Two forces, F'; = (200, 500, 450) and
F, = (200, —400, 300), both measured in

newtons, act on an object through a
displacement defined by d = (4, 2, 13),
measured in metres.

[ Written Response |

Use the concept of vector projection to
determine the total magnitude of the force
applied on the object in the direction of its
displacement, to the nearest newton.

Using the dot product, find the total work
done on the object to the nearest joule.

Given that gravity is a force in the
direction of the negative z-axis, determine
the total work done against gravity to the
nearest joule.

Geometry and Algebra of Vectors
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Use the following information to VEC2.6 perform the operation of cross product on
answer the next question. two vectors represented in Cartesian form in
three-space [i.e., using vector a x vector b = (a°b’
~ &b, &b - alb’, alb? — a?bl)], determine the
magnitude of the cross product (i.e., using | vector
ax vector b | = | vector a | | vector b | sin 8), and
describe applications of the cross product (e.g.,
determining a vector orthogonal to two given

A frictional braking force is applied at an
angle to an object. The frictional braking
force is 500 N, and the angle it is applied
at is 160°. The object is moving forward
through a displacement of 20.0 m.

[F1=500N vectors, determining the turning effect [or torque]
160° when a force is applied to a wrench at different
|d =20.0m angles)
VEC2.7 determine, through investigation,
17. To the nearest joule, the work done by the properties of the cross product (e.g., investigate
braking force is whether it is commutative, distributive, or
A. —10000J B. —9397] associative; investigate the cross product of
collinear vectors)
C. 9397) D. 100007J

VEC2.8 solve problems involving dot product and
cross product (e.g., determining projections, the
area of a parallelogram, the volume of a
parallelepiped), including problems arising from
real-world applications (e.g., determining work,
torque, ground speed, velocity, force)

PROPERTIES AND APPLICATIONS OF
THE CRrROSs PRODUCT

The cross product of two vectors in three space
produces a new vector that is perpendicular
(orthogonal) to the two original vectors. In this
diagram, the cross product a x b is shown as vector

-

C.

If & has components (a;, a,, a;) and b has
components (b;, by, b3), then the cross product

@ x b has components

(ayby — asby, ashy — aybs, a1b, — aby).

The magnitude of the cross product & x b is given
by the formula | & x B| =| allb]sin6, where
is the angle between vectors @ and b.
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PROPERTIES OF THE CROSS PRODUCT

The cross product has the following properties:

* The cross product is not commutative:
axb#*bxa.

* The cross product is distributive over addition:
ax(b+e)=axb+axe.

» The cross product is not associative:
@xbyxexax(dxe).

¢+ The cross product of collinear vectors is the zero
vector (0, 0, 0).

TORQUE AND THE CROSS PRODUCT

A basic application of the cross product is a physics
situation that involves the turning effect or torque.
Torque is a vector quantity, 1, that is equal to the
cross product of the lever arm vector, /, and the
applied force vector, F.

t=IxF

The magnitude of the torque vector can be
calculated as follows:

|t| = |1xF]

|| =|1] | F|sin6

GEOMETRIC APPLICATIONS OF THE
Cross ProbucT

Another application of the dot and cross products
relates to geometric problems.

The area of a parallelogram whose sides are
represented by the vectors a and b can be found by
determining the magnitude of the cross product so
that A= |axb].

f ]

A=

o o

THE KEY - Math 12 Calculus and Vectors
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A parallelepiped is a prism whose base is a
parallelogram. If the sides are represented by the
vectors &, b, and ¢, the volume is given by the
formula V = |a- (B x¢)].

V=1d-(bx?)|

18. What is the measure of the angle 6
between the vectors &t = (6, 2, 1) and

v=(-4,1,2)
A. 43° B. 47°
C. 133° D. 137°

19. For the cross product between vectors
a=(h,3,-1)andb=(k, 1, -2) to be
axb=(-5,7,1), the values of h and k
should be
A.h=1landk =4

B. h=4andk =1

_9 _ =22
C.h—sandk— 5
_-22 _9
D.h= 5 and k 5

Geometry and ?Igebra of Vectors
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21.

Use the following information to
answer the next question.

Josh wanted to show that
(@xb)xe*ax(bxe). He wrote three
sets of vectors: &, b, and é.

I. a=@1,0,0),
b=(0,1,0),¢=(0,0,1)

. a=(1,1,0),
b=(1,-1,0),¢=(0,0,-1)

L. a=(1,0,0),
b=(1,1,0,¢6=(0,1,1)

Which of the given sets of vectors
supports Josh’s statement that
(@xb)yxexax(dxep

A. Sets II and III only

B. Sets I and II only

C. Sets 1, 11, and 111

D. Set Il only

The volume of a parallelepiped defined by
the vectors & = (2, -5, —1),5=1(4, 0, 1),
andé =3, -2, -2)is

A. 26 units? B. 28 units?

C. 37 units? D. 43 units?

Class Focus
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VEC3.1 recognize that the solution points (x, y) in
two-space of a single linear equation in two
variables form a line and that the solution points (x,
y) in two-space of a system of two linear equations
in two variables determine the point of intersection
of two lines, if the lines are not coincident or
parallel

SYSTEMS OF Two LINEAR EQUATIONS

IN Two SPACE

A system of two equations in two unknowns (x
and y) produces one of the following results:

1. The solution to the system consists of one
unique ordered pair of the variables (x;, y,).
When this occurs, the graph of the system
consists of a pair of lines intersecting at the point
(x1, ¥;), as shown in the given example.

-))

i

The equations of the lines will have different
slope values (m) when they are written in the
form y = mx +b.

2. The solution to the system consists of all ordered
pairs (x, y) that satisfy either equation. In this
case, the graph of the system consists of
coincident lines (one line), as shown here.

y
4
At
- 7
i A ;
1 /, ‘
X
-6 4 /L 2 6
/. 2
// L
ﬂﬂﬂﬂﬂﬂ & SR . ]
rans IR

The equations of the lines can be written as
identical equations
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3. There is no solution to the system; that is, the
solution is the empty set. When there is no
solution to the system, the graph of the system
consists of parallel lines.

y

o N

The equations of the lines will have the same
slope value (m) but different y-intercept values
(b) when written in the form y = mx + b.

Use the following information to
answer the next question.

l;:2x+3y—18=0

12:5x+%y-210=0

| Written Response |

22. Use algebra to explain whether the two
given lines are coincident, parallel, or
intersecting.

THE KEY — Math 12 Calculus and Vectors

VEC3.2 determine, through investigation with
technology (i.e., 3-D graphing software) and
without technology, that the solution points (x, y, z)
in three-space of a single linear equation in three
variables form a plane and that the solution points
(x, ¥, z) in three-space of a system of two linear
equations in three variables form the line of
intersection of two planes, if the planes are not
coincident or parallel

INVESTIGATING SOLUTION POINTS OF
LINEAR EQUATIONS IN THREE SPACE

In the same way that two points determine a line in
two space, three points that are not collinear
determine a plane in three space. If the points are
the endpoints of geometric vectors in three space
represented by algebraic vectors of the form

(x, y, z), then an equation in three variables
describes all points in the plane. For example, the
points (1, 0, 0), (0, 1, 0), and (0, 0, 1) satisfy the
equation x + y +z = 1. All points that satisfy

x +y +z =1 lie in the same plane, such as points
(2, -1,0)and (1, 2, -2).

(0,0, ) g

2,-1,0)

(1,2,-2)

Geometry and Algebra of Vectors
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Two linear equations that each have three variables
will create a graph consisting of two planes.

The planes are oriented in one of the following
ways:

1. The planes intersect to form a line.
Plane B

Line

ydy
e
/l/

2. The planes are parallel.

P
/

Plane B

3. The planes are coincident.

Plane A

Plane B

N NN

23. What is the geometric relationship
between the two planes defined by the
equations 4x —y +z —3 =0and
3x+y+z-3=0?

A. They are parallel.
B. They are coincident.
C. They intersect in a line.

D. They intersect at a point.

Class Focus
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Use the following information to
answer the next question.

The points (2, 0, 0), (0,4, 1), and (1, 4, 5)
lie on the plane defined by
Ax+ By +Cz+ D =0, where 4 * 0.

24. What are the values of B, C, and D in terms
of A?
9

A B=-74,C=-44,D=-24
B. B=—A,C=—14,D=-24
‘ 167 4%
C.B=-2A,C=+4,D=24
. 167" 4™
D. B=—A,C=~4,D=24
' 167 4%
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VEC3.3 determine, through investigation using a
variety of tools and strategies (e.g., modelling with
cardboard sheets and drinking straws, sketching on
isometric graph paper), different geometric
configurations of combinations of up to three lines
and/or planes in three-space (e.g., two skew lines,
three parallel planes, two intersecting planes, an
intersecting line and plane),; organize the
configurations based on whether they intersect and,
if so, how they intersect (i.e., in a point, in a line, in
a plane)

GEOMETRIC CONFIGURATIONS OF

LINES AND PLANES IN THREE SPACE
There are many possible geometric configurations
of up to three lines and/or planes in three space.
Configurations that have common intersection
points between all the lines and/or planes represent
systems of equations that have solutions. The types
of solutions that are possible can be described as
follows:

* A system has an infinite number of solutions and

is said to be consistent and dependent when the

lines and/or planes intersect in a line or plane.

A system has a unique solution and is said to be

consistent and independent when the lines and/

or planes intersect in one point.

* A system has no solution points and is said to be
inconsistent when the lines and/or planes do not
intersect.

The following tables summarize the possible
configurations and the solutions to the
corresponding systems of equations for two lines
and three planes in three space.

Two LINES IN THREE SPACE

Solution (Type of
System)

Configuration

One (consistent and

Intersect in one point .
P independent)

Infinite (consistent and

Coincident lines dependent)

Parallel lines None (inconsistent)

Skew lines

None (inconsistent)

THE KEY - Math 12 Calculus and Vectors
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THREE PLANES IN THREE SPACE

Configuration

Solution (Type of
System)

Intersect in one point

One (consistent and
independent)

Intersect in a line

Infinite (consistent and
dependent)

Three coincident planes

Infinite (consistent and
dependent)

Two coincident planes
intersecting a third in a
line

Infinite (consistent and
dependent)

One plane intersecting
two parallel planes in
two parallel lines

None (inconsistent)

Three distinct planes
intersecting in three
parallel lines

None (inconsistent)

Three distinct parallel
planes

None (inconsistent)

Two coincident planes

parallel to a third plane

None (inconsistent)

25.

Which of the following statements about

the possible intersections of three different
non-parallel planes in three space is false?

A.
point.

B.
line.

lines.

points.

The planes could intersect at a single
The planes could intersect in a single
. The planes could intersect in three

The planes could intersect at two

Geometry and Alq';ebra of Vectors
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VEC4.1 recognize a scalar equation for a line in
two-space to be an equation of the form Ax + By +
C = 0, represent a line in two-space using a vector
equation (i.e., vector v = vector r 0 + t vector m.)
and parametric equations, and make connections
between a scalar equation, a vector equation, and
parametric equations of a line in two-space

SCALAR, VECTOR, AND PARAMETRIC

EoQuaTtions oF LINES IN Two SPACE

The equation of a line in two space can be written
in one of the following three forms:

1. Scalar: Ax+By+C=0
2. Vector: 7 =7y+tm

3. Parametric: x =xy+at,y =y, +bt

The scalar equation of a line can be determined from
the parametric form by solving both equations

for ¢, then equate the two equations and rearrange
them into the form Ax + By + C = 0.

The vector equation of a line can be determined from
the scalar form by finding any point on the line,
Ax + By + C = 0, that can be used as the position
vector, 7. Next, determine the slope of the line,
Ax + By + C = 0, by rewriting the equation in
slope-intercept form. The slope gives the direction
vector, m = (x, y). Substitute the position and
direction vector into the form 7 = 7+ 7.

The parametric equations of a line can be
determined from the vector form where
(x, ¥) = (xq, o) + t(a, b). Therefore,

x = xgtat
y =yt bt

Class Focus
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Use the following information to
answer the next question.

Four students each made a statement about
the equation of a line in two space given
in vector form, # = (=3, 5) +#(2, -3).
 Jeremy: The equation of this line in
scalar form is 3x +2y — 1 =0.
» Derek: A line, L, that is parallel to the
given line is as follows:
I .{x =1+2.5¢
"y =8-3.75¢
 Charissa: A vector that is
perpendicular to the given line is
v =(9, -4).
+ Emily: Two points on this line are
(-1, 2)and (0, 0.5).

26. Which of the four given statements is

false?
A. Emily’s B. Derek’s
C. Jeremy’s D. Charissa’s

VEC4.2 recognize that a line in three-space cannot
be represented by a scalar equation, and represent
a line in three-space using the scalar equations of
two intersecting planes and using vector and
parametric equations (e.g., given a direction vector
and a point on the line, or given two points on

the line)

REPRESENTING LINES IN THREE SPACE

A line in three space cannot be represented by a
scalar equation. A line in three space is formed from
the intersection of two non-parallel or
non-coincident planes, so a line in three space
represents the solution to a system of two scalar
equations with three unknowns.
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Although it is not possible to represent a line in three
space with a single scalar equation, it is possible to
represent a line using a vector equation or a set of
three parametric equations. The vector equation of
the form # = 7, + tm can be applied, where

o = (xg, ¥ Z,) represents a position vector,

m = (a, b, c) represents a direction vector, and both
vectors are in three space. The set of three
parametric equations is of the form

x =xytat
y=yotbt
Z =ZO+Ct

Use the following information to
answer the next question.

A line in three space is defined by the
vector equation
F=(2,1,0+#-3,0,1).

27. Which of the following pairs of
intersecting planes would also define

this line?
P13y~1=0

A.
Pyx—y-1=0
.P2:X+3Z—2=0
P:y_1=

C. ry—1=0
Py 3x+y-7=0
Pivyv_1=

p, 1y 1=0

Py 2x+4y+2z=0

28. Which of the following points does not lie
on the line that passes through the points
P(6, -2, 4) and O(-1, —4, 0)?

A. (-8, -6, —4)

23
B. (7’ =7, —6)
33 )
C. (—2 , 1,10

D. (13,0, 8)

THE KEY - Math 12 Calculus and Vectors

VEC4.3 recognize a normal to a plane
geometrically (i.e., as a vector perpendicular to the
plane) and algebraically, and determine, through
investigation, some geometric properties of the
plane (e.g., the direction of any normal to a plane is
constant,; all scalar multiples of a normal to a plane
are also normals to that plane; three non-collinear
points determine a plane; the resultant, or sum, of
any two vectors in a plane also lies in the plane)

PROPERTIES OF THE NORMAL OF A

PLANE
From the given configuration, you can see how a

particular plane is determined by a point
Py(xg, ¥g» 2) in the plane and a vector 7 orthogonal

(perpendicular) to the plane at that point.

A

|~
s

P X ¥ip 25)
//
x
A vector that is orthogonal to a plane is called a
normal vector.

The following are some properties that relate planes
and normal vectors.

* A plane with the equation
Ax + By + Cz + D = 0 has a normal vector
(4, B, O).
+ The direction of any normal to a plane is constant.
« Allscalar multiples of a normal to a plane are also
normal to a plane.
+ Any three non-collinear points determine a plane.
+ The resultant (sum) of two vectors that lie in a
plane also lies in the same plane.
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29.

30.

b)

Which of the following vectors is not
normal to the plane defined by the scalar
equation 3x —4y +z - 12 =07

Ai=(-2.3,-2)

B.
C. - (—1 hd l)
D.

Use the following information to

© answer the next multipart question.

The scalar equation of a plane is given as
—2x+3y—-4z+12=0.

[ Written Response |

Is vector # = (5, 6, 2) parallel to the
plane? Explain your answer.

Show that the resultant of any two vectors
that lie on the plane also lies on the plane.

Copyright Protected

VEC4.4 recognize a scalar equation for a plane in
three-space to be an equation of the form Ax + By
+ Cz + D = 0 whose solution points make up the
plane, determine the intersection of three planes
represented using scalar equations by solving a
system of three linear equations in three unknowns
algebraically (e.g., by using elimination or
substitution), and make connections between the
algebraic solution and the geometric configuration
of the three planes

DETERMINING THE INTERSECTION OF

THREE PLANES

A plane can be represented by a scalar equation in
three space of the form 4x + By + Cz+ D = 0.

The solutions points, (x, y, z), of the equation make
up the plane.

The following table summarizes the relationships
between the configuration of three planes in three
space, the solution to the system, and the orientation
of the normal vectors.

Three Planes in Three Space
{ Configuration |Solution| Normal Vectors

Copla-
Parallel nar
Intgrsect in one Point \ No No
point
Intersect in a line Line No 7 Yes

Three coincident

planes Plane Yes Yes

Two coincident T

. . . WO
planes intersecting Line only Yes
a third in a line J

One plane intersect-

ing two. parallel None Two Yes
planes in two paral- only

lel lines

Three distinct
planes intersecting
in three parallel
lines

None No Yes

Three distinct paral- None \ Yes Yes

Class Focus

lel planes

planes parallel to a tNone

Two coincident T

Yes

N I

]

Yes

]
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Determining normal vectors to the planes
represented by the equations can assist in
determining the type of system of equations that is
involved. Two properties of the normal vectors are
particularly useful:

1. Planes are parallel if and only if their normal
vectors are scalar multiples of each other.

2. Normal vectors , b, and & are coplanar if and
onlyifa-(bx2)=0. Ifa-(bx¢é&) *0,the
planes intersect in a single point.

When solving a system of three equations in three
unknowns, the normal vectors can be used to
determine whether the system appears to have a
solution; however, other than checking for scalar
multiples, time spent working with the normal
vectors can often be better spent solving the system.
The algebraic method of elimination or substitution
can be used to determine the solution values.

To solve a linear system using the elimination
method, follow these steps:

1. Label the equations, and choose a variable to be
eliminated.

2. Eliminate the same variable from any two pairs
of the three given equations by adding or
subtracting the equations in the system

3. Eliminate another variable by adding or
subtracting the two new equations.

4. Solve for the remaining variable.

5. Substitute the solved value into an equation
from the step 3, and then solve for the other
variable.

6. Substitute the values back into one of the
original equations, and solve for the last
variable.

7. State the solution as an ordered triplet,

(x, y, 2).

THE KEY — Math 12 Calculus and Vectors
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To solve a system of linear equations using the
substitution method, follow these steps:

1. Write one of the equations so that a variable is
isolated in terms of an expression of the other
variables.

2. Substitute this expression into the other two
equations so they can be rewritten as a
first-degree equation in two variables.

3. Write one of the remaining two equations so that
a variable is isolated in terms of an expression
of the other variable.

4. Substitute this expression into the other equation
s0 it can be solved as a first-degree equation in
one variable.

5. Substitute the solved value in the equation from
the previous step, and then solve for the other
variable.

6. Substitute the solved values into any one of the
original equations, and then solve for the last
variables.

7. Write the solution as an ordered triplet,

(x, y, 2).

Use the following information to
answer the next question.

Three planes are given.

Pi6x—4y+2z-2=0
Py 3x+2y-z-6=0
Py 9x —6y+3z+8=0

31. Which of the following statements about
the configuration of these planes is true?
A. The three planes are parallel and
distinct.

B. Two planes are parallel, and the other
is distinct.

C. The planes are non-parallel and
intersect at a line.

D. The planes are non-parallel and
intersect at a point.

Geometry and Alpebra of Vectors
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Use the following information to
answer the next question.

The following system of three planes is
consistent:
x+4y+3z-5=90
x+3y+2z-4=0

x+y-z+1=0

| Written Response |

32. Solve the given system of equations
algebraically (i.e., elimination,
substitution), and describe its solution.

VECA4.5 determine, using properties of a plane, the
scalar, vector, and parametric equations of a plane

EQUATIONS DEFINING A PLANE

Just as there are different forms of equations
defining lines in two space, there are various forms
of equations that define planes in three space.

THE SCALAR EQUATION OF A PLANE

Recall that a particular plane can be determined by
a point on the plane and a normal vector to the plane.

(4,B,0)

Class Focus
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If a particular point Py(x,, ,, z,) and any second
point P(x, y, z) are on the plane, then vector PP
is (x — xg, ¥ — ¥, z — 2). If the normal vector 7 has
coordinates (4, B, C), then because 7 is
perpendicular to PP, (4, B, C) - KTD = 0. Thus,
substituting (x — Xo, ¥ — ¥p, 2 — ) for PoP in this
equation gives the following result:

(4, B, C) - (x = xo, ¥ = ¥o, 2= 2) =0

A(x = xo) + B(y = y0) + C(z ~25) = 0

Ax + By + Cz +(—Axy— By, — Czy) = 0

Notice that —4x, — By, — Cz, is a constant.

Using D to represent this constant gives

Ax + By + Cz + D = 0 as the equation of a plane
with the normal vector ## = (4, B, C). The value
of D is determined by substituting a known point on
the plane into the equation Ax + By + Cz+ D =0
and solving for D.

THE VECTOR EQUATION OF A PLANE

It is possible to describe all points on a plane, and
thus the plane itself, as algebraic vectors that are the
linear combination of an algebraic vector on the
plane and two directional vectors in the plane.

z
[ §

U

In the diagram shown, 7 is a linear combination of
Fo, @, and b such that # = 7+ ra + sb, where t

and s are real number scalars.

Since vectors 7, a, and b can be represented by
ordered triplets, the vector form of the equation of
aplane is (x, y, 2) = (xg, Yo» Z0)

+t(ay, ay, as)+5(by, by, by).
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THE PARAMETRIC EQUATIONS OF A
PLANE

The parametric equations of a plane can be
determined from the vector form

(x, v, 2) = (xp, Yoo Zo)Ht(ay, @y, @3) +5(by, by, b3).
x =Xgtta +sb

y =yotta,+sb,

z =2yt tay+sb,

These equations represent the parametric form of
the equation of a plane. Note that since different
choices of 7, a, and b can be used to determine the

same plane, the vector and parametric forms are
not unique.

33. A plane passes through the points
A(1, 12, 5), B(=2, -6, 4), and
C(~1, -1, —4). A vector equation
representing this plane is

(1,12,5)

A. (x, y,2)=|+ (3,18, 1)
+ s(2,13,-9)
(_29 _6: 4)

B. (x, y,z) =+ #(-3,-18,1)

+ s(1,5,8)

(-2, -6, 4)

C. (x, y,z)=|+ #(-3,-18, 1)

+ s(-1, 5, —-8)

(1,12,5) )

D. (x, y, z) =+ #(-3,-18,-1)
+ s(=2,-13, -9)

34. A plane contains the points P(4, 6, —2),
0(-2, 0, -8), and R(-10, -2, 2).
Which of the following statements about
this plane is true?

A. A parametric equation of the plane is
x=4+6t+8s,y=6+6t—2s,and
z=-2+6¢-10s.

B. The scalar equation of the plane is
2x -3y +z-12=0.

C. The x-intercept of the plane is
(-6, 0, 0).

D. A point on the plane is (-2, 1, —7).

THE KEY — Math 12 Calculus and Vectors

VEC4.6 determine the equation of a plane in its
scalar, vector, or parametric form, given another of
these forms

CONVERTING FOrRMS OF EQUATIONS
OF PLANES

Equations representing planes can be converted to
different forms by applying various properties and
concepts related to planes.

CONVERTING FROM SCALAR FORM TO
VECTOR OR PARAMETRIC FORM

In order to write the equation of a plane in
parametric or vector form, it is necessary to
determine a point on the plane and a pair of
non-parallel direction vectors that are in the plane.
There are a couple of choices for obtaining the point
and required vectors. Convenient points on the
plane can be found by having two of the three
coordinates equal to zero. Any two out of three
non-collinear points can be used to obtain direction
vectors. As well, a plane of the form

Ax + By + Cz + D = 0 has a normal vector

it =(4, B, C). The cross product of

it = (4, B, C) and any vector in the plane will yield
another vector in the plane that will be perpendicular
to both of them.

CONVERTING FROM VECTOR OR
PARAMETRIC FORM TO SCALAR FORM

One possible approach that can be used to convert
an equation from vector or parametric form to scalar
form is to reverse the order of the procedure for
changing an equation from scalar form to vector or
parametric form.

From the vector or parametric form, the coordinates
of a point and two direction vectors can be obtained.
The cross product of the direction vectors creates a
vector that is normal to the plane. The coordinates
of the normal vector are the values of 4, B, and C in
Ax + By + Cz + D = 0. The value of D is obtained
by substituting the coordinates of the known point

for x, y, and z.

Geometry and AFebra of Vectors
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36.

Use the following information to
answer the next question.

The scalar form of the equation of a plane
is Ax — 10y + Cz + 8 = 0. The parametric
form of this equation is as shown.
x=2-3t+s

y=-1+2t-s

z=3—-1t+2s

What are the values of 4 and C'in the given
equation?
A. 6and -1

C. 3and 4

B. 3 and -8
D. -6 and -2

Use the following information to
answer the next question.

Jason must convert the scalar form of an
equation that defines a plane,

6x — 3y + 7z — 42 = 0, into an equation in
its vector form. His first step is to find
the x-, y-, and z-intercepts.

After Jason has completed the conversion,

which of the following vector equations

does not represent the plane?

A. (x, y,2)=(7, 0, 0+£(7, 14, 0)
+s(0, —14, —6)

B. (x, y, 2) =(0, —14, 0)+#(7, 14, 0)
+S(7, 0’ —6)

C. (x, y, 2)=(7, 0, 0)+£(7, 0, —6)
+s(=7, —14, 0)

D. (x, y, z) = (0, 0, 6)+¢(7, 0, —6)
+s(0, 14, —-6)

Class Focus
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VEC4.7 solve problems relating to lines and planes
in three-space that are represented in a variety of
ways (e.g., scalar, vector, parametric equations)
and involving distances (e.g., between a point and
a plane; between two skew lines) or intersections
(e.g., of two lines, of a line and a plane), and
interpret the result geometrically

SoLVING PROBLEMS INVOLVING LINES
AND PLANES IN THREE SPACE

Many problems in two space can be solved by
calculating different quantities: the distances
between points, the distances between points and
lines, the slopes of lines, the midpoints of line
segments, and so on. Similar types of problems
involving points, lines, and planes can also be
solved in three space. In solving these problems,
you should be able to visualize the relationships in
three space among points, lines, and planes.

THE DISTANCE FROM A POINT TO A
PLANE

Visualize a point, P, and a plane, S, in three space.
The tip of your pencil (point) held above the surface
of your desk (plane) is one possible model.

The distance from the point to the plane is the length
of the line segment PD, which is perpendicular to
the plane.

=

4
s
0] D
Plane S

If Q is any other point on the plane and 71 is a normal
vector to the plane, then distance PD is the
magnitude of the projection of vector PO onto 7.
If distance PD is represented by d, then
_1PD.Al

V7l
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THE DISTANCE BETWEEN TWO SKEW
LiNES

Recall that lines in space do not have a scalar
representation but can be represented by vector or
parametric equations. Also recall that skew lines are
non-parallel lines in space that do not intersect.
Although skew lines are not parallel, they always lie
in parallel planes. You can visualize this
relationship by laying a pencil on your desk and then
holding a second pencil above the first. You can
then take a book or other flat surface and place it
against the edge of the first pencil so that it is parallel
to the second pencil.

Since the minimum distance between two skew
lines is equal to the distance from one of the lines to
the parallel plane containing the other line, the
approach used for finding the distance between two
skew lines can be the same as the one used for
finding the distance from a point to a plane.

This involves finding a point on each line and the
equation of a vector that is normal to the plane.

INTERSECTIONS OF LINES AND
INTERSECTIONS OF LINES AND PLANES

There are different configurations resulting from the
intersection of lines and planes in three space.
Determining the solution to these problems often
involves using direction vectors to determine
whether lines or planes are parallel and solving
systems of equations.

37. To the nearest tenth, the distance between
the point A(8, 2, —5) and the plane
4x+2y —z—-12=01s

A. 5.7 B. 63

C. 65 D. 7.8

THE KEY - Math 12 Calculus and Vectors
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38.

Use the following information to
answer the next question.

Two lines in three space are given by these
equations.

L 1: (xa ya Z) = (37 _75 5)+S(1, _27 4)
Ly(x,y,2)=(-7,-84+:3,1,-1)

[ Written Response |

Determine the geometric relationship
between the two lines.

Geometry and Algebra of Vectors
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ANSWERS AND SOLUTIONS
GEOMETRY AND ALGEBRA OF VECTORS

1. C 10. WR b) WR 24, B 32. WR
2. B 11. WR ¢) WR 25. D 33.D
3. C 12. a) WR 17. B 26. D 34. C
4. D b) WR 18. C 27. B 35. D
5. B 13. a)C 19. B 28. B 36. D
6. B b) C 20. D 29. C 37. B
7. C 14. 8 21. D 30. a) WR 38. WR
8. B 15. WR 22, WR b) WR
9. 23 16. a) WR 23. C 31. B

1. C 5. B
Vectors must have both magnitude and direction. Step 1
Weight is the only given option that has both Sketch the vector.

magnitude and direction. The direction is toward the

centre of Earth. "

—_—
Per Y

Mass, speed, and volume have only magnitude.

~a

2. B 1 //
Scalar quantities have magnitude and are ] /

directionless. Temperature is the only given quantity 5d
that has magnitude only. A\ X

Velocity, displacement, and force have direction as $ 1216

well as magnitude. Step 2

3. C Determine the Cartesian form of the vector.
The representation of the vector using polar
coordinates is (16, 65°).

The Cartesian representation is found by using

This geometric vector is the only vector (directed
line segment) that is pointing in the direction of

northwest. x =rcos f and y = rsin 6.
x =rcos @
75 km = 16c0s 65°
= 6.76
y =rsin 8
= 16sin 65°
4. D =~ 14.50
A vector with Cartesian coordinates of (0, 4) is Thus, the Cartesian representation of this vector is
located 4 units from the origin on the y-axis. approximately (6.76, 14.50).

Therefore, its length is 4 and the counterclockwise
rotation from the positive x-axis is 90°. The polar
coordinates of the algebraic vector are (4, 90°).
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6. B

Use the extension of the Pythagorean theorem to
calculate the distance. Let

A(xy, y1> 2)) = A(4, 3, =7) and

B(xz, Vs, 22) = B(-2, 4, 2).

AB = N/(xz -x )2+ (7 - y1)2 +(z - 21)2
“V(2-4P+(4-3?+ 2 - (-7)?
V(62 +(1)2 + (9P

=+36+1+81
=4/118

. C

Since v = (3, 7, —2) starts at the origin, use the
distance formula and the points (0, 0, 0) and
(3, 7, —2) to calculate the magnitude.
[V :Vx2+y2+22

=432+ 7%+ (=20

=49+49+4

n ol
\lgl
[@))
[\

.8

~

. B

For any scalar, &, if & = (xl, Y1s zl), then
kit = (kx;, ky,, kz)).
—V8it = /82, -1, +2)
=_2W2(2, -1,+2)
([(—2«/5)(2)] )

[(—2v2)-1)]
[(-2v2)¥2)]
(—4v2, 202, ~24/4)
=(-4v2, 242, -4)

. 23

Step 1
Simplify the expression 2p — 34.
If2p = 2(~h, 2k) and 3g = 3(—4h, —3k), then
2p - 3G = 2(~h, 2k) — 3(-4h, —3k).
2p — 33 = 2(=h, 2k) - 3(—4h , —3k)
= (=2h, 4k)+(12h, 9%)
=(=2h + 12k, 4k +9%k)
=(10h, 13k)
Step 2
Determine the values of @ and b.
Since 2p — 3§ can be expressed as (107, 13k),
which is equivalent in form to (ah , bk), it follows
that a =10 and b = 13.
Step 3
Calculate the sum of g and .
atb
=10+13
=23

THE KEY - Math 12 Calculus and Vectors

10.

11.

133

WR

The vector —2¥ has a magnitude (length) that is twice
as great as v and is in the opposite direction.

Then, to represent &# — 2, add the vectors # and
—2v geometrically as shown.

-2v

WR

Evaluate (it — %) —wand & — & — w).

-9 -w

= (1,1, 1)-(-3,-2,4)
—(2,3, -1)

= (1-(=3),1-(=2),1-4)

-(2,3, -1

@,3,-3)-(,3,-1)

4-2,3-3,-3-(-1)

2,0, -2)

—B-w)

(1,1, D—=(=3, -2, 4

-(2,3,-1

=(1,1,1)

—(=3-2,-2-3,4-(-1)

(1,1, D) -(-5,-5,5

1-(=95,1-(-5),1-95)

(6, 6, -4)

Since (2, 0, —=2) * (6, 6, —4), the associative
property for vector subtraction is not true.

bose
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Step 1

Draw a diagram of the two vectors added together
indicating the resultant (R), and the angle between
the vectors.

If the angle between the tails of the two vectors is
100°, then the angle between the head and tail of the
two vectors is 180° — 100° = 80°.

Step 2
Determine the magnitude of the resultant, R, using
the cosine law.
a?=b%+c?—2bccos 4
| R |2 = 4007 +200% - 2(400)(200)cos 80°
| R |2=172216.2916
|R| =+172216.2916
= 414.9895

Therefore, the magnitude of the resultant ground
velocity of the airplane is about 415 km/h.

b) WR

Step 1

Draw a diagram of the two vectors and the resuitant,
indicating all known values and the unknown
direction angle, 0.

N
/
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Step 2
Use a sine law to determine the measure of angle 6.
a b
sind sinB

415 200
sin 80°  sin 6
sin g — 200sin 80°
415

sin 8 = 0.474 606...

0 = sin™! (0.474 606...)

6 =28.3°
Step 3
Determine the bearing of the airplane’s resultant
ground velocity.
Since the bearing of the airplane (without the wind)
is 125° and the direction of the resultant is
# = 28.3°, the bearing of the airplane’s resultant
ground speed is 125° +28.3° = 153°, to the nearest
whole degree.

a)C

Step 1

Draw a vector diagram showing the vector addition
and the resultant, R.

If the angle between the tails of the two vectors is
40°, then the angle between the head and tail of the
two vectors is 180° — 40° = 140°.

Dog 1
1000 N 1 000 N
140°
T %
1000N ~“~a
Dog 2

Step 2
Determine the magnitude of the resultant, R, using
the cosine law.

a’= b2+c2 —2bccos A

IP|2=( 1 0002 + 1 000> )
— 2(1 000)(1 000)cos 140°
=3 532 088.886

| R| =+/3532088.886
= 1 879.385 242

To the nearest newton, the magnitude of the resultant
force on the sled is 1 879 N.

Castle Rock Research
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14.

b) C
Step 1
Draw a diagram that shows the vector addition of the

resultant force vector of the two dogs (1 879 N) and
the southerly force of the third dog, F 3

1 879N

Step 2
Since the vector diagram forms a right triangle, use

the tangent ratio to determine the third dog’s force,
F
3 .

tan @ = —OPI.)-
adl
F
tan 40° = M
1879

| F3| =1879tan 40°
= 1 576.668 207

The southerly force exerted by the third dog would
have to be about 1 557 N.

8

Apply the dot product, and solve for b.

Ifit = (uy, uy, uz) and v = (v1» vo» v3), the dot
product & - ¥ is defined as

SV = vt v, gy

-9 =(=3,b,2)-(52,7

15 =-3(5)+2b+2(7)
15=—-15+2b+ 14

NS

15=-1+2b
16 =2b
8=5»h

The value of b is 8.

THE KEY - Math 12 Calculus and Vectors

15. WR

Step 1
Write equations defining @ and b using the definition
of orthogonal vectors.

Two non-zero vectors, & and 3, are orthogonal if
a-b=0. Therefore

-v=0
(1,2,3)- (ab 5)=0
5 0

la+2b+15 =
@ a+2b=
w—O

1,2, 3)-(3,a, b)=0
3+2a+3bh =0

® 2a+3b=-3

Step 2

Solve the system of equations using the

elimination method.

® a+2b =-15

® 2a+3b=-3

Multiply equation (1) by 2 to form equation (3), and
then subtract equation (2).

® 2a+4b=-30

@ 2a+3b= -3

b=-27
Solve for a by substituting the value of b into
equation (1).
at2b=-15
a+2(-27) =-15
a—-54=-15
a=39

Therefore, the values of a = 39 and b = —27 would
make the vector i orthogonal to both ¥ and w.

Solutions — Geometry and )_\Igebra of Vectors
f
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The total magnitude of force acting in the direction
of the displacement, d, is found by adding the
magnitudes of the projections of vectors F' | and

Pyond.

| proj;F , |
_ P d |
|d]

_ 1200, 500, 450) - (4,2, 13) |
| 4,2,13)]

_ _1(200@) + (500)(2) + (450)(13) |
V42 + 22 + 132

_ 7650

V189

= 556.4556 N

| proj £, |

_ | F,d |

|d|

_ 1200, ~400, 300)-(4, 2, 13) |
| 4,2, 13)]

_ 1(200)(4) +(-400)(2) +(300)(13) |

V42 + 22 4132
_ 3900
V189
= 283.6833 N

Therefore, the total magnitude of force acting in the
direction of the displacement, d,is

556.4556 + 283.6833 = 840 N, rounded to the
nearest newton.

b) WR
Work is equal to the dot product of the force and the
displacement. The work done by F L on d and by
F, ond can be calculated as follows:
w,=F,-d

= (200, 500, 450) - (4, 2, 13)

= (200)(4) + (500)(2) + (450)(13)
=76501]

W,=F,-d
= (200, —400, 300) - (4, 2, 13)
= (200)(4) + (-400)(2) + (300)(13)
=39001J

Answers and Solutions
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Therefore, the total work done on the object is
7650+3900=1155017.

Note that the total work could also be found by taking
the magnitude of the force and multiplying it by the
magnitude of the displacement.
w =| proigF |1d |

= (8401189

=11548]

This value approximates the value given by means
of the dot product.

¢) WR

To calculate the work done against gravity, use only
the z-components of F'{, 5, and d, which are

(0, 0, 450), (0, 0, 300), and (0, 0, 13), respectively.
W =F,-d

=(0, 0, 450) - (0, 0, 13)

= (0)(0) + (0)(0) +(450)(13)

=5850J
w,=F,-d

=(0, 0, 300) - (0, 0, 13)

= (0)(0) + (0)(0) + (300)(13)

=3900]J

The total work done against gravity is
5850+3900=97501.

B

Use the definition of work as a dot product to
determine the work done by the braking force.
w=|F-dl|

=| F)ld]cos®

= (500)(20.0)cos 160°

=-9397)

To the nearest joule, the work done by the frictional
braking force is -9 397 J.

Note that the reason the work is negative is that the
frictional force opposes or slows the object’s
movement. This occurs when the measure of the
angle between F' and d is greater than 90°.

C

Step 1
Determine i x V.
uxv
= (UyV3 — UzVy, UzV) — UyVy, Uy V) — Uyvy)
(@) - ()],
= ([(1)(—4) - (6)2)], )
[(6)(1) - (2)(-4)],
=@4-1,(-4)-12,6+8)
=(3, -16, 14)
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19.

Step 2
Determine ||, |9 ],and |5 x % .
la] =462+22+1?
=436+4+1
— a1
9] =44 +1%+22
=4/16+1+4
=421
laxv] =432+(—16)*+14°
=49+ 256 + 196
= 4461
Step 3
Substitute /41 for | @ | ,+/21 for | ¥ | ,and v461 for
|# x| inthe formula | & <% | =| @]9 |sin6,
and solve for 6.
lax9| =] @||v]sind
V461 = /414215in 6
sint‘)=—4—~/—_6—l
V861
g —1(@)
6 =sin
861
0 = 47.0°
Step 4

Since sin (180° — 8) = sin 6, 8 could also be
180° —47° = 133°, Verify which measure of 0 is
correct by using the definition of the dot product,

ing
| Nl
= .f)

_6,2,1)-(-4,1,2)

cos =

N

b

050 VAT
s = O+ @+ (D)
V861
f = __A
COos /—-861
6 = cos™! (—-29—)
V861
0 = 133°
B
Step 1
Determine & x b.
axb
ayby — a3,
= a3bl — alb3
arby — aby

(=D(k) — (B )(=2)

(h)(1) — 3)(k)

+1, ~k +2h, h —3k)
,2h —k, h - 3k)

((3)(~2) - (D) )
(
(

-6
-5

THE KEY - Math 12 Calculus and Vectors

Step 2

Since & x b = (=5, 7, 1), then
(-5,7,1)=(=5,2h —k, h —3k).

Set up a system of two equations for 4 and £.

®2h-k=17
@h-3k=1
Step 3

Rearrange equation (2) so that 4 is the only term on
the left side. This will make equation (3).

@h-3k=1
®h=3k+1
Step 4
Substitute equation (3) for 4 in equation (1), and
solve for .
2h -k =17
2Bk +1) -k =7
6k+2 -k =17
Sk =S5
k=1
Step 5
Substitute the value of k into equation (1), and solve
for .
2h -k =7
2h —1=7
2h =8
h =4

Therefore, for the cross product & x b to be
(-5, 7, 1), the values of # and k shouldbe # = 4 and
k=1

20. D

Analyze(a x b) x ¢anda x (b x &) for all three sets,
and determine whether or not the two are equal.

Step 1

For set I, the comparison of (& x b) x ¢ and
a x (b x &) is as follows:

(@xb)yxe

=[(1,0,0)x (0, 1,0)] x (0,0, 1)
=(0,0,1)x(0,0, 1

=(0, 0, 0)

ax(dxe)

=(1,0,0) x[(0, 1, 0) x (0, 0, 1]
=(1,0,0) x(1,0,0)

=(0, 0, 0)
@xb)yxe=axbxe)
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Step 2

For set II, the comparison of (& x b) x & with
a x (b x &) is as follows:

(axb)xe

=[(1,1,0) x (1, -1, 0)] x (0, 0, 1)

0,0, -2)x (0,0, -1)

1,1, 0) x [(1, -1, 0) x (0, 0, =1)]
(1, 1,0)x (1, 1, 0)

=(0, 0, 0)
(@axb)xe=axbBxe)
Step 3
For set III, the comparison of (@ x b) x ¢ with
a x (b x &) is as follows:
(@xbyxe

=[(1,0,0)x (1, 1, 0)] x (1, 1, 1)
=(0,0,Dx(,1,1)

(-1,1,0
x (b x &)

(1,0,0) x [(1, 1,0 x (1, 1, 1]

(1,0,0) x(1, -1, 0)

=(0,0,-1)
(@xbyxexax(dxe)
Thus, only set IIT supports Josh’s statement that cross
products are not associative, namely that
ax(bxe)x@xb)xe.
Sets I and II refute this general principle because the
three vectors are all perpendicular to one another.
When three vectors are all perpendicular, the cross
product of any pair produces a vector collinear to the
other, thereby creating a cross product equal to the
zero vector.

Ry

D

Determine the volume of the parallelepiped defined
by &, b, and & by using the formula

v=|é-@xbl.
v=1e-(axb]|
@, -5, -1)
- |(3’"2"_2)'(x @, 0,1) )|
[-5-0],
= G,z—m-k4—ﬂ)
[0+ 20]

| (3, -2, -2) - (-5, -6, 20) |

| 3)(=5) +(=2)(—6) + (~2)(20) |
= |—15+12—40|

= | -43]

=43 units3

I
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22. WR
Method 1
Step 1
Rewrite the equation of each line in the
slope-intercept form y = mx + b.
[:2x+3y-18=90

3y=-2x+18
y=—%x+6
Iy Sx+ 2y ~210 =0
-§y=—ﬁ+2m
10, 420
(TR
_=2
y= 3 x +28
Step 2

Compare the slopes (m) and y-intercepts (b) of each
line to determine the nature of the lines.

2

l: = -—

- 3
b=6

. 2

lz.m—_——§
b =28

Since the slopes of the two lines are the same but
their y-intercepts are different, these two lines are

parallel.
Method 2
Step 1
Create a system of equations in the form
ax+by=c.
[:2x+3y-18=0
®2x+3y = 18

15

Ly 5x+7y—210 =0
@ 5x+ %y =210

Step 2

Multiply equation (1) by 5 and equation (2) by 2.
Then, subtract equation (1) from equation (2).
® x2(10x + 15y = 420)
@ x5-(10x+15y =90)
0x +0y =330
Since there are no solutions (x, y) that satisfy the
system, the lines are parallel.
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23.

24.

C

Solve the equations using a system of equations.
dx-y+z-3=0
+3x+y+z-3=0
Tx+0y+2z-6=0
Tx+2z=6

The result, 7x + 2z = 6, is a line of intersection.

B

Step 1
Solve for D by substituting (2, 0, 0) into the equation.
Ax+By+Cz+D =90
AQ2)+ B0)+C(0)+D =0
24+D =0
=-24

Step 2
Substitute the points (0, 4, 1) and (1, 4, 5) into the
equation, and create a system of two equations.
Ax+By+Cz-24=0
A0)+BA)+C(1)-24=0
4B+(C-24=0
® -24+4B+C =0
Ax+By+Cz—24=0
A1)+ BA)+C(5)-24=0
A+4B+5C-24=0
® -A4A+4B+5C =0
Step 3
Subtract equation (2) from equation (1), and solve
for C.
@® 24+4B+C=0
® =A+4B+5C=0

—-A+0B-4C =0
—-4C =4
-1
__4A
Step 4

Substitute ~%A for C into equation (1), and solve
for B.
24+4B-14=0

4
4B - %A =0
4B =%A
B =%A
For the plane Ax + By + Cz + D =0, where 4 # 0,
B= %A, C= —%A, and D = -24.
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D

Using 3-D graphing technology or pieces of
cardboard to represent three different non-parallel
planes, it is evident that they could intersect at a
single point, in a single line, and in three different
lines. However, they could not intersect at only
two points.

D

Step 1

Determine if Jeremy’s statement is correct.

To see if Jeremy’s statement is correct, determine the
scalar form of the line Ax + By + C' = 0. Since
#=(=3,5)+ 42, -3), then # = (=3, 5) + (2, —3¢)
and 7 = (=3 +2¢, 5-3¢).

Therefore, the parametric form of this equation is as
follows: x = -3+2¢and y =5 -3¢,

Now, rewrite each part in terms of «.

x+3=2¢
;= x+3
2
y-5=-3t
_Y-s
=73

Equate the expressions that represent £, and rearrange
the result to produce the equation of the line in
scalar form.

t=t
x+3 _y-5
2 -3
-3(x+3)=2(y-5)
—-3x-9=2y-10
-3x-2y+1=0
3x+2y-1=0

Jeremy’s statement that describes the scalar form of
the equation of the line is correct.

Solutions — Geometry and Algebra of Vectors
i



Step 2

Determine if Derek’s statement is correct.

To see if Derek’s statement is correct, compare the
direction vectors of both lines. The direction vector
for the original line is 7, = (2, —3), whereas the

direction vector for line L is (2.5, —3.75). For the
lines to be parallel, their direction vectors should be
scalar multiples of one another.
(2, -3) =k(2.5, -3.75)
= (2.5k, -3.75k)
Find the values of &.
2 =25k

Since k = 0.8, the direction vectors are scalar
multiples of one another, which makes both lines
parallel. Therefore, Derek’s statement is correct.

Step 3
Determine if Charissa’s statement is correct.
To check Charissa’s statement, remember that two
vectors are perpendicular if their dot product is equal
to 0. Find the dot product between the direction
vector i1, = (2, —3) and v = (9, —4).
My -V =0
@2,-3)-9,-4) =0
)9 +(=3)(-4) =0
18+12=0
300
Since the dot product is not zero, Charissa’s
statement is incorrect.
Step 4
Determine if Emily’s statement is correct.
To check Emily’s statement, substitute the points
into Jeremy’s correct scalar equation.
(-1,2)23x+2y~-1=0
3-D+2(2)-1=0
0=0
(0,05)=>3x+2y-1=0
3(0)+2(0.5)-1=0
0=0
Since both points lie on the line, Emily’s statement
is correct.

Answers and Solutions
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B
Step 1
Find two points on the line defined by the vector
equation.
One point is the position vector (2, 1, 0). Another
point can be found by substituting a value for 7, such
ast=1.
#F=(2,1,0+1(-3,0,1)

=(2,1,0+(-3,0, 1

=(-1, 1,1
Step 2
Determine whether the two points are in P,.
Since the two points have y-values of 1, they are
solutions of the plane P;: y — 1 = 0. Therefore, this

line lies on plane P;.
Step 3
Determine which P, contains the given line.

To determine the other plane that also contains this
line, substitute both points into each plane P, of the

four given pairs.
Pair A:
Pyx-y-1=0
2,1,0Q)-(1)-1=0
0=0
-,1,D=ED-1)-1=0
-3%0

Pair B:
P2:x+3z—2=0
(2,1,0)=>2+3(0)-2

0
(-1, 1, D> (-D+3(1)-2

0
Pair C:

P2:3x+y~7=0
2,1,00=23)+1-7=0

0=0
(-1, 1, D)=>3-1)+1-7=0
-9%0

Pair D:
Pz: 2x+4y+tz =90

(2,1,0=>-22)+41)+0=0

0=0
(1,1, )= 2(-D+4(1)+1 =0
T*0

Since both points lie on the plane
Pyx+32-2=0, it is evident that the line is also

defined by the intersection of the two planes given
in pair B.
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28. B

Step 1
Determine a vector form of the equation of the line
that passes through the points P(6, -2, 4) and
0(-1, -4, 0).
A direction vector could be as follows:
PO =(-1-6,-4-(-2),0-4)

=(-7, -2, -4)
A position vector could be (6, —2, 4), so a vector
equation that defines the line could have the form
F=(6, -2, H+-7, -2, -4).
Step 2
To establish which of the given points lies on this
line, convert the vector equation of the line into its
parametric equation form, where x = a + dt,
y=b+et,and z = ¢ + ft, and solve for ¢.
For point (-8, —6, —4), determine the values of 7.

F=(6,-2,4)+1(-7, -2, -4)

(-8, -6, —4) = (6, -2, 4) +(-71, =21, —41)

x=a+tdt
-8=6-Tt
t=2
y=b+tet
-6 =-2-2t
t=2
z=ct ft
—4=4-4
t=2

Since all z-values are ¢ = 2, the point (-8, -6, —4)
lies on the line.

Step 3

Determine the values of ¢ for the point (%, I, 10).
F=(06, -2 4)+1(-7, -2, -4)

(% 1, 10) =(6, -2, 4) + (=71, =2¢t, —41)

x=a+dt
33
5 =6-7t
=3
2
y=b+et
1=-2-2¢
f= 3
2
z=c+ ft
10=4—4¢
-3
==

Since all £-values are t = _73, the point (%, 1, 10)

lies on the line.
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Step 4
Determine the values of ¢ for the point (13, 0, 8).
=06, -2, 4)+t(-7, -2, —4)
(13,0, 8) =(6, -2, 4) + (=71, =21, —41)
x=a+dt

13=6-7¢
t=-1
y=b+et
0=-2-2¢t
t=-1
z=ctft
8=4-4
t=-1

Since all r-values are ¢ = —1, the point (13, 0, 8) lies
on the line.

Step 5

Determine the values of 7 for the point
ER

BN

P =(6, -2, H)+t(-7, -2, -4)

(% -7, —6) =(6, =2, )+ (=T7t, =2t, —4¢)

x =a+tdt
23
5 =67t
1
T 14
y=b+tet
-7 =-2-2t
5
2
z=c+ft
-6 =4-4¢
_3
=3

Since all ¢-values are not equal, the point

(%, —7, —6) does not lie on the line.

C

For the plane with the equation

Ax + By + Cz + D = 0, a normal vector is

7 = (4, B, C). Every other vector, v, that is also
normal to the plane is a scalar multiple of 72, namely
v =kn, where k * 0.

For the plane defined by the equation
3x -4y +z — 12 =0, a normal vector is
a=(3, -4, 1.

Therefore, scalar multiples of # = (3, —4, 1) are
normal to the plane defined by the scalar equation
Ix—4y+z-12=0.

Solutions - Geometry and Afgebra of Vectors



Step 1
3

3, ~—) is a scalar

Determine whether # = (— K )

Z’
multiple of # = (3, -4, 1).

If & is a multiple of #, then there exists a scalar, £,
for which the following is true:

u=kn
9 3
(“4’ > ‘4) =kG, -4 1)
9 3
(’4) 35 _'Z) - (3k, “‘4k, 1k)

This implies that —% =3k and k = —%. It also

follows that3 = —4k and k = —%, and —% = lk and
3

k=-%.

Since the k-values are all the same, it is clear that

5y = 2 i) — i-s e .
= (—4, 3, -7)= 3" So ii is a scalar multiple
of .

Therefore, # is a vector normal to the plane defined
by the scalar equation 3x —4y +z —-12=0.

Step 2

Determine whether ¥ = (-3, 4, —1) is a scalar
multiple of # = (3, —4, 1).

Without any calculations, it is clear that ¥ = —17.
So, ¥ = (-3, 4, —1) is a scalar multiple of

a=(3, -4, 1.

Therefore, ¥ is normal to the plane defined by the
scalar equation 3x —4y +z — 12=0.

Step 3

W

Determine whether w = (—1, R %) is a scalar
multiple of 7 = (3, -4, 1).

If # is a multiple of 7, then there exists a scalar, k,
for which the following is true:

W =khn
4 lyz _
(_1, 3’ 3 k(3a 4, 1)
4 1
(—l, 3 3) = (3k, -4k, 1k)

This implies that —1 = 3k and k = —%. It also

implies that—[;— = -4k and k = —%, and% = 1k and
1

k= 3
Since the k-values are not all the same, vector
w= (—1, %, —;—) is not a scalar multiple of 7 and is

not a vector normal to the plane.

Answers and Solutions
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Step 4

Determine whether 7 = (3, —4, 1)is a scalar multiple
ofn=(3, -4, 1).

Since i = 17, it is clear that = (3, —4, 1) is a scalar
multiple of # = (3, -4, 1).

Therefore, # is normal to the plane defined by the
scalar equation 3x —4y +z —12=0.

a) WR

For a vector, i, to be parallel to a plane, the dot
product between this vector and a normal vector to
the plane, 7, must be equal to zero.
#-n=0
Step 1
Determine a normal of the plane defined by
—2x+3y—4z+12=0.
i=(-2,3, -4).
Step 2
Determine the dot product between & = (5, 6, 2)and
i=(-2,3, -4).
i-n=(56,2)-(-2,3,-4)

=[(5)(=2) +(6)3) + 2)(-4)]

=-10+18-8

=0
Since i - 2 = 0, vector & = (5, 6, 2) is parallel to
the plane.

b) WR

Step 1

Find three points that lie on the plane defined by
—2x +3y — 4z + 12 = 0. Many different points
could be chosen, including 4(2, 0, 2), B(0, —4, 0),
and C(1, -2, 1).

Step 2
Determine two vectors that lie on the plane.
AB =(0,-4,0-(2,0,2)

=(-2, -4, -2)

BC =0, -2, 1)-(0, -4,0)
=(1,2,1

Step 3

Find the resultant, AC, by adding the two vectors.
AC =AB+A4C

=(=2, -4, -2)+(1,2, 1)
=(-1,-2,-1)
Step 4
Find a normal vector, 7, to the plane.
a=(-2,3, -4
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31.

Step 5
For the resultant vector ZC to lie on the plane,

(-1, =2, 1) - (=2, 3, -4)
[(=1D(=2)+ (=2)3) + (- 1)(-4)]
—6+4

Since the dot product is equal to zero, the resultant
vector AC also lies on the plane defined by
—2x+3y—-4z+12=0.

B

Step 1
Find the normal vectors, #, to each plane.
;11 = (63 _43 2)

iy =(3,2,-1)
fiy =(9, -6, 3)
Step 2
Determine whether 75 is a scalar multiple of 7,.
fy =kh,
9, -6, 3) =k(6, -4, 2)
9 =6k
_3
T2
-6 = -4k
_3
T2
3=2k
_3
2

The normal 75 is a scalar multiple of 7;. Since

By = %ﬁ |» planes P and P; are parallel.
Step 3
Determine whether 7, is a scalar multiple of 2.
iy = ki,
3,2, -1) =k(6, -4, 2)
3 =6k
1
k=3
2 =-4k
__1
2
-1 =2k
__1
2

Therefore, 7, is not a scalar multiple of 7 .
Since 7., is not parallel to 7, plane Py is distinct.

Thus, two planes are parallel, and the other is
distinct.
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32. WR

Step 1

Label the system of equations of three planes from 1
to 3.

@ x+4y+3z-5=0

@ x+3y+2z-4=0

® x+ty-z+1=0

Step 2

Subtract equation (3) from equation (1) to
eliminate x.

@ x+4y+3z-5=0

® xt+ty—-z+1=0
@ 3y+4z-6=0
Step 3

Subtract equation (3) from equation (2) to
eliminate x.
@ x+3y+2z-4=0

® xt+ty-z+1=0
® 2y+3z-5=0
Step 4

Subtract 3 times equation (5) from 2 times equation
(4) to eliminate y.

2x @ 6y+8-12=0

3x ® 6p+9z-15=0

~-z+3=0
z=3
Step 5
Substitute z = 3 into equation (4).
3y+4z-6=0
3y+4(3)-6=0
3y =-6
y=-2
Step 6

Substitute y = —2 and z = 3 into equation (3).
x+y—z+1=0
x+(=2)-3+1=0
x=4
Therefore, the solution to the system is a single point
(4, -2, 3) and can be written in set notation as

{4, -2, 3)}.

D

Step 1
Determine possible direction vectors of the plane by
using points 4, B, and C.

AB=(-2-1,-6-12,4-5)
=(-3, -18, ~1)

AC=(-1-1,-1-12, -4-5)
=(-2, -13, -9)

BC =(-1-(-2), -1 -(-6), -4 -4)
=(1,5, -8)

Solutions — Geometry and A%ebra of Vectors




34.

Step 2
Determine a vector equation for the plane.
A position vector is any point on the plane, such as
point 4, B, or C. Therefore, a vector equation of the
plane is represented by one of its points and multiples
of the sum of two non-parallel direction vectors.
The vector equation
(1,12,5)

(x,y,2)= (+ t(-3, 18, —1))

+ s(=2,-13,-9)
correctly defines the plane since its position vector
is defined by point 4 and the direction vectors are
defined by AB = (-3, —18, —1) and
AC = (-2, 13, -9).

C

Step 1

Determine the parametric equation of the plane.
To find a parametric equation of the plane, use
points P, Q, and R to determine possible direction
vectors.

PO=(-2-4,0-6,-8-(-2)

__=(-6,-6,-6)

PR =(-10—-4, -2-6,2-(-2))

_=(-14,-8,4)

OR =(-10-(-2), -2-0,2-(-8))
=(-8, -2, 10)

Direction vectors could also be represented by

OP = (6, 6, 6), RP = (14, 8, —4), and

RO = (8, 2, -10).

The parametric equation given in alternative A does
not represent the plane. It correctly defines the
position vector P(4, 6, —2) and the direction vector
OP = (6, 6, 6), butit is not defined by the directional
vector RO = (8, 2, —10).

Answers and Solutions
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Step 2
Determine the scalar equation of the plane.
To determine the scalar equation
Ax + By + Cz + D = 0, use two direction vectors,
such as PQ = (-6, —6, —6) and PR =(-14, -8, 4),
to find a normal vector, 7, to the plane.
# =P) x PR
=(-6, —6, —6) x (~14, -8, 4)
= [(-6)(4) — (—-6)(-8) (~6)(~14)
~ (=6)(@) (-6)(-8) — (-6)(~14)]
=(-72, 108, —-36)
Since # = (=72, 108, —36), the scalar equation can
be defined as —72x + 108y — 36z + D = 0.
Using one of the points, such as P(4, 6, —2), youcan
find the value of D.
~72x + 108y — 36z +D =0
~72(4) +108(6) - 36(-2) + D =0
—288+648+72+D =0
432+D =0
D =-432
Therefore, the scalar equation of the plane is
~72x + 108y — 36z — 432 = 0 or, in its simplified
form, is 2x — 3y +z + 12 = 0. The scalar equation
2x — 3y +z — 12 =0 s incorrect.
Step 3
Determine the x-intercept of the plane.
The x-intercept of the plane can be determined from
the scalar equation 2x — 3y +z +12=0.
Determine the x-intercept as follows:
2x -3y +z+12=0
2x-3(0)+0+12=0

2x =—12
x=-6
The x-intercept is (=6, 0, 0).

Step 4

Verify if the point (2, 1, —7) is on the plane using
the scalar equation 2x — 3y +z+12=0.

Substitute the values of the point into the scalar
equation, and determine if the LHS = RHS.

LHS RHS
2x —3y+z+12 0
2(-2) -3+ (=D +12 0
—4-3-7+12 0
-2 0

Since —2 * 0, the point (-2, 1, —7) is not a point on
the given plane.

Castle Rock Research

i



Not for Reproduction

35. D

Step 1
Determine the vector equation of the plane.
The equation of the plane can be written in vector
formas (x, y, z) = (2, -1, 3)
+1(=3,2, -1) +s(1, -1, 2).
Thus, a point on the plane is (2, -1, 3), and two
direction vectors are it = (-3, 2, —1) and
v=(1, -1, 2).
Step 2
Determine a normal vector to the plane.
A vector normal to the plane, 7, can be determined
as follows:
n=uxy
=(-3,2, -1 x (1, -1,2)
=[(2)2) - (-1)(=1) (D)
- (=3)2) (-3)(-1) - (2(1)]
=(3,5,1)
Thus, the equation of the plane in scalar form is
3x+5y+z+D=0.

Step 3
Substitute the coordinates of the point (2, —1, 3) into
the equation to find the value of D.

3x+5y+z+D =0
32)+5(-1)+3+D =0

6-5+3+D=0
D=-4

Therefore, the equation of the plane in scalar form is
3x+5y+z-4=0.
Step 4
Rewrite the scalar form of the equation as
Ax — 10y + Cz + 8 = 0 by multiplying the simplified
form by 2.
~2(3x + 5y +z—4) =-2(0)
—6x - 10y —2z+8=0
Therefore, the values of 4 and C in the equation are
A=-6and C =-2.
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37.

D

Step 1
Determine the x-, y-, and z-intercepts.
The x-intercept can be determined as follows:
6x -3y+7z-42=0
6x~3(0)+7(0)-42=0
6x =42
x =17
The y-intercept can be determined as follows:
6x -3y +7z-42=0
6(0)-3y+7(0)-42=0
-3y =42
y=-14
The z-intercept can be determined as follows:
6x+3y+7z-42=0
6(0) +3(0) +7z -42 =0
7z =42
z=6
The three intercepts are (7, 0, 0), (0, —14, 0), and
(0, 0, 6).
Step 2
Determine three direction vectors using the
intercept points.
i =(0,-14,0-(7,0,0)
=(-7, -14,0)
(0, -14,0)-(0, 0, 6)
=(0, -14, -6)
w=(7,0,0-(0,0,6)
=(7, 0, -6)
Note that three other direction vectors,
- =(7, 14, 0), - = (0, 14, 6), and
—w = (=17, 0, 6), could also be found by reversing
the order of points.
Step 3
Determine the vector equation of the plane.
Vector equations can be formed by using one of the
points and two non-parallel direction vectors.
The equation (x, y, z) = (0, 0, 6)+#(7, 0, —6)
+s(0, 14, —6) has an incorrect direction vector.
In order for the equation to be correct, s(0, 14, —6)
would have to be s(0, —14, —6) or s(0, 14, 6).

v

[

B
Step 1
Confirm that the point A(8, 2, —5) does not lie on
the plane.
LHS =4(8) +2(2) - (-5) - 12
=32+4+5-12
=29
* RHS

The point A(8, 2, —5) does not lie on the plane.

Solutions — Geometry and Ajgebra of Vectors
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Step 2

Determine a second point, B, on the plane by

selecting arbitrary x-, y-, and z-values.

In this case, x =3 and y = 0.
4x+2y—-z-12=0

43)+2(0)-z-12=0

12-z-12=0
z=0
Therefore, point B(3, 0, 0) is on the plane.
Step 3
Find the vector 4B.
AB=(3-8,0-2,0-(-5)
=(-5,-2,5)

Step 4

Determine a normal vector to the plane.
A normal vector, 7, to the plane
4x+2y—z-12=0isa=(4,2, -1.
Step 5
Calculate the distance, d, from point 4(8, 2, —5) to
the plane by carrying out a projection of AB onto 7.
J= | ABA- it |
|71
l (_55 _2a 5) ° (47 25 _1) |
|42, -1l
| -20-4-5]
Va2 + 22+ (-1)?
-2
V21
= 6.328 318 817
To the nearest tenth, the distance from point 4 to the
plane is 6.3.

WR

Step 1

Determine if the lines are parallel or coincident.
From the direction vectors (1, —2, 4) and

(3, 1, —1), it can be seen that the lines are not parallel
and also not coincident.

Step 2

Change the equations of the lines into

parametric form.

o L1:
x=3+s
y=-T-2s
z=5+4s

. in
x =-7+3t
y=—8+t
z=4-t

Answers and Solutions
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Step 3

Determine if the lines intersect by equating the
equations for x, y, and z and then solving the resulting
system of equations.

X =%
3+s=-T7+3t
® s-3t=-10
1=
-7-2s =-8+1¢
® -2s-t=-1
=%
5+4s =41
® 4s+t=-1
Step 4
Add equations (2) and (3) to solve for s.
® -2s-t=-1
® 4dstr=-1
28 = -2
s=-1
Step 5

Substitute s = —1 into equation (3).
® 4s +1=-1
4-D+t=-1
t=3
Step 6
Check to see if s = —1 and ¢ = 3 also satisfy
equation (1).
s=3t=-10
(-1)-33)=-10
-10=-10
Since the values of s and ¢ satisfy all three equations,
the two lines must intersect one another.
Step 7
Find the point of intersection by substituting
s = —1 into the equation defining line L ;.

Ly(x,p,2)

@3, -7,5)+s(1, -2, 4)

(3,-7,5-101, -2, 4)
=(3,-7,5)+(-1,2,-4)

=(2,-5 1

The two lines L | and L , are intersecting lines with

a point of intersection at (2, -5, 1).
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UNIT TEST — GEOMETRY AND ALGEBRA OF VECTORS

1. Which of the following measurements is
considered a vector quantity?
A. Sound intensity

B. Wind velocity
C. Snow depth
D. Area

2. Which of the following quantities is a
scalar quantity?
A. Force

C. Velocity

B. Length

D. Acceleration

3.  Which of the following compass
directions corresponds to a bearing of

315°7
A. S45°W B. NIS°E
C. NW D. SE

4. What is the approximate Cartesian form of
a vector with a magnitude of 9 and a
bearing of 210°?

A. (3.24, -8.13)

B. (-4.05, -6.23)
C. (-4.50, -7.79)
D. (-2.87, -8.10)

5. The magnitude of vector CD, with points
C(=2, -3, 4) and D4, -2, —6), is

A. V105 B. v137
C. v16l D. v184

6. Ifthe vectors it = (-1, —4, —5),
$=(3,-2,4),and i = (-6, 1, 2) are put
in order of magnitude from least to
greatest, the order is

A. 3,u,t

~
-

’

v L W

B.
C.
D.

-

AN
[T %
S o R

—~
-
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7. If4.5u= (%, 5, 2), then # is equal to
A (5 -55)
(2
c (z.-543)
b (310

Numerical Response

8. Ifa=(,7,-3),v=@,1, -2),and
35 — 49 = (h, k, 1), then the value of k is

147 Geometry and A!gebra of Vectors
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9.

Use the following information to
answer the next question.

Vectors ¥ and v + w are illustrated on the
given Cartesian plane.

i’

[ Written Response |

Sketch the vector w on the given grid, and
label its coordinates.

Unit Test
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11.

12.
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Use the following information to
answer the next multipart question.

Tammy is golfing. She wants to drive her
ball from the tee to the hole that lies due
east. However, a gust of wind blowing
south causes the ball to land 200 m away
from the tee, at E18°S. Her second shot is
82.0 m and lands directly in the hole.

The given vector diagram illustrates this
information.

N
A

Gust Hole
L - —
84 » E
82.0m

Tee

18°
200 m

If Tammy’s first shot takes 3.25 s to land,
the magnitude of the velocity of the gust
of wind blowing south is approximately
A. 65.0m/s B. 61.8 m/s

C. 23.0m/s D. 19.0 m/s

Numerical Response

To the nearest metre, the distance from the
tee to the hole is m,

Use the following information to
answer the next question.

Three boys are pulling on an object.

Ted and Bill pull on an object with forces
of 130 N east and 150 N south,
respectively.

In which direction should James pull on
the object so that it does not move?
A. Northwest B. Northeast

C. Southwest D. Southeast

The magnitude of the projection of
p=(7,3)ong=(-4,2)is

A. 22 B. 22

C. 492 D. -4.92
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Numerical Response

13. The measure of the angle between vectors
i1=1(7,12,3)and v = (-3, 2, 1), to the
nearest tenth, is °.

| Written Response |

14. Determine if the dot product is distributive
over subtraction
(@-(b-¢&)=a-b—a-¢)byusing two
space Cartesian vectors with variables.

Use the following information to
answer the next question.

Aforce, | F |, 0f 20N is applied to a door
with a width, | d |, in centimetres at 75°,
as shown in the given diagram.

|F|=20N

15. If the magnitude of the torque, |t 1, is
18 N-m, the width of the door, | d | , to
the nearest centimetre, is
A. 90 cm B. 93 cm

C. 1lllcm D. 115¢cm

Use the following information to
answer the next multipart question.

16. | Two vectors are given as it = (2, -2, 4)
and v = (-6, -8, 4).

[ Written Response |

a) Determine the value of &t x V.

THE KEY - Math 12 Calculus and Vectors

b) Is the vector w = (-6, 8, 7) orthogonal to
both # and ¥? Explain your answer.

¢) Determine the area of the parallelogram
defined by the vectors @ and ¥ to the
nearest square unit.

Use the following information to
answer the next question.

Maria stated that for any vectors, i, ¥, and
w, and a scalar, k € R, the following
properties apply to cross products:

I Gxv=vxi

I ax@+W)=axv+uxw
I k(i x ») = (kit) x

V. @ x (kit) =0

V. ax@xw)=(@xp)xw

17. Which of Maria’s statements are false?
A. Tonly

B. V only
C. Iand V only
D. I1, III, and IV only

Geometry and Algebra of Vectors
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Use the following information to
answer the next question.

In a particular month, a sports store

sold ¢ pairs of basketball shoes at a price
of $u with a 10% discount. It also sold v
pairs of cross-training shoes at a price
of $w with a 15% discount.

18. Which of the following expressions
describes the revenue made on the shoes
during this month?

A. (¢, 0.100%) - (v, 0.15w)
B. (¢, v) - (0.10u, 0.15w)
C. (¢, 0.90u) - (v, 0.85w)
D. (¢, v) - (0.90u, 0.85w)

[ Written Response |

19. Rounded to the nearest degree, determine
the measures of the interior angles of the
triangle with vertices 4(-1, 2, 1),

B(2, 5, 6), and C(3, 8, —5).

Use the following information to
answer the next question.

Ly Ax+By+2=0

[ Written Response |

20. Determine possible values for 4 and B so
that the two given lines only intersect at
their x-intercept.

Unit Test

21.

22,

23.

24,
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Which of the following sets of planes in
three-dimensional space are parallel?

x=4
A'y=4

x+z=8
B'y—z=8

x+ty—-z=-1
C. —x—-ytz=-1

3x -2y +6z=0

D. gy t6y-182=0

[ Written Response |

Describe the solutions of the equation
2x — 3y = 12 in three space.

A vector form of the equation of the line
passing through the points P(-2, 4) and
04, -4) is

A, #=(=2,4)+1(2,0)

B. #=(2,0)+1(-2,4)
C.7=(4,-4)+1(3, -4

D. # = (4, -4) + (-8, 6)

Which of the following parametric forms

is equivalent to the equation of the line
given by 4x +3y —6=10?

AT
B30
)i
p. 3257
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25.

26.

Use the following information to
answer the next question.

The vector equation

F=(k,3, D+12,3,1),wherek, [ £0,
defines a line that passes through the point
P(-3, -2k, -14).

The value of k in terms of / is

_3 =3
A k=<l B. k=31
__3 .32
C.k=-3I D. k=31

Use the following information to
answer the next question.

A line in three space passes through points
A(p, q, r) and B(2p, 3q, 4r), where
p.q,r *0.

Which of the following parametric
equations define the line passing through
these two points?

x=p+3pt
A. y =g +4qgt
z=r+5rt
x=p+tpt
B. y =g +2qt¢
z=r+3rt
x=—p+3pt
C. y =—q+4qt
z = —r+5rt
x=-p-pt
D. y =—-q—-2qt

z=—r-3rt

THE KEY - Math 12 Calculus and Vectors

27. For which of the following sets of
non-parallel planes is the intersection a
single point?

Pi:2x—y+3z-2=0
A Pyx-3y+2z+10=0
P;3:10x — 10y +16z2+3 =0

Pi:2x—-y+3z-2=0
B. P,yx-3y+2z+10=0
Py 10x - 10y +16z2+6=0

Pi:2x-y+3z-2=0
C. Pyyx-3y+2z+10=0
Py3x+y—-z-4=0
P:2x-y+3z-2=0
D. Pix—-3y+2z+10=0

Py:3x+6y+3z+4=0

Use the following information to
answer the next question.

A point P(3, 0, 5) lies on a plane that can
be defined by the scalar equation

Ax + By + Cz+ D = 0. A normal vector,
71, to this plane is (2, -3, 1).

28. Which of the following points also lies on
this plane?
A. 4, -7,-3)

B. (6,0, -1)
C.(2,3,2)
D. 4,1,0)

Use the following information to
answer the next question.

Three planes are given.
Pi—x+3y+z+10=0
Pyx+y+2z-8=0
Py2x-2y+z-4=0

29. Interms of their configuration, these three
planes are non-parallel and intersect
A. in a plane B. at apoint

C. ataline D. in pairs

151 Geometry and Algebra of Vectors
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Use the following information to
answer the next question.

The three planes shown intersect one
another.

Plix+2y+3z+4=0
Py x—y-3z2-8=0
Pyx+5y+9z+5=0

| Written Response |

30. Describe the configuration of the planes
by using normals to determine how they
intersect.

Use the following information to
answer the next question.

A plane contains the line defined by
(x,y,2)=(,2, -3)+1(4, 2, —6) and is
perpendicular to the line defined by
(x, y,2)=(=2,3,0+s(2, 3, -1).

31. What is the scalar equation of this plane?
A 2x+y-3z+1=0

B. 2x+3y—-z-5=0
C.2x+y-3z-13=0
D. 2x+3y-z—-11=0

Unit Test

32,

33.

Copyright Protected

Use the following information to
answer the next question.

A plane contains the point 4(-5, 2, —4)
and has two direction vectors,
AB=(4,8, 1)and AC = (-3, -2, 0).
A student made the following four
statements about this plane:

I.  The plane has a parametric equation
that can be defined as follows:

x=-5+4t-3s
y=2+8t-2s
z=-4+t

II. The plane has a vector equation that
can be defined as (x, y, z)
=(=5,2, —4)+1(3,2,0)
+s(4, 8, 1).

III. The point D(31, 6, 0) lies on
the plane.

IV. The z-intercept of the plane is
(0, 0, -5).

Which of the student’s statements about
the plane is false?
A1 B. 11

C. 111 D. IV

Use the following information to
answer the next question.

The scalar form Ax — 2y + 3z — 6 =0 and
vector form

(x, y, 2)=(0, =3, 0) + (1, 4, k) +s(0, 3, 2)
represent the same plane.

If 4, k % 0, which of the following
relationships between A4 and £ is true?
A. A=8-3k B. 4=8+3k

C. A=8k+3 D. A=8k-3

Castle Rpck Research
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Use the following information to
answer the next question.

The equation of a plane is given by the
vector form (x, y, z) = (3, 1, -2)
+1(5, 0, -1) +s(0, 5, 2).

34. What is the scalar form representing
this plane?
A, —5x-10y - 252-45=0
B. -5x+10y -252+45=0
C. 5x - 10y +25z-45=0
D. 5x - 10y +25z+45=0

35. How many solutions are there between the
plane P;: (x, y, z) = (4, -3, -1)
+s(1, =3, 1) +#(2, 4-3) and

the line

Lix,y,2)=0,1, 2 +k(-1, -1, 1)?
A. One B. Two

C. None D. Infinite

Use the following information to
answer the next multipart question.

36. | Two non-parallel lines are given.
L 1o X =2¢
y=1+s
z=2-3s
Lyx=1-3¢
y=-2—-t
z=1+¢

[ Written Response |

a) Determine if the given lines are
skew lines.

THE KEY — Math 12 Calculus and Vectors

b) To the nearest tenth, determine the
distance between these lines.

37. Ifanyplane in three space were to intersect
two skew lines, it would not be possible
for the intersection to be at

A. two lines

B. one point
C. two points
D.

one point and one line

Geometry and /TIgebra of Vectors
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ANSWERS AND SoLuTioNs — UnNiT TEST

1. B 10. a)D ¢) WR 25. A 4. D
2. B b) 244 17. C 26. B 35. C
3. C 11. A 18. D 27. C 36. a) WR
4, C 12. C 19. WR 28. B b) WR
5. B 13. 835 20. WR 29. D 37. A
6. B 14. WR 21. C 30. WR
7. C i5. B 22. WR 31. D
8 17 16. a) WR 23. C 32. C
9. WR b) WR 24. B 33. A
1. B 4. C
Wind velocity is a measure of velocity. Velocity is Step 1
the only given measurement that has both magnitude Sketch a diagram of the vector.
and direction. The other given measurements have N
only magnitude. —
2. B -
Scalar quantities have magnitude only. Length is the W Q{ /b\\ =
only given option that has only magnitude. Force, SEuN \\V. =
velocity, and acceleration have both magnitude and : 215100
direction. } /
3. C V. -
Bearing is measured clockwise from north. 1 { n -
Therefore, a bearing of 315° is shown in this <
diagram.
N Step 2
Iy Change the bearing angle, 210°, to an angle 6 with
the same terminal arm that is measured in the
counterclockwise direction from the positive x-axis
(east axis). This angle is 360 — 210 + 90 = 240°.
Step 3
W - 315° \ »E Determine the Cartesian coordinates.
\ / x =rcos b
= 9cos 240°
= —4.50
y =rsinf
= Osin 240°
\ = ~7.79
S Therefore, the Cartesian representation is
. . (—4.50, -7.79).
Since the angle between the vector and due north is
360° — 315° = 45°, the direction is halfway between 5. B
north and west, that is, NW.
Step 1
Determine the vector CD.
CD=(x= %, =Y 22~ z1)
— (- (-2), 2 (-3), 6-4)
=(6, 1, —10)
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Step 2
Determine the magnitude of vector CD using the
formula | CD | =¥x2+y2+22,
I CD | =\/x2+y2-i-z2
=62+ 12+ (-10)?
=4/36+1+100
=4/137

. B
The magnitudes of the vectors are as follows.
| i | =Vx2+y2+22
=VED?+ (<47 + (-5)
=41+16+25

N(=6)* + 12+ 22
-V36+1+4
— VAl

Therefore, the order in terms of magnitude from least
to greatest is 3, #, i.

. C

. .. 9.
Since 4.5i is the same as —#, then

2
N 9 .
4,54 = (Z’ -5, 2) can be written as
9._(9
2“”(4’ - 2)'

Solve the equation %ﬁ = (—Z—, -5, 2) for i

-2 5
%ﬁ (%, 5,2)
)
2 2
=225
-(5)3) G)es: (3]
(4,104
2 9°9

THE KEY — Math 12 Calculus and Vectors

. 17

Step 1

Determine 3i.

32 =3(2,7, -3)
=(3(2), 3(7), 3(-3))

=(6, 21, -9)

Step 2

Determine 4v.

49 =43, 1, -2)
= (4(3), 4(1), 4(-2))
= (125 45 _8)

Step 3

Determine 3i — 4v by substituting (6, 21, —9) for
3@ and (12, 4, —8) for 4%.

3 —4v

=(6, 21, -9) - (12, 4, -8)

=(6-12,21-4, -9 -(-8))

=(~6, 17, -1)

Thus, if (-6, 17, -1 =(h, k, ),k =17.

. WR

Given vectors v and ¥ + W, you can find w as follows:
w=@F+w)-vorF+w)+ ()

Step 1

Draw the geometric addition of vectors ¥ + w and
(—¥) by reversing the direction of vector ¥ and
joining it’s tail to the head of vector v + w.

y
b
X 6,4)
_‘!a -;) - ,/ \ .
\1 vitw N\
=N\ e { &
14 e A2 A
X
=y~ tusdt=3 2 4 L] 8 """"
v S0 IR SN WO RS SR WO NN SRS SN
i
4
J

Solutions — Geometry and Algebra of Vectors
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Step 2

Determine the coordinates of vector w by joining the
initial point of vector ¥ + W to the terminal point of
vector —v.

<
D
N\
i
o~
&
!

D

,,,,,,,,, ; 4

7 :
B by ;
i :

Therefore, the coordinates of vector w are (8, 1).

Step 3
Verify the coordinates of vector w by subtracting the
Cartesian coordinates of ¥ from the Cartesian
coordinates of v + w.
w=@E+w) -

=(6,4)-(-2,3)

=(6-(-2),4-3)
=(8, 1)

a)D

Step 1

Determine the magnitude of the average horizontal
velocity of the ball during the first shot.
) ld]
==
_200m
325
= 61.54 m/s

Step 2
Draw a vector diagram illustrating the velocity of the
ball and the velocity of the gust of wind
blowing south.

N
4

Hole

Tee TS — E
Wind

61.54 m/s

\
S

Note that it is evident that the triangle formed is a
right triangle.

Answers and Solutions
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Step 3
Use the sine trigonometric ratio to determine the
magnitude of the wind’s velocity, w.

. opp
sinfd = ——
hyp
. oW
sin 187 = -1754
w = 61.54sin 18°
= 19.0 m/s

Therefore, the magnitude of the velocity of the gust
of wind is approximately 19.0 m/s.

b) 244

Step 1

Draw a diagram of the original triangle, labelling the
given sides and angle and the missing angles and side
as 6, 0, and d, respectively.

N
A
Hole
d —
Tee T8° ; 7 > E
200m 2~ 820m
Y
S
Step 2
Determine the measure of angle 6, using the
sine law.
a __b
sin4 sinB
82.0 _ 200
sin 18°  sinf,
sin 6, = 200sin 18°
82.0

sin 6; =0.753 6999...
61 = sin~! (0.753 6999...)
0, = 48.9119°

Step 3
Determine the measure of angle 8.

th = 180° — 18° —48.9119°
=~ 113.0881°
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11.

12.

Step 4 13.

Determine the measure of d using the cosine law.
a’=b2+ e’ - 2bccos A
42 :( 200% + 82.0°
— 2(200)(82.0)cos 113.0881°
d? =59 586.39

d =+/59 586.39
d=244.1m

Note that the sine law could also have been used to
find d.

Therefore, to the nearest metre, the distance from the
tee to the hole is 244 m.

A

Step 1

Determine the approximate direction of the resultant,
R, between the two given forces.

Since Ted pulls east and Bill pulls south (with

approximately the same force), the resultant force 14.

would be a vector in the southeast direction.

Step 2

Determine the approximate direction in which James
should pull on the object.

In order for the object not to move, James would have
to pull with a force in the opposite direction of the
resultant force. This force is called the equilibrant.
In this case, since the resultant is in a southeast
direction, the equilibrant force that James needs to
apply to the object would need to be in the northwest
direction.

C

Determine the magnitude of the projection of p on
g using the definition of projection.

1p-ql

| proj B | = 15.

1|
[(7,3)-(-4,2) |
V(-4 +2°
| 7(=4)+3(2) |
20
_ 22
V20
= 4.919 349 55

Therefore, the magnitude of the projection of p on g
is 4.92.

THE KEY - Math 12 Calculus and Vectors 157

83.5

Apply the definition of the dot product to determine
the measure of the angle, &, between the vectors.
i-v=|allv|cost

N

cos g = ? - ‘j
afl vl
cos ) = (7,12,3)- (3,2, 1)
W72+ 122+ 3032 122+ 12)
g - 7(=3) +12(2) + 3(1)
€08 (vV202)(V14)
6
c0s 0 = 537780

cos @ =0.112 8266...

0 =cos™ ' (0.112 8266...)
0 = 83.5217°

The measure of the angle between the vectors, to the
nearest tenth, is 83.5°.

WR

Let vector a = (m, n), b =(p, ¢), and & = (r, s).
Now, apply these vectors to each side of the property.
a-(b-¢)

=(m, n)-[p, g)—(r,s)]
=(m,n)-(p-r,q—-s)

=m(p —r)+n(g—s)

=mp -mr+ng —ns

a-b-a-¢

=(m, n)-(p, q)—(m,n)-(r,s)

=mp + ng — (mr + ns)

=mp +nq —mr —ns

=mp —mr +nq —ns

Since the left side of the property is equivalent to the
right side, the dot product is distributive over
subtraction.

B

The magnitude of torque is the cross product of the

applied force vector and the lever arm vector.

|t] = |dxF]

1] =| d||F|sin6

Rewrite the equation in terms of | d |, and solve.
7] =] 3i|ﬁ||sin9
- i

ld1 = | F|sin8

18 N:'m

~ 20N(sin 75°)

=0.93175m

=93.175 cm

The width of the door, to the nearest centimetre, is
93 cm.

Solutions — Geometry and Algebra of Vectors
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16. a) WR
XD

[u2v3 - u3v2],

[”3"1 - “1"3],

[”1"2 - ”2"1]

[(-2)@) - (4)(-8)],

[(4)(-6) - (@), )

[(2)(-8) — (-2)(-6)]
(-8 +32],[-24-8],[-16-12])
(24, -32, -28)

Il

b) WR
Method 1
Vector # = (=6, 8, 7) is orthogonal to vectors # and
vifa-w=0andv-w=0.
iew=(2,-2,4-(-6,8,7)

= (2)(=6) + (=2)(8) + (4)(7)

=-12-16+28
=0
v =(-6,-8,4)-(-6,87
=36-64+28
=0

Since i - w = 0 and ¥ - w = 0, vector
# = (-6, 8, 7) is orthogonal to both vectors # and

a

V.

Method 2
By definition, the cross product & x ¥ describes a
vector orthogonal to both # and v. Therefore, show
that vector w is collinear with & x .
w = k(@ x v)
(-6, 8, 7) = k(24, 32, -28)
(-6, 8, 7) = (24k, —32k, —28k)
24k = -6

. 1
Since k = 4 for each vector component and

N 1,0 .y . el s
w= —Z(u x ), w is collinear with &z x v.

Answers and Solutions
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¢) WR
The area of the parallelogram formed by vectors &
and ¥ isequalto | & x ¥ ].
laxv| = |(4,-32,-28)|
=242 + (-32)% + (-28)°
=4/576+ 1 024 + 784

= 2384
= 48.826 222 46

To the nearest square unit, the area of the
parallelogram is 49 units.

17. C

Leti =(1,0,0),% =(1, 1, 0),and W =(0, 1, 1)and
a scalar of k = 2.

Step 1

Check statement 1.

Since cross products are not commutative, statement
1 is false.

uxv

1,0,0)x(1,1,0)

1)

=(1,1,0)x(1,0,0)

=(0, 0, -1)
UxXPEY XU
The true statement would be &# x ¥ = —(¥ x ).
Step 2
Check statement II.

Since cross products are distributive over addition,
statement 11 is true.
ux@+w)

=(1,0,0) x[(1, 1,0 +(0, 1, 1]
=(1,0,0)x(1,2, D

=(0, -1,2)
Thus, it x P+ W) =a X v+ @ X W.

Step 3

Check statement 111

Since scalar multiplication of a cross product is
commutative, statement I1I is true.

k(@ % )

=2[(1,0,0)x(1,1,0)]

=2(0,0, 1)

=(0,0,2)

(ki) x v

[2(1,0,0)] x (1, 1,0)

=(2,0,0)x(1,1,0)

=(0,0,2)

Thus, k(@ x ¥) = (ki) x .
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18.

Step 4
Check statement I'V.
Since cross products of collinear vectors results in
the zero vector, statement IV is true.
ux ki
=(1, 0, 0) x[2(1, 0, 0)]
=(1,0,0x(2,0,0)
=(0, 0, 0)

<

Check statement V.

Since cross products are not associative, statement
V is false.

ix (@ xw)

=(1,0,0) x[(1, 1,0 x (0, 1, 1]
=(1,0,00x(1,-1,1)

=(0, -1, -1)

@ xv)xw

=[(1,0,0) x(1,1,0)]x(0, 1, 1)
=(0,0,1)x (0,1, 1)
=(-1,0,0)

Thus, & x (¥ x W), * (@ x ¥} x W.

D
Step 1
Write an expression that represents the price of the
basketball shoes.
u —10%(u) = u — 0.10u

= 0.90u
Step 2
Write an expression that represents the price of the
cross-training shoes.
w— 15%(w) = w — 0.15w

=0.85w

Step 3
Identify the vectors for the number of shoes sold and
the price of the shoes.
The vector representing the number of shoes sold is
(¢, v), and the vector representing the price of the
shoes is (0.90x, 0.85w).
Step 4
Take the dot product of the vectors to determine the
expression for the revenue made.
The revenue earned for the month would be
represented by the dot product
(t, v) - (0.90u, 0.85w).

THE KEY - Math 12 Calculus and Vectors

Determine the vectors AB and 4C.
AB=(,5,6)-(-1,2, 1)

=(,3,5)
AC=(,8,-5-(-1,2,1)
=(4, 6, -6)
Step 2

Find the measure of the angle between vectors 4B
and AC.
cos 6 = 4B AC
[ 4B || 4C |
— (35 39 5) * (49 65 '—6)
V324321 542 + 62 + (—6)°

12+18-30

VIV

0
¥3 784

=0
When cos 6 = 0, the measure of the angle & = 90°.
Therefore, the measure of the interior angle between
vectors AB and AC is 90°.
Step 3
Determine the vectors BC and BA.
R‘ = (33 85 _'5)""(2’ 5’ 6)
__=(,3,-11)
BA=(-1,2,1)-(2,5,6)
= (_37 _35 —5)

Step 4
Find the measure of the angle between vectors BC

and BA.
cosf) = BC . @
| BC|| B4 |
_ 1,3, -11)-(-3, -3, -5)
V12432 + (132 + (-3)7 + (-5)?
_ —3-9+55
- 131443
__ 43
V5633
= (0.572 9261
6 = cos™! (0.572 9261)
= 55.0455°
The measure of the interior angle between vectors
BC and BA is 55°.

Solutions — Geometry and Alpebra of Vectors
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Step 5
Determine the measure of the angle between vectors
CB and CA.
Since the sum of the measures of the interior angles
of a triangle is 180°, the measure of the other interior
angle between vectors CB and CA4 is
180° — 90° — 55° = 35°,
Note that the measures of the interior angles could
also have been found using the formula
laxb|

allbl-

sin § =

WR
Step 1
Find the x-intercept for line /| by setting y = 0.
Li2x+y-8=0
2x+0-8=0
2x =8
x=4
The x-intercept for line /; is (4, 0). This must also
be the x-intercept for line /,, since this is where the

two lines intersect one another.

Step 2
Substitute 4 for x and 0 for y into /,, and solve for 4.
Ax+By+2=0
A+ BO)+2=0
44 = -2
_ L
A==
Step 3

Rewrite each line in the slope-intercept form
v=mx+b.

Note that B can be any value except the one that
would result in line /, having the same slope as that
of line /,. If they had the same slope, the lines would

not intersect, but instead be coincident.
l:2x+y-8=0

y=-2x+8
l: 7%x+By+2:O
By:%x—Z
12
Y7aB" B

Answers and Solutions
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Step 4
Determine the restriction on B.

For the two lines to only intersect at their x-intercept,

the value of 4 must be —% and B must be any real

number except -—41{.

C

In set A, the plane defined by x = 4 is parallel to
the y-z plane, and the plane defined by y = 4 is
parallel to the x-z plane. Therefore, these two planes
would intersect at a line.

In set B, the plane defined by x + z = 8 is parallel to
the y-axis, and the plane defined by y —z =8 is
parallel to the x-axis. Therefore, these two planes
intersect at a line.

In set C, the two planes defined by x + y —z = -1
and —x — y +z = —1 are parallel and have no
solutions. This can be shown by solving the system.
@ xty—z=-1
+ @ _—x—ytz=-1
Ox+0y+0z=-2

The resulting equation has no solutions (x, y, z).

In set D, the two planes defined by

3x =2y + 6z =0and —9x + 6y — 18z = 0 are scalar
multiples of each other. Therefore, they are
coincident. The equations are equivalent and have
an infinite number of solutions.

WR

In three space, the equation 2x — 3y = 12 when
graphed defines a plane parallel to the z-axis, since
the z-coefficient is 0 (2x — 3y + 0z = 12).

Step 1
Determine the x-intercept.
2x -3y =12
2x = 3(0) = 12
2x =12

x=6
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23.

Step 2
Determine the y-intercept.
2x -3y =12
2000-3y =12
3y =12
y=-4

The plane will have an x-intercept of 6 and
a y-intercept of —4. It will contain all lines parallel
to the line 2x — 3y = 12 along the z-axis.

C

Step 1

Find the slope of the line passing through P(-2, 4)

and Q(4, —4).

L 44

4-(-2)

o8
6
.
B

Step 2

The slope of the line is defined as m = i—i: fora

direction vector m = (x, y). Determine the slopes of
the lines for the given equations.
Alternative A: m = (2, 0)

0
2
=0
Alternative B: m = (-2, 4)
-4
()
-2
Alternative C: m = (3, —4)
-
3
__4
3
Alternative D: 71 =(-8, 6)
6
-8
__3
T4

The equation # = (4, —4) + (3, —4) has the correct
direction vector defining the slope of the line. Since
(4, —4) is a possible position vector, the form

7 = (4, —4) + (3, —4) correctly defines the line
passing through points P(-2, 4) and Q(4, —4).

THE KEY — Math 12 Calculus and Vectors

24. B
Step 1
To determine which parametric form is equivalent to
the given equation of the line, set # = 1 and find the
corresponding points (x, y).
Find the corresponding point of x = 0 + 3¢ and

y=2+4.
x=0+3(1)
y=2+4(1)
(x, y)=(,6)
Find the corresponding point of x = 0 + 37 and
y=2-4t.
x=0+3(1)
y=2-41)
(x, )=, -2)
Find the corresponding point of x = —2 — 3¢ and
y=3+4r
x=-2-3(1)
y =3+4(1)
=7
(x, »=(-57
Find the corresponding point of x = 3 — 3¢ and
y=-=2-4¢
x=3-3(1)
=0
y=-2-4(1)
=-6
(x, ) =(0, -6)
Step 2

Determine which of these points lies on the line by
substituting the coordinates into 4x + 3y — 6 =0.
Substitute the coordinates (3, 6).
43)+3(6)-6=0
24 0
Substitute the coordinates (3, —2).
43)+3(-2)-6=0
0=0
Substitute the coordinates (-5, 7).
H-5)+3(71-6=0
-5%0
Substitute the coordinates (0, —6).
40)+3(-6) -6 =0
-24 %0
The correct alternative is x = 0+ 3¢ and y =2 — 4¢.

25. A
Step 1
Rewrite the equation 7 = (k, 3, 1)+ #(2, 3, I) from
vector form to parametric form.
x=k+2t,y=3+3t,z=1+11.
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Step 2
Substitute the coordinates of the point
P(-3, -2k, —14) for x, y, and z.
x=k+2t
®-3=k+2
y=3+3¢
® -2k =3+3t
z=1+1t
@-14=1+U

Step 3

Isolate the variable ¢ in equation (3).
-14=1+1

~15=1t

L ols
/

Step 4
Substitute :11—5 for ¢ into equations (1) and (2), and

solve the system of equations.
@® -3=k+2
ST
30
-3=k- ]
k =-3+ #

® -2k =3+3
—2k=3+3(;}—5—)
2k=3- 2
3. 45

B

30 3 45
Y
-6/ +60 =-3/+45
-3/ =-15
[=5

Step 5

Substitute the value of / = S into k = -3 + —31—0 to

solve for k.

3.

Based on the values of kand [, k = 3
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B

Step 1

Determine direction vectors.

Based on the given information, A(p, g, r)or
B(2p, 3q, 4r) could be position vectors. Thus, the
direction vectors could be either 4B or BA.
AB=Qp-p,3q—q.4r—r)

__=(p,2¢,3r)

BA=(p-2p,q-3q, r—4r)
=(-p, —2q, -3r)

Step 2

Combine the position vectors and direction vectors
to make possible parametric equations.

The following vectors and parametric equations
describe the line:

#1=(p, q,r)+1(p, 2q, 3r)

x=p+pt

y =q+2qt

z =r+3rt

#o =(p, q, r)+t(-p, —2q, =3r)
x=p-pt

y=q-2qt

z=r-3rt

4 =(2p, 3q, 4r) +(p, 2q, 37)
x=2p+pt

y =3q+2qt

z =4r+3rt

Fq4=Qp, 3q, 4r) +1(-p, -2q, -3r)
x =2p—pt

y =3q -2qt

z =4r - 3rt

Alternative B is the only one represented.

C

If &, b, and & are normal vectors of the three
non-parallel planes and & - (b x ¢) = 0, then the
normals are coplanar and their corresponding
orthogonal planes do not intersect in a point.
However, if a (B x &) £ 0, then the planes do
intersect in a point.

Step 1
Since all four sets of planes have the same equations
that define planes P, and P,, find the normals b and

¢ to these planes, and then calculate their cross
product b x &.
P 2x - y+3z-2=0-Normal: 5= (2, -1, 3)

P2:x—3y+22+10=0—>Norma]:é=(1, -3,2)

Calculate the cross product bxe.
bxe=(2,-1,3)x(1,-3,2)
[(-1)2) - B)=3)],
= ([(3)(1) - (2], )
[(2)(-3) - (1D,
=[-2+9,3-4,-6+1]
=(7, -1, -5
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Step 2
Find the normal, &, to plane P; for each of the given
sets of planes, and then determine the value of

a-(bxe).

The normal, &, for the set of planes A is

(10, -10, 16), so the value of & - (b x &) is as
follows:
a-(bxe)

=(10, -10, 16) - (7, -1, -5)

= %(10)(7) +(=10)(-=1) + (16)(-5)]

Since the normal, &, for the set of planes Bis the
same, so is the value of & - (b x &).
a-(xe

=(10, -10, 16) - (7, -1, -5)

= %(10)(7) +(=10)(-1) + (16)(-5)]

The normal, &, for the set of planes C is (3, 1, —1),
so the value of & - (5 x &) in this case is as follows:
a-(bxe)

=(,1,-1-0, -1, -5

=[B)7) + (D=1 + (=1)(-5)]

=25

The normal, &, for the set of planes D is (3, 6, 3), so
the value of @ - (b x &) in this case is as follows:
a-(bxe)

=(3,6,3)-(7, -1, -5)

= %(3)(7) +(6)(=1) + (3)(=5)]

Since @ - (b x &) # 0 for the normals of the
non-parallel set of planes in the set of planes C, these
three planes intersect at a single point.

B

Step 1
Determine the scalar equation of the plane.
The components of the normal vector
it = (4, B, C) are the three coefficients of the scalar
equation of the corresponding plane
Ax+By+Cz+D=0.
Therefore, since 7 = (2, =3, 1), the scalar equation
of the plane is 2x -3y + 1z + D =0.
Since the point P(3, 0, 5) lies on the plane, substitute
its coordinates for x, y, and z, and solve for D.

2x -3y+z+D =0
23)-3(0+5+D =0

6+5+D =0
=-11

Thus, the scalar equation of the plane is
2x —3y+z-11=0.
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Step 2

Determine which other point lies on the plane by
substituting their coordinates for x, y, and z.
Substitute (4, ~7, —3) into the scalar equation of
the plane.

2x =3y +z-11=0
2(4)-3(-1D+(-3)-11=0
8+21-3-11=0
15=0
Substitute (6, 0, —1).
2x-3y+z-11=0
26)-3(0)+(-1D)-11=0
12-1-11=0
0=0
Substitute (2, 3, 2).
2x -3y+z-11=0
20)-33)+2-11=0
4-9+2-11=0
-14=0
Substitute (4, 1, 0).
2x-3y+z-11=0
24)-3(D+0-11=0
8—3-11=0
—-6=0

Thus, the point that would also lie on the plane
defined by 2x — 3y +z — 11 = 0 is the one with
coordinates (6, 0, —1).

D

Step 1

Find the normal vectors, #, to each plane.

Ay =(-1,3,1)

iy =(1,1,2)

Aiy=(2,-2,1)

None of the normals are scalar multiples of one
another, which supports the fact that they are not
parallel. Therefore, the planes are distinct, or
non-parallel.

Step 2

Determine whether the normal vectors are coplanar.

7y - (71 % 713)

(-1,3, D-[(1, 1,2) x (2, =2, 1)]
(-1

(-1

s 39 1) : (57 3’ _4)
X5)+(3)3) + (1)(-4)
+9-4

OO O O

0
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Step 3
Since 7 - (ﬁz x fz3) = (, the normals are coplanar

and the planes intersect at a line or not at all.
Solve the system algebraically to determine whether
there is a solution.
To eliminate the variable x, add equations (1) and
(2) first.
@ —x+3y+z+10=0
@ xty+2z-8=0
@ 4y+3z+2=0
Then, add equation (3) and 2 times equation (1).
2x @D -2x+6y+2z+20=0

® 2x —2y+ z—4=0

® 4y +3z+16=0
Subtract equation (5) from equation (4).
@ 4y+3z+2=90
® 4y+3z+16=10

0y+0z-14=0

0y+0z=14

This system has no solution. Therefore, the three
planes are non-parallel and intersect each other in
pairs (three paralle! lines).

WR

Step 1

Find the normals, 7, to each plane.

iy =(1,2,3)
712 =(1, =1, -3)
ny=(1,5,9)
None of the normals are scalar multiples of one
another, which means that none of the planes are
parallel. Therefore, the planes are distinct and
intersect either in a line or at a point.

Step 2

Determine whether the normal vectors are coplanar,
7i - (7y % 7i3) = 0.

iy - (i X Fiy)

=(1,2,3)-[(1, -1, -3) x (1, 5, 9]

[(=1)(9) - (=3)(5)],
=(1, 2, 3) - | [(-3)(1) = (1)(9)],
()5 — (=D()]

=(1,2,3)-(6,-12,6)

= (1)(6) +2(~12) + 3(6)

=6-24+18

=0

Since 71 - (71, * 7 3) = 0, the normal vectors are

coplanar, which means that the planes intersect
in a line.

Answers and Solutions
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D

Step 1

Determine the normal vector to the plane.

If the plane is perpendicular to the line defined by
(x, y, z2)=(-2, 3, 0)+s(2, 3, —1), the direction
vector of the line is a normal vector to the plane,
which makes # = (2, 3, —1). Thus, the scalar
equation of the plane is 2x +3y —z + D =0.

Step 2
A point on the plane is (1, 2, —3), since the line
defined by (1, 2, =3) + (4, 2, —6) is contained in
the plane. Substitute the point (1, 2, —3) into the
equation 2x +3y — z + D = 0, and find the value
of D.

2x+3y-z+D=0
20 +32)-(-3)+D =0

11+D=0
D =-11

Therefore, the scalar equation of the plane is
2x+3y —z-11=0.

C

Step 1

Determine the parametric equation of the plane.

@ x=-5+4-3s

®y=2+8t-2s

@z=-4+¢

Statement I is correct because it represents the
position vector defined by 4(-3, 2, —4) and the two
direction vectors AB = (4, 8, 1) and
AC =(-3,-2,0).

Step 2

Determine the vector equation of the plane.

A vector equation that describes the plane is
represented by the position vector defined by the
point A(-5, 2, —4) and scalar multiples of the
direction vectors AB = (4, 8, 1) and

AC = (=3, -2, 0). Since the vector (3,2, 0)isa
multiple of vector AC by a scalar value of —1,
statement 11 is also correct. The vector equation of
the plane can be defined as (x, y, 2) = (-5, 2, —4)
+£(3, 2, 0) +s(4, 8, 1).
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Step 3
Determine whether the point D(31, 6, 0) lies on
the plane.

Substitute 0 for z, and solve for ¢ in equation (3).

® z=-4+1¢
0=-4+¢
t =4

Substitute 31 for x and 4 for ¢, and solve for s in
equation (1).
@ x =-5+4t-3s

31 =-5+4(4) - 3s

3] =11—3s
20 = -3s
20
§ 3

Substitute 6 for y and 4 for ¢, and solve for s in
equation (2).
@ y=2+8t-2s

6=2+84)-2s

6=34-2¢
—28 = -2s

s =14

Since the values of s in equations (1) and (2) are not
the same, the point (31, 6, 0) does not lie on the
plane. Therefore, statement I11 is false.

Step 4
Determine the z-intercept.
To determine whether the z-intercept is (0, 0, ~5),
substitute —5 for z in equation (3).
® z=-4+¢

—5=-4+¢

t=-1

Substitute O for x and —1 for ¢, and solve for s in
equation (1).
@ x=-5+4t-3s

0=-5+4(-1)-3s

0=-9-3s

s =-3
Substitute 0 for y and —1 for ¢, and solve for s in
equation (2).
® y=2+8-2s

0=2+8(-1)—-2s

0=-6-2s

s =-3
Since s = -3 and ¢ = —1 for all three parts of the
parametric equation, statement IV correctly defines
the z-intercept as (0, 0, —5).

o
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Method 1

Step |

Rewrite the vector form of the equation of the plane
in parametric form.

x=0+¢t+0
y=-3+4r+3s
z=0+kt+2s
Step 2

Substitute the expressions for x, y, and z into the
scalar equation, and solve for 4.
0=Ax -2y +3z-6
0= (A(O+t+0)42(—3+4t+3s))
+3(0+kt +25) -6
0=At+6—-8t—6s+3kt +65—6
0= Ar— 8t + 3kt
0=1(4-8+3k)
0=A4-8+3k
A=8-3k
Method 2
Step 1
Use the two direction vectors, (1, 4, k) and
(0, 3, 2), given in the vector form to find a normal
vector, 7.
a=(1,4,k)x(0,3,2)
[(4)2) - (k)3)],
= ([(k)(O) - (D)), )
(D(3) - (4)(0)
=(8 -3k, -2,3)
Step 2
Determine the value of A.
Since the coordinates of the normal vector, 7,
correspond to the values of 4, B, and C in the scalar
form Ax + By + Cz + D = 0 of the equation of the
plane, the scalar equation would be
(8 -3k)x —2y+3z+D=0.
Therefore, A = 8 — 3k.

D

Step 1
Determine the normal vector to the plane.
A point on the plane is (3, 1, —2), and two direction
vectors are & = (5, 0, —1) and v = (0, 5, 2).
A vector normal to the plane, #, can be determined
by taking the cross product of vector & and vector v.
n=axv
=(5,0, -1) x (0, 5, 2)
[(0X2) — (=1)(3)],
= ([(—1)(0) - (5)2)], )
[(5)(5) - (0)(0)]
=(5, -10, 25)

Solutions — Geometry and @Igebra of Vectors

§



3s.

Step 2
Determine the scalar equation of the plane.
Using the normal vector, (5, —10, 25), the equation
in scalar form is 5x — 10y + 25z + D = 0.
Substitute the coordinates of the point (3, 1, —2)into
the equation to find the value of D.
5x 10y +25z+D =0
5(3) - 10(1) +25(-2)+ D =0
15-10-50+D =0
-45+D =0
D =45
Therefore, the equation of the plane in scalar form is
5x — 10y +25z+45=0.

C

Step 1
Based on the vector form of the equation of the plane,
two direction vectors are i = (1, -3, 1) and
# =(2, 4, —3). A vector normal to the plane, 7, can
then be determined as follows:
A=U XY
(1, -3, 1) x(2, 4, -3)
[(-3)(=3) - (1)(4), (1)(2)
—(D(=3), (1)@) — (-3)2)]
=(5, 5, 10)
Step 2
A direction vector for line L | is w = (-1, -1, .

ol

Determine the dot product between the normal, i,
and the direction vector, W.
a-w=(,5,10-(-1,-1, 1)

= E)S)(—l) +(5)(-1) + (10)(1)

Since # - w = 0, W is perpendicular to 7, which
means that the line L | and the plane P, are parallel.
This could mean that the line lies on the plane or is
parallel to the plane. One way to find out is to write
the equation of the plane in scalar form and then use
a test point that lies on the line to see if the line also
lies on the plane.

Step 3

Since # = (5, 5, 10) and a point on the plane is

(4, -3, 1), you can determine the scalar equation
that represents the plane, P;.

5x+5y+10z+D =0
5(4)+5(-3)+10(-1)+D =0
-5+D=0
D=5
Therefore, the scalar equation of the plane is
P 5x+5y+10z+5=0.
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Step 4
A point on the line L | is (3, 1, —2). Check if it lies
on the plane.
5(3)+5(1)+10(-2)+5 =0

15+5-20+5=0

5+0

The point (3, 1, —2) does not lie on the plane.
Therefore, the line and the plane are parallel and
distinct, which means that there are no solutions.

a) WR
Step 1
Equate the x-, y-, and z-expressions of both lines.
X T X
2s =1 -3¢
®2s+3t=1
Nh=>»
l+s=-2-t¢
@s+t=-3
RS
2-3s =1+t
® -3s-t=-1
Step 2

Using equations (2) and (3), solve the system for s
and ¢.
Add equation (3) to equation (2).
® s+t=-3
® -3s—-t=-1
—2s =4
s=72
Substitute 2 for s into equation (2).
@s+t=-3
2+t =-3
t=-5
Step 3
Substitute 2 for s and —5 for 7 into equation (1).
®2s+3t=1
22)+3(-5) =1
~-11 %1
Since there is no solution for s and ¢, these lines do
not intersect, and therefore must be skew lines.

b) WR

Step 1

Use points Pand Qon L and L , to find a position
vector ITQ

A point on line L ; is P(0, 1, 2). A point on line
L,is Q(1, =2, 1.

PO=(01,-2,10-(0,1,2)
=(1, -3, -1

Castle Rock Research



Not for Reproduction

37.

Step 2
Use the direction vectors it and ¥ for both lines to
find the normal vector, 7, to the lines.
The direction vector for line L | is i = (2, 1, -3).
For line L ,, itis v = (-3, -1, 1).
=i xy
=(2,1,-3)x(=3,-1, 1)
(1) = (=3)(-1)],
= ([(—3)(—3) -()(1)], )
(=D - (1)(-3)]
=(-2,7,1)
Step 3
Find the distance, d, between the two lines by
carrying out a projection of PQ onto 7.
4o 1P 5]
|7
_ 10, -3, -1 (2,7, D]
| -2,7,1|
| -2-21-1]
V(=22 + 7%+ 12
-4
V54
=3.265986...
To the nearest tenth unit, the distance between the
two lines is 3.3.

A

Skew lines are two lines that do not intersect but are
not parallel. They could intersect a plane at a single
point. In this case, the plane is parallel to one of the
lines, and the other line intersects the plane at one
point. Skew lines could intersect a plane at two
points. In this case, the plane is not parallel to any
of the lines, and both lines intersect the plane at two
points. Skew lines could also intersect a plane at one
point and one line. In this case, the plane is
coincident with one of the lines, and the other line
intersects at one point on the plane. However, the
intersection could never be at two lines.
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THINGS TO CONSIDER WHEN TAKING A TEST

« It is normal to feel anxious before you write a test. You can manage this anxiety by
_Thinking positive thoughts. Imagine yourself doing well on the test.
~Making a conscious effort to relax by taking several slow, deep, controlled breaths. Concentrate on
the air going in and out of your body.
« Before you begin the test, ask questions if you are unsure of anything.
« Jot down key words or phrases from any instructions your teacher gives you.
+ Look over the entire test to find out the number and kinds of questions on the test.
« Read each question closely and reread if necessary.

« Pay close attention to key vocabulary words. Sometimes these are bolded or italicized, and they are
usually important words in the question.

« If you are putting your answers on an answer sheet, mark your answers carefully. Always print clearly.
If you wish to change an answer, €rase the mark completely and then ensure your final answer is darker
than the one you have erased.

« Use highlighting to note directions, key words, and vocabulary that you find confusing or that are
important to answering the question.

« Double-check to make sure you have answered everything before handing in your test.

When taking tests, students often overlook the easy words. Failure to pay close attention to these words
can result in an incorrect answer. One way to avoid this is to be aware of these words and to underline,
circle, or highlight them while you are taking the test.

Even though some words are easy to understand, they can change the meaning of the entire question, so it is
important that you pay attention to them. Here are some examples.

all always most likely probably best not
difference usually except most unlikely likely

Example
1. Which of the following equations is not correct?

A. 3+2=5

B. 4-3=1

C. 5x4=15

D. 6x3=18
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HELPFUL STRATEGIES FOR ANSWERING MULTIPLE-CHOICE QUESTIONS

A multiple-choice question gives you some information, and then asks you to select an answer from four
choices. Each question has one correct answer. The other answers are distractors, which are incorrect.
Below are some strategies to help you when answering multiple-choice questions.

* Quickly skim through the entire test. Find out how many questions there are and plan your time
accordingly.

* Read and reread questions carefully. Underline key words and try to think of an answer before looking
at the choices.

* If there is a graphic, look at the graphic, read the question, and go back to the graphic. Then, you may
want to underline the important information from the question.

* Carefully read the choices. Read the question first and then each answer that goes with it.
* When choosing an answer, try to eliminate those choices that are clearly wrong or do not make sense.

* Some questions may ask you to select the best answer. These questions will always include words like
best, most appropriate, or most likely. All of the answers will be correct to some degree, but one of the
choices will be better than the others in some way. Carefully read all four choices before choosing the
answer you think is the best.

+ If you do not know the answer, or if the question does not make sense to you, it is better to guess than
to leave it blank.

* Do not spend too much time on any one question. Make a mark (*) beside a difficult question and
come back to it later. If you are leaving a question to come back to later, make sure you also leave the
space on the answer sheet, if you are using one.

* Remember to go back to the difficult questions at the end of the test; sometimes clues are given
throughout the test that will provide you with answers.

* Note any negative words like no or not and be sure your choice fits the question.
+ Before changing an answer, be sure you have a very good reason to do so.
* Do not look for patterns on your answer sheet, if you are using one.
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HELPFUL STRATEGIES FOR ANSWERING OPEN-RESPONSE QUESTIONS

A written response requires you to respond to a question or directive such as explain, predict, list,
describe, show your work, solve, or calculate. In preparing for open-response tasks you may wish to:

Read and reread the question carefully.
Recognize and pay close attention to directing words such as explain, show your work, and describe.

Underline key words and phrases that indicate what is required in your answer, such as explain,
estimate, answer, calculate, or show your work.

Write down rough, point-form notes regarding the information you want to include in your answer.

Think about what you want to say and organize information and ideas in a coherent and concise manner
within the time limit you have for the question.

Be sure to answer every part of the question that is asked.

Include as much information as you can when you are asked to explain your thinking.
Include a picture or diagram if it will help to explain your thinking.

Try to put your final answer to a problem in a complete sentence to be sure it is reasonable.
Reread your response to ensure you have answered the question.

Think: Does your answer make sense?

Listen: Does it sound right?

Use appropriate subject vocabulary and terms in your response.
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ABOUT MATHEMATICS TESTS

What You Need to Know about Mathematics Tests

To do well on a mathematics test, you need to understand and apply your knowledge of mathematical
concepts. Reading skills can also make a difference in how well you perform. Reading skills can help
you follow instructions and find key words, as well as read graphs, diagrams, and tables. They can also
help you solve mathematics problems.

Mathematics tests usually have two types of questions: questions that ask for understanding of
mathematics ideas and questions that test how well you can solve mathematics problems.

How You Can Prepare for the Mathematics Test
Below are some strategies that are particular to preparing for and writing mathematics tests.

* Know how to use your calculator and, if it is allowed, use your own
for the test.

» Note-taking is a good way to review and study important information from your class notes and
textbook.

» Sketch a picture of the problem, procedure, or term. Drawing is helpful for learning and remembering
concepts.

» Check your answer to practice questions by working backward to the beginning. You can find the
beginning by going step-by-step in reverse order.

» When answering questions with graphics (pictures, diagrams, tables, or graphs), read the test question
carefully.

—Read the titie of the graphic and any key words.
—Read the test question carefully to figure out what information you need to find in the graphic.
—Go back to the graphic to find the information you need.

* Decide which operation is needed.

+ Always pay close attention when pressing the keys on your calculator. Repeat the procedure a second
time to be sure you pressed the correct keys.

Success on Tests Castle Rock Research



If you develop a plan for studying and test preparation, you will perform well on tests.
Here is a general plan to follow seven days before you write a test.

Countdown: 7 Days before the Test
1. Use “Finding Out About the Test” to help you make your own personal test preparation plan.

2. Review the following information:
— Areas to be included on the test

— Types of test items
— General and specific test tips
3. Start preparing for the test at least 7 days before the test. Develop your test preparation plan
and set time aside to prepare and study.
Countdown: 6, 5, 4, 3, 2 Days before the Test
1. Review old homework assignments, quizzes, and tests.

2. Rework problems on quizzes and tests to make sure you still know how to solve them.

w

Correct any errors made on quizzes and tests.

=

Review key concepts, processes, formulas, and vocabulary.

»n

: Create practice test questions for yourself and then answer them. Work out many sample
~ problems.

Countdown: The Night before the Test

1. The night before the test is for final preparation, which includes reviewing and gathering
material needed for the test before going to bed.

2. Most important is getting a good night’s rest and knowing you have done everything possible to do
well on the test.

Test Day
1. Eat a healthy and nutritious breakfast.

2. Ensure you have all the necessary materials.
. Think positive thoughts: “I can do this.” “T am ready.” “I know I can do well.”

3
4. Arrive at your school early so you are not rushing, which can cause you anxiety and stress.
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You may find some of the following strategies useful for writing a test.

Take two or three deep breaths to help you relax.

Read the directions carefully and underline, circle, or highlight any important words.
Look over the entire test to understand what you will need to do.

Budget your time.

Begin with an easy question, or a question you know you can answer correctly, rather than following
the numerical question order of the test.

If you cannot remember how to answer a question, try repeating the deep breathing and physical
relaxation activities first. Then, move on to visualization and positive self-talk to get yourself going.

When answering a question with graphics (pictures, diagrams, tables, or graphs), look at the question
carefully.

— Read the title of the graphic and any key words.
- Read the test question carefully to figure out what information you need to find in the graphic.
— Go back to the graphic to find the information you need.

Write down anything you remember about the subject on the reverse side of your test paper.
This activity sometimes helps to remind you that you do know something and you are capable of
writing the test.

Look over your test when you have finished and double-check your answers to be sure you did not
forget anything.

Success on Tests Castle Rock;Research
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PractICE TEST 1

Use the following information to 3. Which of the following statements about
answer the next question. the function f(x), characterized by the
. lim f(=5+h) - f(=5)
. N8 S EXPression ; o h
I': . _ 1@ ; © , is true?
i \ A. The instantaneous rate of change of
N f(x) at x = -5 is equal to the

instantaneous rate of change of f(x)
~p i} ~3 -2 - 2 3 4 atx=4.

. The instantaneous rate of change of
f(x)atx = -5 is equal to the average
rate of change of f(x) between
x=0and x =4.

The function f(x) is shown. C. The average rate of change of f(x)
between x = 4 and x = —5isequal to

the instantaneous rate of change of

J‘O » -ii- N
=

>

1. What is the instantaneous rate of change f(x)atx=4
of the given function at the point where ’
x =139 D. The average rate of change of f(x)
2 between x = # and x = —5isequal to
A0 B. 3 the average rate of change of f(x)
3 between x = 0 and x = 4.
C. 5 D. 3
Numerical Response
2.  Which of the following pairs of x-values 4. The instantaneous rate of change of the

would be best to use to approximate the
instantaneous rate of change of a smooth
function at x = 27 where x =7 is
A.x=landx =3

B. x=2andx=2.5
C. x=25andx=3
D. x=15andx=2.5

function f(x) = %x 2 _ 4x at the point
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Use the following information to
answer the next question.

The graph of the function f(x) is shown.
y

-

s
" 4
/
[\ ST SN N - I«
Vg

a
Ot

E;:oc!rx-}a o/

5. At which of the following x-values can a
tangent line to the curve of f(x) be drawn?
A. -5 B. -3
C.2 D. 4

Use the following information to
answer the next question.

Y

- G2 e G

B G N e

W
e

6. Atwhichx-values on the graph of fcan the
instantaneous rate of change not be
determined?

A. x=-4andx =3

B. x=-3andx =0
C.x=-4andx=0
D. x=-3andx =3

THE KEY — Math 12 Calculus and Vectors

7.

10.

| Written Response |

What function would produce the
derivative given by the expression hIIT .
3x+h)-8-(x"-8),

h K

Numerical Response

Rounded to the nearest hundredth, for
what value of a in the function

f(x)=a*would f(x)= f'(x)?

[ Written Response |

If In x = 6, determine the exact value of x.

| Written Response |

Describe how the graph of 1’ (x)
compares to the graph of f(x) for

fx)=a",a>1.

‘ Practice Test 1
i




11.

12.

| Written Response |

[ (x)
S )

Express the ratio for f(x)=6" as

an exact value.

Which of the following sets of equations
does not represent a function f(x), its
derivative at a given value of x, and the
function’s power rule verification at this
value of x?

A f()=x, /G =1,

ey lim (5+h)-5
f(5)—h_)0——h
B. f(x)=x° f(0)=0,
, v lim ©+h) -0
SO= 0
C. fx)=x* f(1)=4,
o lim (e =1t
SO= e
D. f(x)=x2% /' (-2) = -4,
oo lim Q+h) -4
A

Practice Tests
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14.
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If g(x) = kh (x), where k is a constant and
k < 0, which of the following graphs could
be the graphs of g’ (x) and 4 '(x)?

Ao rw ] W

[ Written Response |

Let f'be the function defined by
Flx)=2x7 - %xz + 5x. Determine the
coordinates of the points, rounded to the
nearest tenth, where the slope of the
tangent is equal to 15.

Castle Rock Research
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15. The tangent line to f(x) = +/x at the point Use the following information to
where x = 4 has a slope of answer the next question.
A. % B. % The graphs of /(x), /" (x), and f" (x)
are shown.
C. 1 D. 4
N T
| Written Response | i\ L
16. Determine the derivative of the function L -
2 i\ i/\: Y
f(x)=e" cos(2x+1). v Lo \\ '
*:5 TR
. J7 . e
o) . ..-'\ 'y
: A
;;;;; ' (: ‘,g

| Written Response |

Use the following information to
answer the next question. 18. Identify each curve as f(x), f' (x), or

. , ) f"(x). Justify your choices.
Point B is labelled on this graph of a
function.
y
1[ ,,,,,,,,,,,,,,,, =
B 5
f X
-5 \ 5
\ \
[ \B Use the following information to
\ / ‘ answer the next question.
N A polynomial {unction is defined by

fx)= x 3+ ax

17. Respectively, the first and second i
derivatives at point B are [ Written Respense |

A. f' >0and " >0

f, (x) an f" (x) 19. For what valuc <! a does the graph of
B. f'(x)<0Oand f"(x)<0 f(x) have a poiat of inflection at x = 67
C. f'(x)>0and f"(x) <0
D. f'(x)<0and f"(x)>0
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20. Which of the following x-coordinates
determine the local extrema of a function
with a first derivative of

f'(x)=5x4+20x3?
A. x=0,-2 B. x=4, -1

C. x=3, -1 D. x=0, -4

Practice Tests
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Use the following information to
answer the next question.

The graph of the derivative of f(x)
is shown.

21. Which of the following graphs could be

the graph of f(x)?
A. oy
o
fah
»l
/ ‘
4 . /- 4.
ot 2 N
Y A
N
B.
\ -
Vel
{4}
N *
oL LA
4 \
C.
N4
)
N
X
J -
»)
" L
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Use the following information to
answer the next question.

The first and second derivatives of a
function f(x) are defined by
f'(x)=x%x-1)and

S (x)=x(Bx -2).

22. The graph of f(x) is both increasing and
concave up over the interval

A, —0<x <0 B.0<x<%

C.g<x<1

3 D. I <x<w

23. A local maximum for a polynomial
function f(x) occurs when
A. f'(x)=0and f"(x)=0
B. f'(x)=0and f"(x)>0
C. f'(x)=0and f"(x) <0
D. f'(x)=0and /" (x) is undefined

Use the following information to
answer the next question.

The second derivative of a polynomial

. 1
function is zero when x = 5

24, If f (%) = ——113, which of the following
statements about the graph of f(x) at the
(1 1.
- = ?
point (2 , 16) 1S true?
A. f(x)is decreasing at the point
1 1
( 2716 )
B. f(x) is concave down at the point
By
27 16/
C. f(x)hasalocal minimum at the point
1 1
(7 16)
D. f(x) has a point of inflection at the

oint(l —L)
p 2’ 16/

THE KEY — Math 12 Calculus and Vectors

25.

26.

Use the following information to
answer the next question.

The position function of a particle is given

bys(t)=1>-4.5t2—71,¢ 2 0, where s is
in metres and 7 is in seconds.

The particle will first reach a velocity of
5 m/s after

A. 40s
C. 2255

B. 58s
D. 23.0s

Use the following information to
answer the next question.

A graph of the monthly inflation rates of
prices of goods in the United States in
2008 is shown.

L6

g5 -

£4 \

g3 \

52

=

= x
FMAM] ASOND

Month

| Written Response |

During which 4-month period of 2008
were prices in the United States the
most stable but still increasing?

Practice Test 1
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28.

Use the following information to
answer the next question.

A train was derailed, and many cars that
contained oil were damaged, causing oil
to leak into a nearby lake. Environmental
officials used an oil recovery pump to
remove oil from the lake, and the total
amount of oil (in cubic metres) that the
pump removed after £ hours was modelled
3

250¢ *

3
the pump was set up and began to work,
the rate of oil leakage had reached a
constant stream of 625 m3/h.

by the function T = . By the time

How long did it take the pump to begin
removing oil at a rate equal to the rate the
oil was leaking?
A. 3h

C. 25h

B. 5h
D. 26 h

Use the following information to
answer the next question.

A rectangular school yard must be
reseeded to repair the damage caused by a
school year of activities. To protect the
yard, it will be enclosed by a fence on three
of its sides. The fourth side backs onto a
straight ravine and is not accessible to
the public.

[ Written Response |

If the perimeter of the yard requiring a
fence is given by the equation

P =2x + y,and the yard’s area is given by
the formula 4 = xy, in which x is the
length of the yard, and y is its width, what
is the maximum area that can be enclosed
by 300 m of fencing?

Practice Tests

29.

30.
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Use the following information to
answer the next question.

A toy manufacturer determined that for
one month of production, its costs (C) and
revenue (R) for producing x dolls of a
particular type are determined by

C(x) =38+ 12x +0.002x 2 and
R(x) = 20x — 0.002x >

[ Written Response |

How many dolls must be sold to maximize
monthly profits?

Use the following information to
answer the next question.

A population of rabbits grows according

to the function C(¢) = Ae*', where 4 is the
initial number of rabbits in the
population, k is a constant, and ¢ is the time
measured in years. It is also known that
the population of rabbits doubles in

2.5 years.

What is the approximate rate of growth of
the population at the instant when the
population has tripled?

A. 0.83 rabbits/a

B. 3.96 rabbits/a
C. 0.834 rabbits/a
D. 3.964 rabbits/a

Castle Rock Research
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Use the following information to
answer the next question.

/
v

How many of the vectors shown in the
given diagram appear to be equal?
A. 0 B. 2

C.3 D. 4

¥y
A

-

\\

N

A\

31.

32. The polar form of the Cartesian vector

(8, 6) is approximately
A. (10, 36.9°)

B. (10, 41.0°)
C. (9.6, 42.5°)
D. (9.0, 38.0°)

Numerical Response

33. Ifu=(, -4,6),2i+7v = (8, -3, 5), and
= (a, b, ¢),thenthe value of bis

THE KEY - Math 12 Calculus and Vectors 185

Use the following information to
answer the next multipart question.

34. [ A frog hops 4 times west and then 6 times
north. Each hop is approximately 1.2 m

in length.

| Written Response |

a) To the nearest hundredth metre, how far is
the frog from its original position after
these 10 hops?

b) To the nearest tenth of a degree, what is

the bearing of the frog’s resultant
displacement?

Use the following information to
answer the next question.

A force of F' = (200, 500, 200) in
newtons acts on an object moving through
a displacement of d = (4, -3, ¢).

The work done on the object is 7 200 J.

Numerical Response

35. To the nearest tenth, the value of ¢ is

Practice Test 1



36.

37.

38.

Given & = (4, 0,0)and b = (4, 3, 5),
which of the following equations cannot
be used to find the measure of the angle,
0, between these two vectors?

A. cosf = a-b
' IETEX

. laxb]|
B. sinf = 71—
allb|
C. tan9=m-é;2L
|a|
a-b
D. cotd =
151]?

What is the result of the cross product
(5v2, 2, —2v2) x (5,42, -2)?
A. (25V2, 242, -4V2)

B. (0, —20 — 10¥/10, 0)
C. (-8, -20v2, 0)
D. (0, 0,0)

Use the following information to
answer the next question.

When a person lifts an object, a torque is
applied by the biceps muscle on the lower
arm. The elbow acts as the axis of rotation
through the joint. The given diagram
shows a force, | F | = 600 N, that lifts an
object to the horizontal with the muscle

| #] = 4.5 cm attached from the joint.

Which of the following equations
represents the torque, | % |, measured in
N-m?

A. | 1| =(0.045)(600)cos 70°

B. || =(0.045)(600)cos 20°

C. || =(0.045)(600)sin 70°

D. |t]| = (0.045)(600)sin 20°

Practice Tests
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Use the following information to
answer the next question.

The equations of two lines are given.
I:3x+y-2=0
l,:24x - 3By +24=0

[ Written Response |

39. Determine the values of 4 and B that
would cause the two lines to be coincident.

40. Which of the following points does not lie
on the plane defined by the equation
2x—-y-8=0?

A. (2,-4,0)
B. (0, -8, 8)
C. 4,0, -2)
D. (-4,0,5)

Use the following information to
answer the next multipart question.

41. | The parametric equation of a line is given.
x =42 -3t
y=—2+2/31

[ Written Response |

a) Determine the x-intercept of the equation.
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b) Determine the scalar form of the equation.

Use the following information to
answer the next question.

A teacher defined a line in three space by
using the two intersecting planes shown.
Pi:3x-2y+z-5=0

Py x-2y-z+2=0

42. Which of the following parametric
equations could also define the line?

X =1
A-y=t—37
Z:—t+5
x =1
3
Ly =i+
B. y=¢ 4
z=~t-5
3
= + —
x =t 2
C.y=t¢
11
= f + —
z t 4
=l
D 2
Ty =—t+11
z =t

43. The scalar equation defining a plane is
%x - %y+3z — 8 =0. Which of the
following vectors is perpendicular to

this plane?

A, u=( 3 1,~6)
B v-{1,-24)
C.w=(4,0,-1)
D. x=(8,2, 1)

THE KEY — Math 12 Calculus and Vectors
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44.

45.

Use the following information to
answer the next question.

A plane contains the line defined by
(x,y,2)=(1,0,2)+¢3, -2, 1) and has
a y-intercept at (0, 5, 0).

Which of the following scalar equations
defines this plane?

A —x+5y+132-25=0

B. -x-5y-12z+25=0
C.3x+5y+11z-25=0

D. 5x -5y -10z+25=0

Use the following information to
answer the next question.

The scalar equation 2x + 3z — 12 =0
represents a plane parallel to the y-axis.
The x-intercept can be represented by #,
and the z-intercept can be represented by

iy

V.

Which of the following vector equations
does not represent this plane?
A. (x,y,z)=v+ti —9)+5(6, 0, 0)

B. (x, y, z) =a+t(ii — ) +5(0, 4, 0)
C. (x,y,z)=u+t(d-i)+5(3,0,2)
D. (x, y,z)=v+t(d —-u)+s(-3,0, 6)

Practice Test 1
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Use the following information to
answer the next question.

The given equations define a line, L |, and
a plane, P,.

LGy, 2)=(-1,4 2)+s2,1,-3)
Pi-2x+y+3x+6 -0

[ Written Response |

46. Determine the intersection point between
the line and the plane.

47. A system of three planes cannot be
A. consistent with one solution

B. inconsistent with no solutions
C. inconsistent with two solutions
D.

consistent with infinite solutions
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PracTICE TEST 2

Use the following information to
answer the next question.

Mr. Green is driving his car at a constant
speed at the bottom of a valley. Then, he
drives up a hill out of the valley. Mr.
Green tracks his rate of fuel consumption.
He knows that his fuel consumption is the
reciprocal quantity of the fuel economy.

1. Which of the following graphs represents
Mr. Green’s fuel economy with respect to

the distance travelled?
Fuel Economy vs. Distance
A. i

¥
\ /.
g f
T3S \
ZE
$ \ 1
Distance

B. Fug}l Economy vs. Distance

——

Fuel
economy
ha

Distance

C. FueJI Economy vs. Distance

s
- E
o
c8
g \
Distance
D. Fug! Economy vs. Distance
S N\
— E
EE]
= \
«
¥
Distance
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Use the following information to
answer the next question.

A table of values for a particular function
is given,

| X S
0 4
1 5
5 25
10 s0
16 110
23 200

Over which of the following intervals is
the average rate of change of the function
the greatest?

A. x=0tox =1

B. x=5tox=10

C.x=0tox=23

D. x=16tox =23

Numerical Response

To the nearest tenth, the value of

Tx%+4

x2-8

(xlim + ) is

—
Which of the following statements about
the graph of a smooth function f(x),

lim f(=3+h)~ f(-3)

where ho0 W =0, is

true?

A. The graph of f(x) is the vertical line
x=-3.

B. The graph of f(x) is the horizontal
line y = -3.

C. The graph of f(x) passes through the
point (0, —3).

D. The graph of f(x) has a horizontal
tangent at x = -3.

Practice Test 2
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Use the following information to
answer the next question.

Cassidy wanted to approximate the
instantaneous rate of change of the

function f(x)=x%-2x+5atx =3,

Numerical Response

To the nearest hundredth, the
instantaneous rate of change of f at
x =3 based on x =3.01 is

Use the following information to
answer the next question.

The instantaneous rate of change for the
function fin the given graphis __ i on
x < -5, ii onx >3, iii at
x =-3,and iv atx = 2.

e

-

(1S T N - -]

et
t
P
a
pA> Y
.

S @

Which of the following tables contains the
information that completes the given
statement?

Al 0| i

R
Lpositive \ negative 'zer01 negative

i | v

|

Zero ' positive

|

B.| i | i
negative . positive

N

C i i iii iv
positive | zero | positive | negative

D. i i | i

ivj

negative | positive ‘ negative

Practice Tests

ZE1ro

190

7.

10.
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Which of the following expressions is a
simplified form of

lim 2(x+h)2—6(x+h)—(2x2—6x)‘7
h-0 h )
A.4x -6
B. -4x2-12
2x2+2h?

h

4xh +2h%-12
h

C.

D.

[ Written Response |

For the function f(x) = (%)x, describe the

transformations required to transform the
graph of f(x) to the graph of its derivative,
100,

To the nearest tenth, for what value of x is

the derivative of the function f(x) =e”
equal to 29.87

[ Written Response |

Solve for x in the equation In (In x) = 1,
and express the solution as an exact value.

Castle Rock Research
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11. An expression that could be used to 13. Which of the following expressions
determine the instantaneous rate of change verifies the sum rule for the derivative of
x _ _ 3
of the function f(x) = (l) for any value the sum of f(x) = —2x and g(x) = —5x 77
' 2 lim —2(x +h)+2x
of x is 0 n
R lim —5(x +h)*+5x°
A ——— 4+ lim X
h AT oo n
1 \x+h 1\x _ lim [—2(x+h)—-5(x+h)3]+7x3
5" -0 o h
B.
h lim —2(x+h)-2x
. h-0 h
“m 2x+h . 2x
Crso B. + lim ~5(x+h)’ —5x°
. h-0 h
p, lim 277 -27% _lim [22Ge+h) =5+ h)P] - 7x3
h-0 h h—-0 h
. . lim —2(x+h)-2x
12. For which of the following functions does hs0  h
the power rule for finding the derivative lim —5Ce+4)3 — 5x3
not hold? C. + 0 A
A f(x)=x B. f(x)=2" _him [2Ge+h) = 3G+ h)*] - 2x — 543
C. f(x)=x? D. f(x)=x> h-0 h
lim —2(x+h)+2x
h -0 h
D. + lim —=5(x +k)*+5x3
h -0 h
_ lim [=2Ge+ )~ 5(e + h)*]+2x + 54
h-0 h

14. If f(x) = 4x> - 5x + 3, which of the
following equations is the equation of the
tangent line to f(x) at x = —1?

A y=Tx+1
B. y=4x+8
C.y=7x+11

D.y=-17x-13
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[ Written Response | Use the following information to
answer the next question.

1

15. How can the function f(x) = (-4x27) 3 The graph of a quartic function, f(x),
be simplified to enable verification of the is shown.
chain rule for finding the derivative?

17. Which of the following graphs
[ Written Response | approximately represents the graph of the
derivative of f(x)?

16. Determine the slope of the tangent line to

3 A. .,
the graph of y = atx = 7. 4
grap Y= cos x e
‘ . X
RSN SN ERE
A -
B. . S
;;;;;; 4. , % :
TN
C. . I
41. ; .
1“/\ x)
X
]
D. _ an
.,.[4.- adi o
»] H y ot
" o)
Y »”
3 \
\
bk ~4
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Use the following information to
answer the next question.

The graph of a quartic function, f(x),
is shown.
¥y
BEEREE
R aNEE AN
\ \
\/ X
B IR
T
,,,,, \/

18. Which of the following graphs best
represents the graph of £ (x), the second
derivative of f(x)?

THE KEY - Math 12 Calcuius and Vectors
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19. The graph of a function with a first

derivative of f'(x) = 12x°+ 15x* has
points of inflection for which of the
following values of x?

A. x=0andx=~3

2
_ _.3
B. x=0and x ~2
C.x=0andx=-1
D. x=0andx=—%
193 1Practice Test 2
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[ Written Response |

20. What information about a polynomial
function f(x) would be required to
determine whether its graph lies above or
below its tangent line at some point
x=a?

[ Written Response |

21. A certain function is defined by

F(x)=x'""+x"+x — 1. Show that the
graph of f'(x) has exactly one x-intercept.

Practice Tests

194

22.

23.

24.
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Use the following information to
answer the next question.

The sign of the first derivative of a
polynomial function is shown in the
given table.

Interval f (x)j
—0 < x < —1 + o
-1<x<0 —
0<x<l +
l<x<ew — ]

Which of the following statements about
the graph of the polynomial function is
true?
A. Itis increasing on —1 < x <0 and
1 < x < o, and it has a local minimum
atx =0.

B. Itis decreasing on —1 < x <0 and
1 < x <, and it has a local minimum
atx =1.

C. Itis decreasing on —» < x < -1 and
0 < x <1, and it has a local
maximum at x = 0.

D. It is increasing on —o < x < —1 and
0 < x <1, and it has a local
maximum at x = —1.

Which of the following functions is odd?
A f)=x2-3x+2

B. f(x)=-x*-x>—x?

C. f(x)=5x>+2x>-3x

D. f(x)=3x>+4x?-5x -1

If v represents velocity and £ represents

. .
time, the expression 7‘; could be used to

represent the
A. velocity function

B. position function
C. acceleration function
D.

average velocity function

Castle Rock Research
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25.

26.

Use the following information to
answer the next question.

At aresort in Dubai, the tide takes sand
from the beach at a rate defined by

. [ Smt
R(t) =4+ 9s1n( 3
sand must be continuously added to the
beach between midnight and 6 a.m.
A special underwater pump adds sand to
the beach at a rate defined by

30t

40 =150
R(¢) and A(¢) are in cubic metres of sand
per hour and 7 is measured in hours after
midnight.

). Consequently,

where, in both functions,

Numerical Response

To the nearest hundredth, the rate at which
the total amount of sand on the beach is
changing at 4 a.m. is m3/h,

Use the following information to
answer the next question.

The depth of water in a particular tropical
bay varies throughout the day with the
tides. The depth, D, of the water, in
metres, can be approximated by the
function D = 2.1cos (0.52(¢ - 5)) + 6.8,
in which ¢ is the time of day according to
the 24-hour clock.

At what time of the morning, to the nearest
hour, is the rate of change of water depth
decreasing the fastest?

A. 2 AaM. B. 5am.

C. 8aM. D. 11 am.

THE KEY -~ Math 12 Calculus and Vectors

27.

Use the following information to
answer the next question.

Hospital patients experiencing great pain
are often prescribed morphine. When
morphine is absorbed into the
bloodstream, the reaction by the body to a
single dose is represented by the function
8=k ~ 2L}, in which B s the
patient’s blood pressure, M is the amount
of morphine absorbed into the
bloodstream in millilitres, and k is a
constant.

A body’s sensitivity to morphine is

defined as dB_ What amount of

aM -’
morphine will cause the maximum blood
pressure?
3 4
A, 4 k mL B. 3 kmL
C. %k mL D. 4k mL

; Practice Test 2
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28.

29.

30.

31.

Use the following information to
answer the next question.

A race requires participants to first swim
from a platform on a lake to the shore.
The platform is located 4 km from the
nearest point on shore. Next, participants
must run from where they exited the water
to the finish line, which lies along the
shoreline 8 km from the point on the shore
directly across from the platform.

[ Written Response |

To minimize total racing time, at what
point along the shore should a particular
participant exit the water and begin
running if she can swim at a rate of

3 km/h and can run 5 km/h?

Which of the following actions represents

a vector quantity?

A. A woman’s mass is measured to be
60 kg.

B. A car with a speed of 2.00 m/s.

C. A balloon rises vertically at
1.50 km/h.

D. A liquid with a density of 1.0 g/ml

What is the Cartesian form of a vector that
represents a force of 233.0 N at a bearing

of 72.0°7
A. (233.0,72.0)

C. (72.0,233.0)

B. (221.6,72.0)
D. (72.0,221.6)

Numerical Response

If p=(-3, a), g = (4, 6),and
2p + 34 = (6, 28), then the value of a is

Practice Tests
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32.

33.

34.
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Use the following information to
answer the next question.

Team A and team B are having a tug of
war. Four members of team A pull with
forces of 215N, 230 N, 250 N, and

280 N east. Three of the members of
team B each pull with a force of 235 N
west. In order for team B to win, the net
force must be 105 N west.

With what force does the fourth member
of team B need to pull in order for

them to win?
A. 105 N west

C. 270 N west

Numerical Response

To the nearest tenth, the magnitude of the
projection of & = (12, 5) on v = (3, 4) is

B. 165 N west
D. 375 N west

Use the following information to
answer the next question.

Three forces act on an object such that they
are all perpendicular to one another.
The forces are givenas F'; = (=5, 20, 25),

F,=(20, 10, -4),and '3 = (a, b, 45).

[ Written Response |

Determine the values of a and b for the
third force F5 = (a, b, 45).

Castle Rock Research
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Use the following information to
answer the next question.

Vectors it = (a, b, c) and ¥ = (d, e, f)
are non-zero and not collinear.

35. An orthogonal vector to both # and ¥ can
be determined by calculating
A @V

B. i xv

Use the following information to
answer the next multipart question.

36. | A parallelepiped is defined by
u=1(,0,-6),v=(0,3, -2), and

w = (9, =2, 0), where the base is formed
by # and V.

| Written Response |

a) Is vector w orthogonal to the base of the
parallelepiped?

b) Determine the volume of the

parallelepiped.

THE KEY — Math 12 Calculus and Vectors
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Use the following information to
answer the next question.

A linear system of equations is shown.
(x,») =G, D+10, -3)

| Written Response |

37. Use an algebraic method to determine the
number of solutions to the given system of
equattons.

38. The geometric relationship between the
two planes defined by x + y —4 =0 and
x +z —4 =0 is that they
A. are parallel

B. are coincident
C. intersect at a line

D. intersect at a point

Use the following information to
answer the next question.

The vector form of a line in two space is
given as 7 = (-8, 4) +¢(2, —-3).

39. Which of the following equations is the
scalar form of this line?
A. 2x+3y+4=0

B. 2x+3y-8=0
C.3x+2y+16=0
D. 3x+2y+32=0

40. The x-intercept of the line passing through
the points P(3, -2, —6) and
0@, -1, -3)is
A. (1,0,0)

B. (2,0, 0)
C. (5,0,0)
D. (13,0, 0)

Practice Test 2
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41.

42.

43.

Use the following information to
answer the next question.

Three planes are given.

Py 6x+4y-2z+10=0
Py 15x+ 10y -5z +25=0
Py 3x-2y+z-10=0

[ Written Response |

Determine the configuration of the
three planes.

Which of the following equations is the
scalar equation of a plane with a normal
vector 77 = (=3, 0, 5) and a point on the
plane P(6, 3, 1)?

A, 3x+5z-13=0

B. 3x+5z+13=0
C. 6x+3y+z-13=0
D. 6x+3y+z+13=0

What is the parametric form of the plane
defined by 3x —4y +2z - 12 =07

x =30¢
A. y=-3s+18¢

z=6-6s —-9¢
x =301

B. y =3s - 18¢
z=6+6s5+9¢
x =30¢

C.y=-18s+3¢
z=6-9s+9¢
x = =-30¢

D. y=-18s +3¢
z=6-9s +6¢f

Practice Tests
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Use the following information to
answer the next question.

The given equations represent a plane,
P,,and aline, L ;.
Py:(x, y, 2)

=2, 1, -2)+s5(2,1,3)+¢(2, -1, -1)
Lyx, p,2)

=(3,4, 1) +k(-4,2,1)

[ Written Response |

Determine the geometric relationship
between the plane and the line.

[ Written Response |

The second derivative, f"(x), of a
function, f(x), is found to be negative on
some interval a < x < b. What
conclusions can be drawn from this
information about the graph of the
function f(x) ona <x <b?
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Use the following information to
answer the next question.

The surface area of a rectangular
open-topped box with square base is given

by SA=x2+ 4xy, where x is the length of
the base and y is the height of the box. An
open-topped rectangular display box with
a square base is to be constructed from
27 m? of aluminum.

| Written Response |

46. If volume is givenby V = x 2 y, what
dimensions should be used to yield a box
with maximum volume?

THE KEY — Math 12 Calculus and Vectors
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ANSWERS AND SOLUTIONS — PRACTICE TEST 1

1. A 11. WR 21. A 31. C 40. D
2. D 12. D 22. D 32. A 41. a) WR
3. B 13. A 23. C 33. 5 b) WR
4. 3 14. WR 24. D 34. a) WR 4. C
5. B 15. A 25. A b) WR 43. B
6. D 16. WR 26. WR 35. 395 44. A
7. WR 17. A 27. C 36. D 45. B
8. 2.72 18. WR 28. WR 37. D 46. WR
9. WR 19. WR 29. WR 38. C 47. C
10. WR 200 D 30. C 39. WR
1. A Determine the instantaneous rate of change at
If a tangent line were drawn through the point where x =7 for f(x)= 1 x2_ Ax.
x =3, it would be a horizontal line with a slope of 2
0. Therefore, the instantaneous rate of change at lim l(lfh_)i(]l
x=3is0. h -0 h
. (1(7 +h)?—4(7+h )) - (l(7)2 - 4(7))
2. D _ lim 12 2
. . h-0 h
To best approximate the instantaneous rate of change 1 , 5 49
of the smooth function at x = 2, you choose points . (—(49 +14h +h %) -28—-4h ) - (— - 28)
. lim \2 2
closer and closer to x = 2 on both sides of the graph. = h-0 A
The closest pair of points (excluding the point at )
x = 2) on both sides is at x = 1.5 and x = 2.5. (ég +7h + hZ —28—4h)—(£ ——28)
_lim \ 2 2 2
3. B " h-0 h
: h?
The expression }:lTO_f_(Qi]Z}T)___f(_‘Q describes the _ fim 3h+ 5~
instantaneous rate of change at x = a, and the h-0 h h
expression (a+ hh) /(@ describes the average _lim h (3 * —2—)
rate of change over the intervala < x Sa+h. _ ]; -0 h
Therefore, the instantaneous rate of change of f(x)
at x = —35 is equal to the average rate of change of 5. B
J(x) between x = 0 and x = 4. A tangent line can be drawn at x = —3, since the
4. 3 graph is smooth and continuous at that point.
The instantaneous rate of change at x = a for a Tangent lines cannot be drawn where corners or
function f(x) can be determined using the discontinuities exist on the graph of the function, so
. lim f(x +h) - f(x) they cannot be drawn at x = -5, 2, or4.
expression , Y .
6. D
Since the instantaneous rate of change (slope) at
x = —3 is both positive and negative, the rate of
change cannot be found at this point. Similarly, since
the slope is negative and non-existent at x = 3, the
rate of change cannot be found at this point either.
Answers and Solutions 200
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7.

10.

11.

12,

WR
The derivative of a function, f(x), is as follows:
vy lim fG+h)— f(x)
S O= ™
In the expression for the derivative of f(x), the
following is true:
)= Im 3(x+h)*-8-(3x2—38)
h—-0 h
Therefore, the function according to this expression
is f(x) =3x% 8.

2.72

The derivative of f(x) =e*is f'(x) =e™. Itisthe
only function whose derivative is the function itself.

For the function f(x) = a”™ to be equal to its
derivative, @ must equal e. The actual value of e
(Euler’s number) is an irrational number where the
first 13 decimal places are 2.718 281 8284 (59).

To the nearest hundredth, the value of e is 2.72.

WR

Convert In x = 6 into an exponential equation.
Inx =6

elnx :eG
X :e6
WR

When a > 1, then the derivative of f(x) =a” is
f'(x) =a*Ina. Thus, the graph of ' (x) is the

graph of f(x) = a” stretched vertically with respect
to the x-axis by a factor of In a.

WR

The derivative f(x) =6 is £’ (x) = 6"In (6).
Find the quotient.

£ (x) _ 6"In6

fx) 6*
=Ilné6

D

To verify the power rule, the definition of a
derivative needs to be used. The definition of a

lim f&+h) - f(x)
h—-0 h )

The power rule verification of the function

derivative is f'(x) =

£(x) = x2, whose derivative at x = —2 is
f'(~2) = -4, would be

oo lim (=2+h)*—4
f (A2)—h_>0———h

the alternative given does not represent a way to
verify the power rule for that function.

at x = —2. Therefore,

THE KEY - Math 12 Calculus and Vectors
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14.
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A

According to the constant multiple rule, if
g(x)=kh(x), then g' (x) = kh' (x). Therefore, the
graph of 4’ (x) in relation to the graph g’ (x) has a
vertical stretch by a factor of k and a reflection on
the x-axis (since k£ < 0). This graph is the only one
that has a reflection on the x-axis.

R 4 8w
‘
‘\
- < x
\\
1
; A
WR
Step 1
Determine the derivative of the function
Fl)=2x3- lz—lx2 +5x.
Flx) =2x3 - %x2+5x
f(x)=6x2-11x+5
Step 2

The slope of the tangent is equal to 1’ (x). Substitute
15 for ' (x) into the function

' (x)=6x%~11x + 5, and solve for x.

S () =6x2-11x+5
15=6x2-11x+5
0=6x2-11x-10

0=6x2+4x—15x - 10
0=2x(3x+2)-5Gx+2)
0=02x-53Bx+2)

Therefore, x = -;— and x = 4%.
Step 3

Solve for f(%)

Flo)y=2x3- %x2+5x

)32 -4

(3o

2] 4 8 2
5)_
f(f)—9.375

Solutionsi— Practice Test 1
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Step 4 16. WR
2 2
Solve for f(— 3 ) Letg(x)=e™ and h(x) = cos 2x +1).
f(x)=2x3—£x2+5x Step 1
5 5 32 1 2% 5 Apply the chain rule to determine g'(x) and 4 '(x).
—— = Jp—— = Jp—— 2
f( 3) 2( 3) 2( 3) +5( 3) glx) =
_.z = _E ﬁ _.12 [ _ x2(i 2)
f( 3) 27 18 3 g'w) = | x
2 , 2
f(—g) = 6.37 g'x) = 2x(ex )
= +
When the coordinates are rounded to the nearest h(x) = cos 2x+1) d
tenth, the slope of the tangent for the curve h'(x) = —sin (2x + 1)(5(235 + 1))
f(x)=2x3—£x2+5x is equal to 15 at = —2sin Qx + 1)
2
Step 2

(2.5, 9.4) and (=07, 6.4). Determine the derivative of the equation

15. A flx)=e” 2cos (2x + 1) by applying the
Step 1 product rule.
Determine the derivative of £(x) = ¥x. fx) =gh(x)
Fx) =vx ') =g'(x)h(x) 2+ goh'(x)
O8N ( )% _ ( (2xex )(cos (2x + 1)))
B + (ex %) 2sin 2x + 1)

f = %x_i _ ( 2xex2cos (2x + 1))

2
1) =# . 22ex sin(2x +1)
* =2e”* [xcos 2x + 1) —sin 2x +1)]
Step 2
Substitute 4 for x into the function ' (x) = L 17. A
, 2Vx The slope at point B on the graph is positive, so
and solve f(1>r f'@. f'(x)>0. At point B, the graph is concave up, so
’ — ” >
S0 =5 fr)>0.
fr (4) = %4/2 18. WR
@ 1 Tl}e( g;aphg are as follows:
/'@ =55 x) =
%(2) f'(x)=B
f@=g Srx) =4
Therefore, the tangent line at x = 4 has a slope of When the slope of graph C is positive, function B is
1 also positive. Likewise, when the slope of graph C
1 is negative, function B is also negative. When the
slope of graph C is zero, function E has a value
of zero.

When the graph of C is concave up, function 4 is
positive, and when the graph of C is concave down,
function A4 is negative. At the point of inflection on
graph C, function 4 has a value of zero.
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19.

20.

21.

22.

WR
Step 1
Determine the second derivative of f(x).
f(x) =X 3 + ax2
F'G) =3x% +2ax
F(x) =6x+2a
Step 2
Determine the value of a.
A point of inflection occurs when x = 6 and f"(x)
is equal to zero.

Solve for a in the second derivative function when
x=6and f"(x)=0.

f"x) =6x+2a
0 =6(6)+2a
0=36+2a

~36 =2a
=_18

D

The local extrema of a function occur at values of x
where f'(x) =0.

Solve for x when £’ (x) = 0.
F1(x) = 554+ 203
0 =5x%+20x3
= 5x3(x +4)

Therefore, the x-coordinates of the local extrema of
f(x)are x = 0and x = —4.

A

The graph of the derivative is a quadratic function,
so the graph of the original function must be a cubic
function. The graph of f"(x) is equal to zero at

x =—1and x = 1. Therefore, the slope is equal to
zero at these points on the graph of #(x). When the
slope is equal to zero at a particular point, there is a
local maximum or minimum at that point.

Notice that the y-values to the left of x = ~1 are
positive, and the y-values to the right are negative.
Hence, there is a local maximum at x = —1 on the
graph of f(x). The y values to the left of x = 1 are
negative, and the y-values to the right are positive.
Therefore, there is a local minimum at x = 1 on the
graph of f(x). Graph A corresponds to these
characteristics.

D

Step 1

Solve £ (x) for x when f'(x) = 0.
F&)=x%(x-1)

0=x2(x-1)
=0 x-1=0
X
x=00r x=1

THE KEY — Math 12 Calculus and Vectors
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24.

25,
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Step 2
Test for intervals of increase and decrease using the
first derivative function.

Interval S ) f )
—w<x <0 — | Decreasing
0<x<1 o - Decreasing
l<x<w + Increasing 7 {

Step 3
Test for intervals of concavity using the second
derivative function.

Interval ) “ fx)
—0<x<( + - Concave up
0<x<l 3 Concave

down
]<x<w + Concave up

Therefore, the function f(x) is both increasing and
concave up on the interval 1 < x <,

C

A local maximum or minimum of a function occurs
when the first derivative is equal to zero
(f'(x)=0). Atalocal maximum, the graph of a
function is concave down when the second
derivative is negative (/" (x) < 0).

D

When the second derivative of a polynomial function
is zero when x = q, there is a point of inflection at
(a, f(@)). Thus, there is a point of inflection at the

int (l —L)
VAT

A

Step 1
Find the first derivative (velocity function) of the
position function.

s =¢3_452_7
S@) = () =3t2 -9t -7

Solutions + Practice Test 1
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Step 2
Determine when the velocity of the particle
reaches 5 m/s.

Set the velocity function equal to 5, and solve for £.
v(t) =312 -9t 7

5=312_9t_7
0=3/2-9r-12
0=3(2-3r-4)
0=30¢-40+1)
t=4,t=-1

Since ¢ can only be a positive value, the velocity of
the particle will reach 5 m/s when t = 4.0 s.

WR

Economic inflation refers to an increase in prices of
goads over time.

In the graph provided, the inflation rate is positive
for the entire 12-month period shown; therefore,
prices were always increasing from January to
December 2008. However, the curve-like nature of
the graph suggests that while prices were increasing
over the year, the rate of price increases per month
varied significantly.

To determine the 4-month period in which prices
were the most stable but still increasing, look for any
4-month period on the graph (since the prices were
always increasing) where the inflation rate is lowest
and decreasing. Over this period, the difference in
price increases from one month to the next will be
the smallest; therefore, the prices will be the

most stable.

According to the given graph, prices were still
increasing from September to December, but they
were the most stable during this part of the year.

C

Step 1
Determine the function that represents the rate at
which the pump removes the oil.

Find the derivative of function 7.
3

T _ 2501 °
3
1
-
3 \2
= 125v1

Answers and Solutions
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Step 2

Determine the amount of time it took for the pump
to begin removing oil at a rate of 625 m*h.

Set the derivative function equal to 625, and solve
for 7.

T' =125Vt
625 = 125Vt
5=4t
t =25

It will take 25 h for the pump to reach the point of
removing oil at a rate of 625 m*/h.

WR
Step 1
Sketch a diagram of the school yard.
Ravine
x x
y

Step 2
Determine the area formula in terms of one variable.
The perimeter of the yard requiring a fence is
P =2x+y. Since there are 300 m of available
fencing, 300 = 2x + y.
Isolate y in the perimeter formula.
300 =2x+y
300-2x =y
Substitute the expression for y in the area formula.

A=xy
= x(300 — 2x)
=300x — 2x>
Step 3
Determine the derivative of 4.
4 =300x - 2x°
A =300 —4x

Castle Fjock Research
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Step 4
Determine the value of length x that maximizes
the area.
Solve for x when 4’ = 0.
A"=300 - 4x
0 =300 -4x
4x =300
x =75
Confirm the maximum as follows:

Interval A'(x) A(x)

0<x<75 + Increasing

75 <x <150 - Decreasing

When the length, x, is 75 m, the area will be at a
maximum.
Step 5
Determine the value of width y that maximizes
the area.
Solve for y using the perimeter formula.
y =300 -2x
=300 - 2(75)
=150

Step 6

Determine the maximum area enclosed by 300 m of

fencing.
4 =xy
= 75(150)
=11250

The maximum area of a yard that can be enclosed by

300 m of fencing on three sides is 11 250 m?.

29. WR

Step 1
Determine the function that represents the toy
manufacturer’s profit.

The manufacturer’s monthly profit (P) is determined
by the difference between its monthly revenue and

monthly cost.
P(x) = R(x) - Clx)

(20x - 0.002x?)
- (38+12x +0.002x2)

= -0.004x %+ 8x — 38

Step 2
Determine the derivative of the profit function.
P(x) = —0.004x? + 8x 38
P'(x) = -0.008x + 8
Step 3
Determine how many dolls must be sold to
maximize profit.

Set P’(x) equal to zero, and solve for x.
P'(x) = -0.008x + 8
0 =-0.008x +8
=1 000

THE KEY - Math 12 Calculus and Vectors
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Step 4
Confirm the maximum.
Interval | P'(x)| P(x)
0<x<1000 + Ihcfeasiﬁgi
1000 <x <2000 — |Decreasing

For values of x between 0 and 1 000, the first
derivative of the profit function is positive; for values
between 1 000 and 2 000, the first derivative is
negative. This means there is a maximum when

x =1 000.

Therefore, the toy manufacturer must sell

1 000 dolls to maximize profits.

C
Step 1
Determine an exponential function that models the
growth of the rabbit population.
The population of rabbits is given by C(¢) = de k.
At t =0, there are 4 rabbits. After 2.5 years, the
population of rabbits doubles.
C(1) = ge™
Cc(0) =4
C(2.5) =24
Solve for £.
C(1) = ge™
24 = 4e 2.5k
2=p 2.5k
In2 = 2.5k
1
73 In2 =%

Therefore, the exponential function to work with is
t
In2\ >—
C(t) = de (2.5 )

Step 2
Determine when the population of rabbits will triple.
When C(¢) = 34, the population will have tripled.

() _ Aem(zt?)

34 lnz(zt—S)
= Ae ’
t
3 an(;)
=e
In3 = IHZ(L)
2.5
2.5In3 _
In2
396 =¢

After 3.96 years, the population of rabbits will have
tripled.

Solutions + Practice Test 1
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Step 3
Determine the rate of growth function.
Find the first derivative of C(¢).

cor_ )

!
In2{5=
C@) = (35) : (L)
Ae In2 5
Step 4
Determine the rate of growth when the population
triples.
Solve for C'(¢) when ¢ = 3.96.
t
In2|>—
e 15 o 1)
Ae In 2 75
In Z(ﬁ) 1
C'(3.96) - Ae 257 In 2(3)
= (0.834
Therefore, the rate of growth of the population of
rabbits will be approximately 0.834 rabbits/a at the
instant when the population of rabbits triples.

C

Equal geometric vectors must have the same
magnitude (length) and direction. The three parallel
vectors pointed to the upper right appear to be the
same length and have the same direction.

A
Step 1
Sketch a diagram of the vector.
y
p (3,9)
'//A
/./J
! X
e ra D

Step 2

Determine the magnitude 7.
Use the Pythagorean theorem.
r =2+ y2

V&2 + 62

V100

10

o

Answers and Solutions
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Step 3
Determine the rotational angle 6.
Use the tangent ratio.

)
=tan"! (

= 36.9°
The polar form is approximately (10, 36.9°).

tan @ = %
x

6 = tan~! (

oo|on % [«

5

Step 1
Determine 2ii.
2ir =2(2, -4, 6)
=(2(2), 2(-4), 2(6))
=(4, -8, 12)
Step 2
Substitute (4, ~8, 12) for 2ii and (a, b, ¢) for ¥ into
the equation (8, -3, 5) = 2& + V.
(8, -3,5)=2a+v
(8,-3,5) =(4, -8,12)+(a, b, ¢)
(a, b,c)=(8,-3,5-(4,-8,12)
(a,b,c)=(8-4,-3-(-8),5-12)
(a,b,0)=@4,5, -7
Therefore, the value of b is 5.

a) WR

Step 1
Draw a vector diagram of the frog’s movements and
the resultant displacement, R.

N
R
: Iy
: l6><l.2=7.2m
\&
! 'y
]
! A
]
: A
w T E
4x12=48m
S

Castle jock Research
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Step 2
Determine the magnitude of the resultant, R, to the
nearest hundredth metre using the Pythagorean
theorem.
o2 =g+ p?
|R|%=482+72

|R| =+4.8%+722

|R| =8.65m
Therefore, the frog is approximately 8.65 m from its
original position after 10 hops.

b) WR

Step 1
Draw asketch of the frog’s displacements, indicating
the direction of the resultant with angle 6.

72m 8.65m
7}
4.8 m
Step 2
Determine the measure of angle 4 to the nearest tenth
of a degree.

Since the displacements form a right triangle, use a
trigonometric ratio to find the measure of angle 8.
tan § = QEP—
adj

_12

T 4.3

=1.5

6 =tan~' (1.5)

= 56.3°
Note that sin 8 or cos 8 could have been used to find
the measure of angle 6.

Step 3

Determine the bearing of the frog’s resultant
displacement.

A bearing is a direction clockwise from north.
Therefore, the bearing of the frog’s resultant
displacement is 270° + 56.3° = 326.3°,

THE KEY -~ Math 12 Calculus and Vectors

|

35. 395

Determine the value of ¢ by using the definition of
work as a dot product.
w=F-.d
7200 = (200, 500, 200) - (4, -3, ¢)
7 200 = 200(4) + 500(-3) + 200c
7 200 = 800 — 1 500 +200¢
7200 = =700 + 200c

200c =7 900
c =395
36. D
Step 1

Since equations A and B are based on the definitions
of the dot and cross products between any two
vectors, they can be used to find the measure of 6.

_A.B
g-b=| al|b]|cos@orcosf= f’
a | alld| T
laxb| =| allb|singorsing = |ax5]

[allB]
By applying these definitions to the vectors
a=1(4,0,0)and b= (4, 3, 5), the value of & can be
determined.

b

a
[a||5]
@) +(0)3) + (0)(5)

cos @ =

O N2 0 s o2 13152
g = 16
O80T JTev16 + 9+ 25
g 16
cos /30
_1 16
0 =cos 30
6 = 55.55°
Step 2
Compare the value of 8 to the value related to
equation C.
_laxbd]
tanf = — 5
lal
_ 54
)
_ Wi
T 16
v34
4
-1
6 = tan 4
6 = 55.55°

207 Solutions —Practice Test 1
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Step 3
Compare the value of @ to the value related to
equation D.
g= b
cotd = — 5
15]?
__16
(50
_16
50
1 _16
tanf 50
50
tan g = 6
6 =tan"! %
g = 72.26°

The value of § determined from equation C is
correct, but the value of @ determined from equation

-

b
42 cannot be

Dis incorrect. Therefore, cot 8 = y 5

used to find the measure of the angle, 8, between the
two given vectors.

D

Check to see if the vectors (542, 2, —24/2) and
(5, ¥/2, —2) are collinear.

(5v2, 2, ~242) = k(5, 42, -2)

(5v2, 2, —242) = (5k, kN2, —2k)

. Sk=5V2
k=42

L k2=2
k=+2

. 2k=-22
k=+2

Vectors {(5v2, 2, —24/2) and (5, N2, =2) are
collinear vectors. The cross product of collinear
vectors is the zero vector, (0, 0, 0).

C

Translate vector F'so that it is in a tail-to-tail
arrangement with vector 7. The measure of the angle
formed between F and 7 is then 90° — 20° = 70°.

90°-20°=70° 7

Answers and Solutions
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Since the magnitude of torque is defined by
|t =| #|| F | sin 6, the correct equation
representing the torque is
| 1] = (0.045)(600)sin 70°.

WR

Step 1
Rewrite the equation of each line in the
slope-intercept form y = mx + b.
L:3x+y-2=0
y=-3x+2
L 24x -3By +24 =0
—3By = -24x - 24
_24 B
Y= 3B 3B
Step 2
In order for the lines to be coincident,
their y-intercepts (b) and slopes () must be equal.
Solve for B.
Equate the y-intercepts from /| and /,.

24

2=3p
68 =24
B=4

Step 3
Solve for 4.

Equate the slopes from /; and /,.

_24
3B
24
3= 3(4)
—36 =24
~18=4

When 4 = —18 and B = 4, the lines are coincident.

-3

D

Step 1
Rewrite the equation in the form
Ax+By+Cz+D=0.

2x—y-8=0
2x—y+0z-8=0
Step 2
Substitute the coordinates (2, —4, 0)inforx,y,andz.
2x-y+0z-8=0
2)-(-4)+0(0)-8=0
4+4-8=0
0=0
Step 3

Substitute the coordinates (0, —8, 8)in forx,y,and z.
2x—y+0z-8=0
2(0) - (—8)+0(8) - 8
8

wn

0
-8=0
0=0

Castle F’:ock Research
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41.

Step 4

Substitute the coordinates (4, 0, —2) inforx, y, and z.
2x—y+0z-8=0

2(4) - (0)+0(-2) -8

8§-8

0

0
0
0

Step 5
Substitute the coordinates (—4, 0, 5)inforx, y,andz.
2x—y+0z-8=0
20-4)-(0)+0(5)-8=0
-8-8=0
~16 0
Therefore, the point (-4, 0, 5) does not lie on the
plane defined by the equation 2x — y — 8 = 0.

a) WR

Step 1

The x-intercept has the coordinates (x, 0). Set
y =0, and solve for ¢.

—V2 +24/3¢
0 = —2+24/3¢
V2 = 24/3¢
V2 _
2v3
Step 2

t

Substitute Q

03
= 42 — ¥/3¢ to solve for the x-intercept.

for ¢ into the equation

The x-intercept is Q or (—Q, O).
2 2
b) WR
Step 1
Isolate each part for «.
x =v2-+3t
x -2 =3t
x-A7_
3
y = —V2+24/3t
y+42 =243t
a2 _
w3

THE KEY — Math 12 Calculus and Vectors
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42.

Step 2
Equate the expressions of 7.
t=t
x—v2 _yt V2
-3 243

Wix —v2) = 3y +42)

243x —24/6 = /3y -6

243x +43y — 246 +46 =0
243x+43y —4/6=0

The equation of the line in scalar form is

243x +43y —/6=0.

C

Step 1
Add P, to P, to eliminate z.
Pir3x-2y+2z-5=0
Py x=2y-z+2=0
4x -4y+0z-3=0
Step 2
Substitute each parametric equation of x, y, and z into
the equation of the line to see which one defines
the line.
For A, the substitution is as follows:
4x -4y +0z-3=0
4(t)—4(t~3)+0(kt+%)~3 =0
4t -4t +12+0-3 =0
9=0
For B, the substitution is as follows:
4x-4y+0z-3=0
4(t)—4(t+%)+0(—t—5)—3 =0
4t —-4t-3+0-3=0
-6=0
For C, the substitution is as follows:
4x -4y +0z-3=0
3 ) ( 11 )
+ =} - _ —_— =
e+ 2)-a0+of-+ L) -39
4t+3-4+0-3=0
0=0

For D, the substitution is as follows:
4x —4y+0z-3=0

4(l—t)—4(—t+11)+0(t)—3 =0

2
14-4t+4t-44-3=0
-33=0

When the parametric equations in Care substituted
into the equation of the line and simplified, the left
side of the equation equals the right side of the
equation. Therefore, the parametric equations given
in C define the line.

Solutions — Practice Test 1
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A vector, ¥, that is perpendicular to a plane must be
parallel to the normal vector, 7, which means that
v =kn, where k 0.

Step 1

Determine a normal vector, #, to the plane
3 1

iy - — v+ _ —

2X—2Y 3z-8=0.

A normal vector to the plane is 7 = (%, —%, 3).

Answers and Solutions
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Step 2
Determine which of the given vectors is parallel to

fi.
Alternative A:

i = ki
(-3
42
2_3
—3 =4k 1:—%k -6 =3k
__ 8 - k=-2
k=-3 k=-2

Since the k-value is not constant, # is not
perpendicular to the plane.
Alternative B:

=kn
2 )2 1
(1,_35 )-k 47_273)
_3 2__1 -
1= 4k 3= 2k 4 ?;k
_4 _4 | k=3
k= 3 k 3 3
Since the k-value is constant, ¥ is perpendicular to
the plane.
Alternative C:
w=khn
31 )
@4,0,-1)= k(4,—2,3
_3 _
4-4k 0=—lk —1—3’k1
16 2 k=—>
k= ? k=0 3

Since the k-value is not constant, i is not
perpendicular to the plane.
Alternative D:

X =kn

8,2,1) = k(4,—% 3)

_3 -
o, 1, ' - 3%
32 2 k=%

k=T k=-4 3

Since the k-value is not constant, ¥ is not
perpendicular to the plane.
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44.

45.

46.

A

Step 1
Find two direction vectors defining the plane.
Vector ## = (3, =2, 1) is a direction vector since it is
the direction vector of the line contained by the
plane. Another non-parallel direction vector, ¥, can
be found by using the point (1, 0, 2) of the line and
the y-intercept (0, 5, 0).
v=0(0,50-(1,0,2)
=(-1,5,-2)
Step 2
Find a normal vector, #, to the plane.
n=ixv
=3, -2, 1) x(-1,5,-2)
(=2)(=2) - (1)(5),
=PDGJ)—GX-$J
(3)(5) - (=2)(-1)
=(-1,5,13)
Step 3
Find the scalar equation of the plane.
Since 7 = (-1, 5, 13), the scalar equation can be
defined as —x + 5y + 13z + D = 0.
The value of D can be found by using one of the
points on the plane, such as the y-intercept (0, 5, 0).
—x+5y+13z+D =0
—(0)+5(5) +13(0)+D =0
25+D =0
D =-25
Therefore, the scalar equation of the plane is
—x+5y+13z-25=0.

B

The vector form of a plane consists of a position
vector that is represented by a point on the plane.
In this case, it could be the x-intercept, i, or

the z-intercept, ¥. The vector form of a plane also
consists of two non-parallel direction vectors.

One of these could be given by the difference
between the x-intercept and z-intercept, that is, by

v — i or & — v. The other direction vector could be
defined by a point that is not collinear with

an x-intercept or z-intercept. More precisely, this
would be a point with a y-coordinate. Equation B is
the only one with such a direction vector. The other
equations have a second direction vector collinear
with ¥ — .

WR

Step 1
Write the equation of the line in parametric form.
Lix=_1+2s

y=4+s

z=-2-3s

THE KEY — Math 12 Calculus and Vectors
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Step 2
Substitute the expressions for x, y, and z into the
equation of the plane.
P110= —2x+y+3z+6
0= (—2(—1 +2s)+(4+ s))

+3(-2-35)+6
0=2-45+4+5-6-95+6
0=-12s+6
12s = 6
_1
$73
Step 3

Substitute % for s into the equation of the line, L |,

and find the point of intersection.
LGy, 2)
=(-1,4,-2)+s(2, 1, -3)

~(-1,4, -2+ 32,1, -3)
_ 13
—(_1549_2)+(15 25—2)

(o8 7
‘(Q 2"2)

The point of intersection between the line and the
lane is (0 2 —l)
p b 2 k4 2 .

C

Three planes can be consistent by having one
solution (when they intersect at one point) or infinite
solutions (when they intersect at a line or as one
plane). Three planes can also be inconsistent with
no solution between them (e.g., three distinct parallel
planes, two distinct parallel planes with one plane
intersecting them, and so on). It is impossible for
three planes to pass through two distinct points (to
have two solutions).

Solutions + Practice Test 1
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ANSWERS AND SOLUTIONS — PRACTICE TEST 2

£

\
\

Fuel
economy

Distance

. D

Determine the average rate of change over each
interval by calculating the slope, m, between
the points.

Step 1

Calculate the slope between x =0 and x = 1.
5-4

m=—-

0

1—
¥
1

=1

Answers and Solutions
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1. A 11. D 21. WR 31. § 40. A
2. D 12. B 22. D 32. D 41. WR
3. 35 13. D 23. C 33. 11.2 42. B
4. D 14. C 24. C 34. WR 43. A
5. 4.01 15. WR 25. 1.25 35. B 44. WR
6. B 16. WR 26. C 36. a) WR 45, WR
7. A 17. C 27. B b) WR 46. WR
8. WR 18. B 28. WR 37. WR
9. 34 19. C 29. C 38. C
10. WR 20. WR 30. B 39. C
1. A Step 2
Calculate the slope betw =5and x = 10.
The higher the fuel consumption is, the lower the fuel @ cus?) i 5 ; siope between ¥ nex
economy will be. As the car drives at the bottom of m=0_5
the valley, the rate of fuel consumption is low; 25
therefore, the fuel economy is high. As the car drives =5
up the hill, the rate of fuel consumption becomes =5
higher as the incline of the hill increases; therefore,
L Step 3
the fuel economy becomes lower. The incline of the Calculate the slope between x = 0 and x = 23
hill will eventually hit its steepest part, at which point 200 — 4 P ' )
the rate of fuel consumption will be the highest; m=3"0
therefore, the fuel economy will be at its lowest. 196
The hill then begins to flatten out, lowering the rate =3
of fuel consumption; therefore, the fuel economy ~85
becomes higher. Eventually, the road will become '
flat again, as it was at the bottom of the valley, Step 4 — 16andx =23
bringing the rate of fuel consumption back to its Calculate the slope between x = 16 and x = 23.
original value. = z—gg—_%
This graph shows Mr. Green'’s fuel economy. _9%
Fuel Economy vs. Distance 7
¥ =129

According to the slope values, the average rate of
change is greatest from x = 16 to x = 23.
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3. 35

Step 1
Divide the numerator and denominator by x 2, and
simplify.
™ gkl
x> o 2
2x° -8
x4
lim 2 2
X X
=x- +wx 5
2x° 8
22
X X
4
fim s
=x—-> =£w» X
8
-3
X
Step 2

Evaluate the limit.

As x » + =, the values of iz and % approach 0.

X X
4
. T+ —
xlT + x2 7+0
8 2-0
2- 2
X

. D

lim fla+h) - f(a)
h-0 h
instantaneous rate of change at x = a; i.e., the slope
of the tangent at x = @. Since x = —3 in the

lim f(=3+h)- f(-3)
h-0 h
of f(x) has a tangent at x = —3 that has a slope equal
to 0 (which makes the tangent horizontal).
Therefore, the graph of £ (x) has a horizontal tangent
atx =-3.

The expression describes the

expression = (), the graph

THE KEY — Math 12 Calculus and Vectors
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5. 4.01

For the values x = 3.01 and x = 3, evaluate

fO&e+h) - f(x)
h

, where # = 0.01, in order to

approximate the instantaneous rate of change at
x=3for f(x)=x>—2x+5.
f+h) - fx)

h
_ fB+0.0D - fB3)

h
_fB.oD-fB)
h
_ (3012 -26.00)+5) - ((3)*—23) +5)
0.01
_(9.0601 —6.02+5) —(9-6+5)
B 0.01
_8.0401 -8
001
_0.0401
~ 001
=401

Based on x = 3.01, the instantaneous rate of change
is 4.01.

. B

The instantaneous rate of change of a function is
positive where the function is increasing when
viewed from left to right, and it is negative where the
function is decreasing when viewed from left to
right. The instantaneous rate of change of a function
is zero where the graph reaches a maximum or
minimum.

In the given graph, the instantaneous rate of change
for the function fis negative on x < —5, positive on
x >3, zero at x = -3, and positive at x = 2.

. A

Simplify the expression using algebra.
lim 2+ 1) - 6(x + 1) — (2x2 — 6x)

h -0 h
Cim 20x2+2xh +h2)—6x—6h - 2x2+6x
T h-0 h

lim 2x2+4xh +2h % —6x—6h —2x*+6x
T h-0 h

lim 4xh +2h % —6h

“h-0 h

_lim h(4x+2h —6)

T ho0 h

=;2ﬁx+%—ﬁ

=4x -6

Solutionsi— Practice Test 2
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WR
The derivative of f(x) =a”is f'(x)=a*Ina.

For the function f(x) = (%)x, the derivative can be

determined as follows:
oo
() = [ LY (L
/1) _(3) 1“(3)
£ = 41.0986(—;—))(
Therefore, the graph of f(x) must undergo a vertical
stretch with respect to the x-axis by a factor of

In (%) | = 1.0986 and a reflection in the x-axis.

34

Step 1

Take the derivative of f(x) = e* and set the

derivative to 29.8.

The derivative of f(x)=e¥is f'(x) =e™.
f (X) = ex

f1x) =e*
298 =¢*
Step 2

Take the natural logarithm of both sides of the
equation.

29.8 = ¢~
In (29.8) = 1n (%)
Step 3

Simplify and solve for x.
In (29.8) = In(e*)

In(29.8) = x
34=x

WR

Step 1

Convert the equation In (In x) = 1 into an
exponential equation with a base of e.

In(lnx) =1
eln(lnx) :el

Inx =e¢
Step 2

Convert the equation In x = e into an exponential
equation with a base of e.

Inx =e
Inx _ e
e =é€

x:ee

Answers and Solutions
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D

The instantaneous rate of change of a function,

fx),is £ (x) = }IIITOJIM};)—LLQ

Therefore, the instantaneous rate of change for the

function f(x) = (%)x can be expressed as

lx+h B lx
f’(x):}IZiTo(z) - (2) '

Since (—;—)x can also be expressed as 27, the

instantaneous rate of change of f(x) = 2™ can also
be expressed by the following function:

lim 2—(x+h ) _ox

S0 = T
_lim 27" 27
h-0 h
B

The power rule applies to functions that have a
power, a base of x, and an exponent with a numerical
value. The power rule does not apply to the function

f(x) =2%. The function f(x) = 2" is an exponential

function, and its derivative is £’ (x) = 2%In 2.

D

The sum rule states that

f'(x)+g' (x)=(f + g) (x). When verifying the
sum rule, the definition of a derivative can be used.
The definition of a derivative is

71 () = Jim f&xt+h) - f()
h-0 h )

Use this formula to find £’ (x), g’ (x), and
(f +g)(x).
lim =20+ h)+ 2x

f'(x)=h_>0 .

, _ lim —5()c-|-h)3+5x3

g =" 7

(f+gyx)

lim [=2Ge+h) = 50+ h)3] + 20 + 553
T h-0 h

Substitute the equations into the sum rule.
lim —2(x+h)+2x

h-0 7
o lim =5Gc+h)* +5x°
h -0 h
_dim [2Ge 1) = 5Ge+ k)] + 2 + 5
-0 h
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14. C

15.

Step 1

Substitute —1 for x in the function

f(x)=4x> — 5x +3, and solve for f (1.
F)=4x3-5x+3

S ED =a-13 - 5(-1)+3
f(-1)=-4+5+3

f=D=4

Step 2

Determine the derivative of the function

FG)=4x> - 5x+3.
Fx)=ax3—s5x+3

f ) =12x2-5

Step 3

Substitute —1 for x in the function

F'(x)=12x% -5, and solve for /' (~1).
) =12x2-5

=D =12(-1) -5

fr=D=12(1)-5

fr-1)=17

Step 4

Substitute —1 for x, 4 for y, and 7 for m in the equation

y =mx + b, and solve for b.

y=mx+b
4=7(-1D+b
4=-T7+b
11 =5

Therefore, the equation of the tangent line is
y=Tx+11.
WR

To verify the chain rule for the function
1

3. .
fx)= (-4x?")° it can be put into another form so
the derivative can be taken using a method other than
the chain rule. In this case, simplify the exponents.

1
) = (-—4x 27)—3—

The power rule can be used on the function

1
F(x) = —43 x to verify the chain rule for the
1

function f(x) = (~4x 27)?.

THE KEY — Math 12 Calculus and Vectors
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WR
Step 1

Change the function y = into product form.

cos x
x3
" cosx

¥ =x(cos x)7!
Step 2
Let g(x) = x> and & (x) = (cos x) ', and determine
g (x)and 2’ (x).

glx) = x3
g (x) =3x2

h(x) = (cos x)!

h'(x) = —1(cos x)—z(%cos x)

= —(cos x)X(~sin x)
= sin x(cos x) 2
Step 3
Use the product rule to determine the derivative of

y =x}cosx)"L.
y =g(xh(x)

L g @+ g @)

=(3x2)(cos x)! + (x *)sin x(cos x) 2
3x 2 e 3sin X

COSX  coslyx
Step 4
Substitute  for x into the derivative
2 3.
dy _ 3x7 + m, and solve for Q
dxr  cosx  cos? dx
dy _ 3x2 + x3sin x
dc  €osX  psly
3 2 3.:
_3z”  misinz
COST  (cos )’
2 3
3" = (03
-1 (p
= 372240
=-29.6
Therefore, the slope of the tangent line of the curve
3
_ i a2 .
Y= osx at x = is —37*, or approximately
-29.6.
C

The slope of the graph of f(x) is zero at x = -2, 0
and 2. Therefore, the derivative graph must be equal
to zero at these points.

Solutionsi— Practice Test 2



18.

19.

Notice that the slope of the graph is positive to the
left and negative to the right of x = —2, 2. Similarly,
the slope of the graph is negative to the left and
positive to the right of x = 0.

Therefore, the derivative graph, /' (x), is positive on
the intervals x < —2 and 0 < x < 2 and negative on
the intervals -2 <x <0 and x > 2.

Graph C best represents these characteristics.

Note that the graph of f(x) is a quartic function, so
the graph of the derivative, £’ (x), must be a cubic
function. Therefore, graphs B and D do not represent
the derivative of f(x). Similarly, note that

graph A is negative on the intervals x < -2 and

0 < x <2 and positive on the intervals -2 < x <0
and x > 2; for this reason, it does not represent the
derivative of f(x).

B

At the points of inflection on the graph of f(x), the
graph of " (x) is equal to zero. The points of
inflection of the curve are located at x = —0.3 and
x = 2.1. Therefore, the graph of £ (x) is equal to
zero at x = —0.3 and x =2.1.

To the left of x = —0.3, the graph of f(x) is concave
up, and to the right it is concave down. Therefore,
the graph of £ (x) is positive to the left of

x = —0.3 and negative to the right.

To the left of x = 2.1, the graph of f(x) is concave
down, and to the right it is concave up. Therefore,
the graph of /" (x) is negative to the left of x = 2.1
and positive to the right.

C

The points of inflection occur when f"(x) = 0.

Determine the second derivative function.
£ = 126° +15x*
f"(x) = 60x* + 60x 3
Solve for x when f"(x) = 0.
") = 60x* +60x°
0 = 60x* +60x>
0 =60x>(x+1)
x=0and x = -1

The points of inflection occur at x =0 and x = —1.

Answers and Solutions
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20.

21.

22.
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WR

The concavity of a function determines whether the
graph of a function lies above or below its tangent
line at a given point x = a.

+ If the second derivative of f(x) is positive at
x = a and the graph of f(x) is concave up, the
graph of f(x) will lie above its tangent line at
x=a.

« If the second derivative of f(x) is negative at
x = a and the graph of f(x) is concave down, the
graph of f(x) will lie below its tangent line at
x=a.

WR

The function f(x) is a continuous polynomial
function. Therefore, the function /' (x) is also a
continuous polynomial function.

Determine the first derivative of f(x).
FO) = 101 (ST
S =101x 1%+ 5150+ 1

Examining the function

£ =101x "%+ 51% 3041, there are no values
for which £’ (x) = 0. Also, because of the exponents
in 1 (x), it follows that f’ (x) > 0 for all x-values.
Therefore, the function f(x) is increasing on

—oo < x < o0,

Since f(~1) = —4 and f(1) = 2, the graph of f(x)
does cross the x-axis (between x = -1 and x = 1).
Therefore, the graph of £(x) can only have

one x-intercept.

D

When the first derivative graph is positive, the
polynomial function is increasing. Similarily, when
the first derivative graph is negative, the polynomial
function is decreasing. Thus, the polynomial
function is increasing on the intervals —o < x < —1
and 0 < x < 1 and decreasing on the intervals
~1<x<0and1<x <o,

Local minima occur at points on the function where
the first derivative is negative to the left of the point
and positive to the right. Therefore, there is a local
minimum point at x = 0.

Local maxima occur at points on the function where
the first derivative is positive to the left of the point
and negative to the right. Therefore, there are local
maximum points; one occurs at x = —1, and the
other occurs at x = 1.
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23,

24,

C

A function f(x) is odd if and only if
f(=x)=—f(x). Evaluate each of the given
functions to determine which is odd.
Step 1
Evaluate the function f(x) = x% — 3x +2, when
F(=x).

f(X)=x2_3x+2
Fx) = (—x)? = 3(=x) +2
f(—x) =x2+3x+2
Since f(-x) # —f(x), f(x) = x%— 3x +2isnot an
odd function.
Step 2
Evaluate the function £(x) = —x* — x3 — x?, when
fF(=x).

F&) =5t x3 42
FE0) = (0% = (x)? — (-x)?
f(—x) = —x4+x3 —)c2
Since f(~x) * —f(x), f(x) = —x* - x> — x%isnot
an odd function.
Step 3
Evaluate the function f(x) = 5x Spaxd - 3x, when
S(=x).

FO) =5x7+2x3 3%
S(=%) = 5(=x)> + 2(=x)® — 3(~x)
F=x) = _5x° _2x3+3
Since f(~x) = —f(x), f(x)=5x>+2x> —3xisan
odd function.
Step 4
Evaluate the function f(x) =3x>+4x2 - 5x — 1,
when f(—x).

FO) =3x3+4x2 5% -1
Fx) =32 + 4 x)? - 5(-x) 1
f(=x) = _3x3 +ax2+5x—1
Since f(—x) # — f(x), f(x)=3x> +4x? - 5x -1
is not an odd function.

C

. .
The expression 7‘; means the instantaneous rate of

change of v with respect to 7. The instantaneous rate
of change function of v with respect to 7 is also
defined as the acceleration function.

THE KEY — Math 12 Calculus and Vectors
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26.

1.25

Step 1
Determine a function that represents the rate at which
the total amount of sand is changing.

Subtract R(¢) from A(¢) to determine the difference

function D(z).

D(2) = A(¢) — R(2)
_ 30z . (5mt
T 1+2¢ ~(4+9sm( 31 ))
30 {5zt
“1+2r _4_95“1( 31 )

Step 2

Find the rate of change of the total amount of sand
on the beach at 4 A.m.

Evaluate D(¢) when ¢ = 4.

_30¢ . (5at
D =177, _4_95"‘(31)
304 . (5n(4))
D(4)—————1+2(4)—4-9sm 31
_ 120 (207
) —4—9sm(31)
=125m’h

The rate of change of the total amount of sand on the
beach at 4 A.M. is 1.25 m>/h.

C

Step 1
Determine the first derivative of the depth function.
D =2.1c0s(0.52(t - 5)) + 6.8
D' = -2.1sin (0.52(¢ — 5))(0.52)

= ~1.092sin (0.52(t - 5))
Step 2
Graph the derivative function using a graphing
calculator. Note that the graphing calculator must be
in radian mode.

Press , and enter

Y, = -1.092sin (0.52(X - 5)).

Press| WINDOW | and enter X:[0, 24, 2],
Y:-5, 5, 1]. Press to obtain the graph.

Step 3

Identify the time in the morning at which the rate of
change of water depth is decreasing the fastest.

The point at which the rate of change of water depth
is decreasing the fastest is the local minimum on the
graph of D'.

Identify the local minimum on the graph of D' by

pressing| TRACE | Move the cursor to the first local

minimum of the derivative graph, and observe the
corresponding x-value.

At approximately 8 A.M., the rate of change of water
depth is decreasing the fastest.

Solutions - Practice Test 2



Step 1
Find the first derivative function B
*dM-
B=M (k >
B=kM?- %M3
a8 _ _3,2
M 2kM > M
Step 2
Set B equal to zero, and solve for M.
M q , olve .
4B _ 3.2
ar 2kM — > M
0 =2kM - %MZ
0= M(zk - %M)
M=0
3
2k — > M=0
=3
2k = 2 M
4
3 k=M
Step 3
Verify the maximum of the function.
A maximum of a function occurs where its derivative
is equal to zero and the function is increasing on the
left of the zero and decreasing on the right.
There is no need to consider an interval less than zero
as the amount of morphine administered cannot be
negative.

—
dB
Interval aM B
0<M< %k + Increasing
4 .
-§k <M <2k - Decreasing

Therefore, the maximum blood pressure will occur
when the amount of morphine administered is

4
3kmL.

Answers and Solutions
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28. WR
Step 1
Sketch a diagram.
The darkened lines in the given diagram illustrate the
optimal path for the participant.

Platform
2/ |skm
Fm_‘Aish il - Shoreline
o 3—x T ox

Step 2
Define a function for the total time taken by the
participant to reach the finish line.
d
t

swimming ~— N

_ 42+x2

trunning =

t

total !

+¢

swimming = ‘running

_N16+x?  8-x
3 5

1
- %(16+x2)2 +%(8—x)

Step 3
Determine the first derivative of the time function.

1
r_1 22, Lo
3(16+x) +5(8 x)
1
dt -
= _11 2) 2 1.
=3 2(16+x) 2x)+ <=1

x 1

Wie+x2 O

218 Castle chk Research
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Step 4
Solve for x when ar =0.
dx
dt
dr  3W16+x2

X
X
X

(3@)2

2

1 X

25 9(16+x2)
144+ 9x2% = 2552

0=16x%—- 144
0=16(x*-9)
x =23

The only possible solution is x = 3, since x is a
. . dt

distance. Since e

on 3 <t <8, time is at a minimum when x = 3.

Therefore, the participant should exit the water

3 km from the point on the shoreline closest to the

water platform.

<Oon0<x<3,andi>0
dx

29. C

Vector quantities have both magnitude and
direction. A balloon rising vertically at 1.50 km/h is
a vector quantity. The magnitude is 1.50 km/h, and
the direction is vertically upward.

* A woman’s mass of 60 kg is a scalar quantity
because the magnitude is 60 kg, but there is no
direction.

* A car with a speed of 2.00 m/s is a scalar quantity
because it’s magnitude is 2.00 m/s, but there is no
direction.

* A liquid with a density of 1.0 g/ml is a scalar
quantity because it’s magnitude is1.0 g/ml, but
there is no direction.

30. B

This sketch represents the force vector 233.0 Nata
bearing of 72.0°.

y

THE KEY - Math 12 Calculus and Vectors
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31.

32.

The angle formed with respect to the positive x-axis
is 90° — 72° = 18°. Thus, the polar form of the
vector is (233, 18°). The Cartesian form, (x, y), of
the vector is found by using the formulas
x=rcosfand y = rsin 4.
x =rcosf

= 233cos 18°

=221.6
y =rsinf

= 233sin 18°

=720

Thus, the Cartesian representation of the vector is
(221.6, 72.0).

5

Step 1

Determine the sum 2p + 3§ in terms of p and §.

2p +3g

=2(-3, a) +3(4, 6)
=(2(=3), 2(a)) + (3(4), 3(6))
= (-6, 2a) + (12, 18)
=(-6+12,2a+18)

=(6, 2a +18)

Step 2

Solve for a.

2p +3G =(6,2a+18)
(6,28) =(6, 2a+18)

2a+18 =28
2a =10
a=>5

D

Step 1

Determine the overall force exerted by each team.
Let X represent the force exerted by the fourth
member of team B.

F, =215 +230+250+280

L= 975 N east
Fg=30235+%

= (705 + %) N west
Step 2

Determine the force, ¥, exerted by the fourth member
of team B.

| F net| = | Fa| = | Fal
105 = (705 + x) - 975
105 =x-270
x =105+270
x =375N

In order for team B to win, the fourth member needs
to pull with a force of 375 N west.

Solutions - Practice Test 2
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33. 11.2
Determine the magnitude of the projection.
| proj;it | :—Iu;vl
||
V32 + 4
_ 1123) +5(4) |
V25
=3
=11.2
34. WR
Step 1

35.

Write equations defining a and b using the definition
of perpendicular (orthogonal) vectors, where
#n-v=0.

—5a+20b+25(45) =0
—5a+20b=-1125

F,-Fy=0

(20, 10, —4) - (a, b,45) =0

20a + 10b —4(45) =0
20a + 106 = 180

Step 2
Solve the system of equations by using the
elimination method.
® -5a+20b =-1125
@ 20a+10p =180
Add equation (2) to 4 times equation (1).
4 x @ —20a+80b = -4 500
® +20a+10b =180

90b = -4 320
b=-48
Solve for a by substituting —48 for b into

equation (1).
~5a+20b =-1125
—5a+20(-48) = -1 125
-5a-960 = -1 125

—5a = -165
a=33
For the third force, a = 33 and b = —48.
B

The cross product# x v defines an orthogonal vector
to both # and v.

Answers and Solutions
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36. a) WR

37.

220

Step 1
Determine the cross product & x v.
X
=(2,0, —6) x (0, 3, -2)
[(0)(=2) - (-6)(3)],
= ([(~6)(0)—2(—2)], )
[(2)(3) - (0)(0)]
=(18, 4, 6)
Step 2
Determine whether vector w is orthogonal to the base
defined by # and ¥. For w to be orthogonal, it must
be a multiple of the cross product (18, 4, 6). Since
w =(9, -2, 0) is not a multiple, it is not orthogonal
to the base of the parallelepiped.

b) WR

Determine the volume of the parallelepiped using the
formula V = |#-@ x9)|.

V=|w-@xv|

| 9, -2,0)-(18,4,6) |

| 9(18) + 4(—2) + 0(6) |

| 162-8+0]

= 154 units®

Il

The volume of the parallelepiped is 154 units’.

WR

Step 1

Write each equation in parametric form.

@ (x, y) =01, H+k2, -3)
x=1+2k
y=4-3k

@ (x, ») =G, D+19, -3)
x=3+9]
y=1-3]

Step 2

Equate the x- and y-variables.
=%

1+2k =3+9
®2k-91=2
=7
4-3k=1-3
@ -3k+31=-3

Castle R‘)ck Research
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38.

39.

Step 3

Solve for k and / using the elimination method for
equations (3) and (4).

® 2k-91 =2

@ -3k+3]=-3

Multiply equation (4) by 3 to form equation (5), and
then add it to equation (3).

® 9% +9/=-9

® 2k-9l= 2

—Tk + 0/ = -7
Tk =7
k=1

Substitute the value of & into equation (3), and solve
for I.

2% -9l =2
21)-91 =2
-9/ =0
[=0

Since k and / are defined by single values, the system
of linear equations has one solution, namely the point

(3, D.
C

The plane x + y — 4 = 0 is parallel to the z-axis, and
the plane x + z — 4 = 0 is parallel to the y-axis. Thus,
these two planes intersect to form a line. Using the
elimination method to solve a system of equations
supports this finding.

Subtract the equation x + 0y + z — 4 = 0 from the
equation x + y+ 0z — 4 =0,
x+ty+0z-4=0
x+t0y+tz-4=0
Ox+y—-x=0
y—x=0

The equation y — z = 0 represents a line.

C

Step 1
Determine the parametric form of the equation.
F=(-8,4)+1(2, -3)
=(-8,4)+(2t, -301)
=(-8+2t,4-31)
Therefore, the parametric form is as follows:
x =-8+2¢

y=4-3t¢
Step 2
Rewrite cach part in terms of 7.
x =-8+2t
—2t=-x-8
_x+38
=7
y=4-3t
Jt=-y+4
_—yt4
=73

THE KEY — Math 12 Calculus and Vectors
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Step 3
Equate the expressions representing ¢, and rearrange
the result to define the equation in scalar form.
t=t
x+8 —y+4
2 3
3(x+8) =2(—y+4)
3x+24=-2y+8
3x+2y+16=0

The scalar form of the line is 3x +2y + 16 = 0.

A
Step 1
Determine a vector form of the equation of the line
passing through the two points.
A position vector could be (3, -2, —6). A direction
vector could be determined as follows:
PO =(2,-1,-3)-(, -2, -6)

=(2-3,-1-(-2), -3-(-6))

=(-1,1,3)
Thus, the vector form of the equation of the line is
F=(3, -2, -6)+1(-1,1, 3).
Step 2
Determine the value of 7. Since an x-intercept is
expressed as (x, 0, 0), set y = 0 and solve for .
y=-2+1t

=-2+t

t=2

Note that the value of ¢ could also have been solved
by setting z = 0.

Step 3

Substitute 2 for ¢ into the equation x =3 — 1¢ to
determine the x-intercept, (x, 0, 0).

x=3-1¢
x=3-1012)
x=1

Therefore, the x-intercept of the line passing through
the two points is (1, 0, 0).

WR

Step 1
Determine the normal vectors, 7, to each plane.

i =(6,4,-2)
iy =(-3,-2,1)

Solutions - Practice Test 2
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43.

Step 2
Determine the configuration of the three planes.
The normal 7, is a scalar multiple of 7.

hy = kit
(15, 10, =5) = k(6, 4, -2)
15 =6k 10 =4k ~-5=-2k
k=3 k=3 k=3
Since 71, = %‘ |» planes P| and P, are parallel.

The normal 75 is also a scalar multiple of 7.

iy = kit
(-3, -2, 1) =k(6, 4, -2)
-3 =6k -2 =4k 1=-2k
_ 1 -1 -1
2 - k 2
Since 715 = —%r‘zl, planes P| and P; are parallel.

Therefore, the configuration is three parailel planes.

B

Since # = (=3, 0, 5), the equation in scalar form is
—3x+0y+5z+ D =0. Since P(6, 3, 1) is a point
on the plane, substitute the coordinates and solve
for D.

-3x+0y+5z+D =0
-3(6)+03)+5(1)+D =0

-18+5+D =0
D =13

Therefore, the equation of the plane in scalar form is
—3x+5z+13=0.

A

Step 1
Determine a normal vector to the plane, 7.
n=0,-4,2)

Answers and Solutions
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Step 2

Determine a vector in the plane.

Substitute x = 0 and y = 0 into the equation of the
plane to find z in the point P,(0, 0, z) on the plane.
Then, substitute x = 0 and z = 0 into the equation of
the plane to find y in the point P,(C, y, 0).

P 3x—-4y+2z-12=0
3(0) —4(0)+2z-12=0
2z-12=0

z=6

Py 3x-4y+2z-12=0
300) -4y +2(0) - 12 =0
-4y -12=0

y=-3

Thus, the points P;(0, 0, 6) and P,(0, -3, 0) lie on
the plane. Therefore, vector PT‘P2 on the plane is as

follows:

PP, =(0,-3,0)-(0, 0, 6)
= (Os —3, _6)

Step 3

Determine a second vector in the plane by taking the
cross product of 7 and P, P,.

i PP,

=(3, -4,2) x (0, -3, -6)
=(24-(-6),0-(-18), -9-0)

=(30, 18, -9)

Step 4

Determine the parametric form of the plane.

When using the point P,(0, 0, 6) and the two
non-parallel vectors in the plane, the vector form of
the equation becomes as follows:

(x, y, 2)=(0, 0, 6) + 5(0, -3, —6)+#(30, 18, -9)
Therefore, the vector form of the plane has the
following parameters:

x =30t

y = —3s+18¢
z=6-6s -9t
WR

Step 1

Determine a vector normal to the plane, 7.
According to the vector equation of the plane, two
direction vectors are i = (2, 1, 3) and
3 =(2, -1, —=1). A vector normal to the plane, 7, is
found by taking the cross product of % and ¥.
n=uxv

=(2,1,3)x (2, -1, -1

=(-1-(-3),6-(-2), -2-2)

=(2,8, -4)
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45.

Step 2
Calculate the dot product between the plane’s
normal, 7, and a direction vector of the line, such as
w=1(-4,2,2).
a-w=02,8, -4)-(-4,2,2)

= 5)2)(—4) +(8)(2) +(-4)2)

Since the dot product is 0, vector w is perpendicular
to 1, which means that L | and P, are parallel.

This could mean that the line lies on the plane or is
parallel to the plane.

Step 3
Write the equation of the plane in scalar form.
Since 7 = (2, 8, —4) and a point on the plane is
(2, 1, -2), find the scalar form representing the
plane, P;.

2x+8y—-4z+D =0
22)+8(1)-4(-2)+D =0

20+D =0
D=-20

The scalar form representing the plane is
P:2x+8y -4z -20=0.

Step 4

Use a test point on the line to see whether it also lies
on the plane.

A point on the line L | is (3, 4, 1). Check whether

it lies on the plane by substituting the coordinates at
the point (3, 4, 1) into the scalar equation of
the plane.
2x+8y—4z-20=0
23)+84)-4(1)-20=0
6+32-4-20=0
14 %0
Since the L.H.S # R.H.S,, the point (3, 4, 1) does
not lie on the plane. Therefore, the line L | and the

plane P are parallel and distinct.

WR

Where the second derivative of a function is
negative, the graph of the function will be concave
down. Thus, f(x) will be concave down on
a<x<bh.

THE KEY — Math 12 Calculus and Vectors
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46. WR

Step 1

Sketch a diagram.

It is given that the surface area of the open-topped
box is S4 = x 2+ 4xy. Since 27 m? of material is

available, 27 = x 24 4xy.

Step 2
Solve for y in the surface area equation.
27 = x2 +4xy
27-x%=4xy
27 X2
4x  4x
27 1 1

25 Y

Step 3
Substitute the equation for y into the volume function

V =x2y.

V=x2y
_ 227 l)
x(4x —4x
_21, 1.3
477 4

Solutions -+ Practice Test 2
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Step 4

Determine the dimensions that yield a

maximum volume.

A maximum of a function can occur where its
derivative is equal to zero. The maximum occurs
when the function is increasing on the left of the zero
slope and decreasing on the right.

Determine the first derivative of the volume
function, and solve for x when V' = 0.

V=%T7x—%x3
O=%(9—x2)
x==3

Since x and y represent dimensions of a box, negative
values are not permitted. Thus, only the positive
value of x is considered.

When x = 3, the volume will be at a maximum.
Solve for y when x = 3.

27 4 1
Tx —Zx—y
27 1
2 " a) =y
27 3 _
12 4 7
3 _
2_y
y=15

Therefore, a box with maximum volume will be
created when the base has dimensions of 3 m by
3 m with a height of 1.5 m.
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DATA SHEET
VECTORS

Dot Product

;-;z‘ﬁH;‘cosH (u,,u2)~(v1,v2)=ulv1+u2v2 (ul,uz,u3)-(v1,v2,v3)=u1v1+u2v2+u3v3

Cross Product

l; X ;‘ = ’ZIHGI sind (w105 ) x (V5,03 ) = (v — w30y, 050, — V5,00, — 14,V )

CALCULUS

First Principles Definitions

£(x) = lim L) =) £1(x) = tim L) =S ()

h—0 h XXy X=X,

Constant Multiple Rule for Differentiation
d :

—kf{x)= X

K (x)=H"(x)

Power Rule for Differentiation

“ ( xn ) — nxn—l

Sum and Difference Rule for Differentiation

L (x)2e(@)]=r () &)

Product Rule for Differentiation

2 1(0)E(:)]=7 ()8 (x) + 7 (3)g'(x)

Quotient Rule for Differentiation

i{f(x)}:f'(x)g(X)—f(x)g'(x)

dx| g(x) [g(x):lz

Chain Rule

If y=f(u) and u=g(x), then b _dydu f(x)=g(h(x)), then f'(x)= g'(h(x))h'(x)
dx dudx

Exponential Functions

—e = —a"=a"lna

dx fx

Trigonometric Functions

—C—J—sinﬁ—cosﬁ icosﬁz—sin@ itanﬁz

do~ do cos 6
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